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On EllipticK3 Surfaces

Ichiro Shimada

1. Introduction

By virtue of Torelli’s theorem for the period map on the moduli of complexK3
surfaces [4; 13; 18], we can study many aspects ofK3 surfaces from the lattice-
theoretic point of view. In this paper, we determine all possibleADE-types of sin-
gular fibers of ellipticK3 surfaces using Nikulin’s theory of discriminant forms of
even integral lattices. We also determine, for eachADE-type of singular fibers, all
possible torsion parts of the Mordell–Weil groups. Throughout this paper, we use
the term “an ellipticK3 surface” for “a complex ellipticK3 surface with a distin-
guished zero section” and the term “an elliptic fibration” for “a complex Jacobian
elliptic fibration”.

A finite formal sum of the symbolsAl (l ≥ 1), Dm (m ≥ 4), andEn (n =
6,7,8)with nonnegative integer coefficients is called anADE-type.For anADE-
type

6 :=
∑

alAl +
∑

dmDm +
∑

enEn,

we denote byL(6)− the negative definite root lattice generated by a root system
of type6, and by rank(6) the rank ofL(6)−. By definition, we have rank(6) =∑
all +∑ dmm+∑ enn.

Let f : X→ P1 be an ellipticK3 surface, and letO : P1→ X be the zero sec-
tion of f. Let MWf be the Mordell–Weil group off. The torsion part of MWf is
a finite abelian group, which we shall denote byGf . We put

Rf := {p ∈P1 | f −1(p) is reducible}
and, for eachp ∈Rf , we denote byf −1(p)] the union of irreducible components
of f −1(p) that are disjoint from the zero section. It is known that the cohomol-
ogy classes of irreducible components off −1(p)] span a negative definite root
lattice generated by an indecomposable root system of typeAl, Dm, or En. Let
τf,p be the type. The type of singular fiberf −1(p) in the list of Kodaira’s classifi-
cation [7] is related toτf,p in an almost one-to-one way (cf. Table 2.8). We define
theADE-type6f of f : X→ P1 by

6f :=
∑
p∈Rf

τf,p.
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The Néron–Severi lattice NSX of X contains the sublatticeSf generated by the
cohomology classes of the irreducible components of

⋃
p∈Rf f

−1(p)], which is
isomorphic toL(6f)−.

Through computer-aided calculation, we have made the complete list of pairs
(6,G) of anADE-type6 and a finite abelian groupG that can be realized as the
data(6f ,Gf) of an ellipticK3 surfacef : X→ P1. This listP consists of 3693
pairs. In this paper, we present the listP, deduce some geometric facts from it,
and explain the algorithm for obtaining it.

The listP is too large to be included here in a naive way. We therefore de-
scribeP by giving a subsetS of P and a set of transformation rules ofADE-
types that generateP from S (see Section 2). The reader can obtainP easily
using this description (the list can also be retrieved from the author’s homepage:
http: //www.math.sci.hokudai.ac.jp /∼shimada/K3.html).

An elliptic K3 surfacef : X → P1 is said to beextremal if the sublattice
Sf attains the maximal rank 18. After the work of Miranda and Persson [10]—
supplemented by Artal-Bartolo, Tokunaga, and Zhang [1] andYe [23]—theADE-
types of singular fibers of extremal ellipticK3 surfaces and their Mordell–Weil
groups were completely determined in [16]. The list consists of 336 pairs.

One of the remarkable facts that can be read off from the listP is that anADE-
type6 is anADE-type of an ellipticK3 surface with trivial Mordell–Weil torsion
if and only if6 is obtained from anADE-type of an extremal ellipticK3 surface
with trivial Mordell–Weil torsion byelementary transformation,that is, by delet-
ing vertices from the corresponding Dynkin graph (see Theorem 2.3). However,
in order to describe the list ofADE-types of ellipticK3 surfaces with nontrivial
Mordell–Weil torsion, we must forbid the use of some types of elementary trans-
formation (Theorems 2.4–2.7).

By Nishiyama [12] and Besser [2], the technique of discriminant forms was
used to find out all possible elliptic fibrations on specialK3 surfaces. In [19; 20],
Urabe investigated possible configurations of singular points onK3 surfaces and
suggested the existence of a set of simple rules that generates all possible config-
urations. In [21; 22], Yang made the complete list of all possible configurations
of singularities ofADE-type on plane sextic curves and quartic surfaces using the
technique of discriminant forms and a computer.

This paper is organized as follows. In Section 2 we describeP and state some
facts about ellipticK3 surfaces that can be derived from the listP. In Section 3 we
recall the definition and properties of local invariants of lattices overZ according
to Conway and Sloane [6, Chap. 15]. In Sections 4 and 5, we review Nikulin’s the-
ory [11] of discriminant forms of even lattices overZ. A criterion for establishing
whether there exists an even integral lattice of a given signature and a discrim-
inant form is described in detail in Section 5; this criterion is slightly different
from [11, Thm.1.10.1] and ismore suited to machine calculation. In Section 6 we
recall the properties of root lattices. In Section 7, we show that it is possible to
determine by a purely lattice-theoretic calculation whether a given pair(6,G)

can be realized as(6f ,Gf) of an ellipticK3 surfacef : X → P1. Here we use
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Table 2.1 Cardinalities ofPG

G [1] [2] [3] [4] [5] [6] [7] [8] [2 ,2] [4,2] [6,2] [3,3] [4,4] Total

|PG| 2746 732 85 41 6 10 1 1 61 5 1 3 1 3693

Kondo–Nishiyama’s lemma on the Néron–Severi lattice of an ellipticK3 surface.
In Section 8, we explain our algorithm.

The program for makingP was written by Maple V. The author would like
to thank Waterloo Maple, Inc. for developing the nice software. The author also
would like to thank the referee for suggesting some improvements on the first ver-
sion of this paper.

2. Main Results

All results in this section are obtained simply by looking at the listP.

2.1. Torsion Parts of Mordell–Weil Groups

Theorem 2.1. The torsion part of the Mordell–Weil group of an ellipticK3 sur-
face is isomorphic to one of the following:

(0), Z/(2), Z/(3), Z/(4), Z/(5), Z/(6), Z/(7), Z/(8),

Z/(2)× Z/(2), Z/(4)× Z/(2), Z/(6)× Z/(2), (2.1)

Z/(3)× Z/(3), Z/(4)× Z/(4).
For a groupG in (2.1), we denote byPG the set of allADE-types6 such that there
exists an ellipticK3 surfacef : X → P1 with 6f = 6 andGf ∼= G. The cardi-
nalities ofPG are given in Table 2.1. Here, [a] denotes the cyclic groupZ/(a),
and [a, b] denotesZ/(a)× Z/(b). In particular, [1] denotes the trivial group.

For a positive integerr, letPGr be the subset ofPG that consists of6 ∈PG with
rank(6) = r. Let f : X→ P1 be an ellipticK3 surface. Since the Néron–Severi
lattice NSX of X contains the orthogonal direct sum ofSf ∼= L(6f)

− and the
lattice of rank 2 generated by the cohomology classes of the zero section and a
general fiber, and since the Néron–Severi rank ofX is at most 20, we always have

rank(6f) ≤ 18.

HencePGr is empty forr > 18.

2.2. ADE-Types of Singular Fibers

Next we describe the listPG for each abelian groupG in (2.1). We carry out this
task by three different methods according to the size ofPG.
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Table 2.2 Substitutions

Al 7→ Al′ + Al−1−l′ (0 ≤ l′ ≤ l/2);
Dm 7→

{
Am−1, 2A1+ Am−3, A3 + Am−4,

Dm′ + Am−1−m′ (4≤ m′ ≤ m−1);
En 7→

{
An−1, Dn−1, A1+ An−2, A1+ A2 + An−4, A4 + An−5,

D5 + An−6, En′ + An−1−n′ (6≤ n′ ≤ n−1).

Case1:G∈ {[1], [2], [3], [4], [2,2]}. We describePG by giving a subsetSG ⊂
PG and a set of transformation rules onADE-types that generate the wholePG
from the subsetSG.

Let 0(6) be the Dynkin graph of theADE-type6. If we remove a vertexP
of 0(6) and the edges emitting fromP, we obtain the Dynkin graph0(6′) of an-
otherADE-type6′ with rank(6′) = rank(6)−1. In this case, we say that6′ is
obtained from6 by deleting a vertex. In other words, anADE-type6′ is obtained
from6 by deleting a vertex if and only if6′ is obtained by applying to6 one of
the substitutions listed in Table 2.2. In this table, we understand thatA0 := 0.

Definition 2.2. When we can obtain anADE-type6′ from anADE-type6 by
applying substitutions in Table 2.2 several times, we say that6′ is obtained from
6 by elementary transformation.

Theorem 2.3. (1)The listP [1]
18 consists of199elements as follows.

2E8 + A2, 2E8 + 2A1, E8 + E7 + A3, E8 + E7 + A2 + A1, E8 + E6 +D4,

E8 + E6 + A4, E8 + E6 + A3 + A1, E8 +D10, E8 +D9 + A1, E8 +D7 + A2 + A1,

E8 +D6 + A4, E8 +D6 + 2A2, E8 + 2D5, E8 +D5 + A5, E8 +D5 + A4 + A1,

E8 + A10, E8 + A9 + A1, E8 + A8 + A2, E8 + A8 + 2A1, E8 + A7 + A2 + A1,

E8 + A6 + A4, E8 + A6 + A3 + A1, E8 + A6 + 2A2, E8 + A6 + A2 + 2A1, E8 + 2A5,

E8 + A5 + A4 + A1, E8 + A5 + A3 + A2, E8 + 2A4 + 2A1, E8 + A4 + A3 + A2 + A1,

E8 + 2A3 + 2A2, 2E7 + A4, 2E7 + 2A2, E7 + E6 +D5, E7 + E6 + A5,

E7 + E6 + A4 + A1, E7 + E6 + A3 + A2, E7 +D11, E7 +D9 + A2, E7 +D7 + A4,

E7 +D5 + A6, E7 +D5 + A4 + A2, E7 + A11, E7 + A10+ A1, E7 + A9 + A2,

E7 + A8 + A3, E7 + A8 + A2 + A1, E7 + A7 + A4, E7 + A7 + 2A2, E7 + A6 + A5,

E7 + A6 + A4 + A1, E7 + A6 + A3 + A2, E7 + A6 + 2A2 + A1, E7 + A5 + A4 + A2,

E7 + A4 + A3 + 2A2, 2E6 +D6, 2E6 + A6, 2E6 + 2A3, E6 +D12, E6 +D11+ A1,

E6 +D9 + A3, E6 +D9 + A2 + A1, E6 +D8 + A4, E6 +D7 +D5, E6 +D7 + A4 + A1,

E6 +D6 + A6, E6 +D6 + A4 + A2, E6 +D5 + A7, E6 +D5 + A6 + A1,

E6 +D5 + A4 + A3, E6 + A12, E6 + A11+ A1, E6 + A10+ A2, E6 + A10+ 2A1,

E6 + A9 + A3, E6 + A9 + A2 + A1, E6 + A8 + A4, E6 + A8 + A3 + A1, E6 + A7 + A5,

E6 + A7 + A4 + A1, E6 + A6 + A5 + A1, E6 + A6 + A4 + A2, E6 + A6 + A4 + 2A1,

E6 + A6 + A3 + A2 + A1, E6 + A5 + A4 + A3, E6 + 2A4 + A3 + A1, D18, D17+ A1,

D15+ A2 + A1, D14+ A4, D14+ 2A2, D13+D5, D13+ A5, D13+ A4 + A1,
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D11+ A6 + A1, D11+ A5 + A2, D11+ A4 + A2 + A1, D11+ A3 + 2A2, D10+ A8,

D10+ A6 + A2, D10+ 2A4, 2D9, D9 +D5 + A4, D9 + A9, D9 + A8 + A1,

D9 + A6 + A2 + A1, D9 + A5 + A4, D9 + A4 + 2A2 + A1, D8 + A6 + 2A2,

2D7 + 2A2, D7 + A10+ A1, D7 + A9 + A2, D7 + A6 + A5, D7 + A6 + A4 + A1,

D7 + A6 + A3 + A2, D7 + 2A4 + A2 + A1, D6 + A12, D6 + A10+ A2, D6 + A8 + A4,

D6 + 2A6, D6 + A6 + A4 + A2, D6 + 2A4 + 2A2, 2D5 + A8, 2D5 + 2A4,

D5 + A13, D5 + A12+ A1, D5 + A10+ A2 + A1, D5 + A9 + A4, D5 + A9 + 2A2,

D5 + A8 + A5, D5 + A8 + A4 + A1, D5 + 2A6 + A1, D5 + A6 + A5 + A2,

D5 + A6 + A4 + A2 + A1, D5 + A6 + A3 + 2A2, D5 + A5 + 2A4, A18, A17+ A1,

A16+ A2, A16+ 2A1, A15+ A2 + A1, A14+ A4, A14+ A3 + A1, A14+ A2 + 2A1,

A13+ A5, A13+ A4 + A1, A13+ A3 + A2, A13+ 2A2 + A1, A12+ A6, A12+ A5 + A1,

A12+ A4 + A2, A12+ A4 + 2A1, A12+ A3 + A2 + A1, A12+ 2A2 + 2A1, A11+ A6 + A1,

A11+ A4 + A2 + A1, A10+ A8, A10+ A7 + A1, A10+ A6 + A2, A10+ A6 + 2A1,

A10+ A5 + A3, A10+ A5 + A2 + A1, A10+ 2A4, A10+ A4 + A3 + A1, A10+ A4 + 2A2,

A10+ A4 + A2 + 2A1, A10+ 2A3 + A2, A10+ A3 + 2A2 + A1, 2A9, A9 + A8 + A1,

A9 + A7 + A2, A9 + A6 + A3, A9 + A6 + A2 + A1, A9 + A5 + A4, 2A8 + 2A1,

A8 + A7 + A2 + A1, A8 + A6 + A4, A8 + A6 + A3 + A1, A8 + A6 + A2 + 2A1,

A8 + A5 + A4 + A1, A8 + 2A4 + 2A1, A8 + A4 + A3 + A2 + A1, 2A7 + 2A2,

A7 + A6 + A5, A7 + A6 + A4 + A1, A7 + A6 + A3 + A2, A7 + A6 + 2A2 + A1,

A7 + A5 + A4 + A2, A7 + A4 + A3 + 2A2, 2A6 + A4 + A2, 2A6 + 2A3,

2A6 + 2A2 + 2A1, A6 + A5 + A4 + A3, A6 + A5 + A4 + A2 + A1, A6 + 2A4 + A3 + A1,

A6 + 2A4 + A2 + 2A1, A6 + A4 + 2A3 + A2, A6 + A4 + A3 + 2A2 + A1, 2A5 + 2A4,

2A4 + 2A3 + 2A2.

(2) AnADE-type6 with r := rank(6) < 18 is a member ofP [1]
r if and only if

6 is obtained from a member ofP [1]
18 by elementary transformation.

Theorem 2.4. (1)The listP [2]
18 consists of84 elements as follows.

2E7 +D4, 2E7 + A3 + A1, E7 +D10+ A1, E7 +D8 + A2 + A1, E7 +D7 + A3 + A1,

E7 +D6 +D5, E7 +D6 + A5, E7 +D6 + A3 + A2, E7 +D5 + A5 + A1, E7 + A9 + A2,

E7 + A9 + 2A1, E7 + A7 + A3 + A1, E7 + A7 + A2 + 2A1, E7 + A5 + A4 + 2A1,

E7 + A5 + 2A3, E7 + A5 + A3 + A2 + A1, E7 + A4 + 2A3 + A1, D16+ A2, D16+ 2A1,

D14+ A3 + A1, D14+ A2 + 2A1, D12+D6, D12+D5 + A1, D12+ A4 + 2A1,

D12+ A3 + A2 + A1, D12+ 2A2 + 2A1, D10+D7 + A1, D10+D6 + A2,

D10+D5 + A2 + A1, D10+ A5 + A3, D10+ A4 + A3 + A1, D9 + A7 + 2A1,

D9 + A5 + A3 + A1, D8 + 2D5, D8 + A9 + A1, D8 + A7 + A2 + A1, D8 + 2A5,

D8 + A5 + A4 + A1, D8 + 2A3 + 2A2, D7 +D6 + A5, D7 +D5 + A5 + A1,

D7 + A9 + 2A1, D7 + A7 + A2 + 2A1, D6 +D5 + A7, D6 +D5 + A5 + A2,

D6 + A11+ A1, D6 + A9 + A3, D6 + A9 + A2 + A1, D6 + A7 + A4 + A1,

D6 + A7 + A3 + A2, D6 + A7 + 2A2 + A1, D6 + A5 + A4 + A3, D5 + A11+ A2,

D5 + A9 + A3 + A1, D5 + A9 + A2 + 2A1, D5 + A7 + A4 + 2A1, D5 + 2A5 + A3,

D5 + A5 + A4 + A3 + A1, A15+ A2 + A1, A13+ A4 + A1, A13+ A3 + 2A1,

A13+ 2A2 + A1, A13+ A2 + 3A1, A11+ A5 + 2A1, A11+ A4 + 3A1, A11+ A3 + A2 + 2A1,

A9 + A6 + 3A1, A9 + A5 + A4, A9 + A5 + A3 + A1, A9 + A5 + A2 + 2A1,
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Table 2.3 Forbidden Substitutions for [2]

Al 7→ Al′ + Al−1−l′ with l odd andl′ even (0 ≤ l′< l/2),

Dm 7→ Am−1,

Dm 7→ A3 + Am−4 with m even,

Dm 7→ Dm′ + Am−1−m′ with m even andm′ odd (5≤ m′ ≤ m−1),

E7 7→ A6, A4 + A2, E6.

Table 2.4 Forbidden Substitutions for [3]

Al 7→ Al1 + Al2 (l1+ l2 = l −1, 0 ≤ l1 ≤ l2)
with l mod 3= 2, l1 mod 3 6= 2, l2 mod 3 6= 2;

E6 7→ A4 + A1, D5.

A9 + A4 + A3 + 2A1, A9 + A4 + A2 + 3A1, A9 + 2A3 + A2 + A1, A9 + A3 + 2A2 + 2A1,

2A7 + 2A2, A7 + A6 + A3 + 2A1, A7 + 2A5 + A1, A7 + A5 + A4 + 2A1,

A7 + A5 + A3 + A2 + A1, A7 + A4 + A3 + A2 + 2A1, A6 + 2A5 + 2A1,

A6 + A5 + 2A3 + A1, 2A5 + A4 + A3 + A1, A5 + A4 + 2A3 + A2 + A1.

(2) Let S [2] be the union ofP [2]
18 and the following list.

2E7 + A3, E7 +D10, E7 +D5 + A5, D12+D5, 2D8 + A1, D7 + A9 + A1, D7 + 2A5,

D6 + A11, 2D5 + A7, A15+ A2, E7 + A9, D16, 2D8, D5 + A11, A15.

Then anADE-type6 is a member ofP [2] if and only if6 is a member ofS [2] or
obtained from a member ofS [2] by applying substitutions listed in Table 2.2 but
not in Table 2.3.

Theorem 2.5. (1)The listP [3]
18 consists of19elements as follows.

3E6, 2E6 + A5 + A1, E6 + A11+ A1, E6 + A8 + 2A2, E6 + A8 + A2 + 2A1,

E6 + 2A5 + A2, E6 + A5 + A3 + 2A2, A17+ A1, A14+ 2A2, A14+ A2 + 2A1,

A11+ A5 + A2, A11+ A3 + 2A2, A11+ 3A2 + A1, 2A8 + 2A1, A8 + A5 + A3 + A2,

A8 + A5 + 2A2 + A1, A8 + A4 + 3A2, A8 + A3 + 3A2 + A1, 2A5 + A4 + 2A2.

(2) LetS [3] beP [3]
18 . Then anADE-type6 is a member ofP [3] if and only if6

is a member ofS [3] or obtained from a member ofS [3] by applying substitutions
listed in Table 2.2 but not in Table 2.4.

Theorem 2.6. (1)The listP [4]
18 consists of11elements as follows.

D7 + A11, D7 + A7 + A3 + A1, D7 + 3A3 + A2, 2D5 + A7 + A1, D5 + A11+ 2A1,

D5 + A7 + A3 + A2 + A1, A15+ A3, A15+ 3A1, A11+ 2A3 + A1, A11+ A3 + A2 + 2A1,

A7 + 3A3 + A2.
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Table 2.5 Forbidden Substitutions for [4]

A1 7→ 0;
Al 7→ Al1 + Al2 (l1+ l2 = l −1, 0 ≤ l1 ≤ l2)

with l mod 4= 3, l1 mod 4 6= 3, l2 mod 4 6= 3;
Dm 7→ Am−1, Dm−1, 2A1+ Am−3 with m odd;
Dm 7→ Dm−3 + A2 with m odd andm > 6.

Table 2.6 Forbidden Substitutions for [2,2]

Al 7→ Al′ + Al−1−l′ with l odd andl′ even (0 ≤ l′< l/2),

Dm 7→ Am−1, A3 + Am−4 with m even,

Dm 7→ Dm′ + Am−1−m′ with m even andm′ odd (5≤ m′ ≤ m−1).

(2) Let S [4] be the union ofP [4]
18 and the following list.

2D5 + A7, A15+ 2A1.

Then anADE-type6 is a member ofP [4] if and only if6 is a member ofS [4] or
obtained from a member ofS [4] by applying substitutions listed in Table 2.2 but
not in Table 2.5.

Theorem 2.7. (1)The listP [2,2]
18 consists of11elements as follows.

D10+ A5 + 3A1,D10+ 2A3 + 2A1,2D8 + 2A1,D8 +D6 + A3 + A1,D8 + A5 + A3 + 2A1,

3D6, 2D6 + 2A3, D6 + 2A5 + 2A1, D6 + A5 + 2A3 + A1, A7 + A5 + A3 + 3A1,

2A5 + 2A3 + 2A1.

(2) Let S [2,2] be the union ofP [2,2]
18 and the list

4D4.

Then anADE-type6 is a member ofP [2,2] if and only if6 is a member ofS [2,2]

or obtained from a member ofS [2,2] by applying substitutions listed in Table 2.2
but not in Table 2.6.

By these theorems, we can easily generate the complete listPG for G = [1], [2],
[3], [4], [2,2]. Table 2.7 shows the cardinalities ofPGr .

Case 2:G∈ {[5], [6], [4,2]}. We simply give the table ofPG. For eachG, the
ADE-types are listed according to the rank and the lexicographical order.
G = [5]:

2A9, A9 + 2A4 + A1, 4A4 + 2A1, A9 + 2A4, 4A4 + A1, 4A4.
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Table 2.7 Cardinalities ofPG
r

r 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 Total

|P [1]
r | 1 2 3 6 9 16 24 39 57 88 127 189 262 360 448 500 416 1992746

|P [2]
r | 0 0 0 0 0 0 0 1 2 6 13 29 53 92 133 164 155 84 732

|P [3]
r | 0 0 0 0 0 0 0 0 0 0 0 1 2 6 12 21 24 19 85

|P [4]
r | 0 0 0 0 0 0 0 0 0 0 0 0 0 1 4 10 15 11 41

|P [2,2]
r | 0 0 0 0 0 0 0 0 0 0 0 1 2 5 10 16 16 11 61

G = [6]:

A11+ A5 + 2A1, A11+ A3 + 2A2, A11+ 2A2 + 3A1, 3A5 + A3, 2A5 + A3 + 2A2 + A1,

A11+ 2A2 + 2A1, 3A5 + 2A1, 2A5 + A3 + 2A2, 2A5 + 2A2 + 3A1, 2A5 + 2A2 + 2A1.

G = [4,2]:

2A7 + 4A1, A7 + 3A3 + 2A1, A7 + 2A3 + 4A1, 5A3 + 2A1, 4A3 + 4A1.

Case 3:G ∈ {[7], [8], [6,2], [3,3], [4,4]}. In this case, theADE-type deter-
mines the torsion of the Mordell–Weil group uniquely.

Theorem 2.8. Let f : X → P1 be an ellipticK3 surface. Then the following
hold.

(a) Gf ∼= Z/(7) ⇐⇒ 6f = 3A6.

(b) Gf ∼= Z/(8) ⇐⇒ 6f = 2A7+ A3+ A1.

(c) Gf ∼= Z/(6)× Z/(2) ⇐⇒ 6f = 3A5+ 3A1.

(d) Gf ∼= Z/(4)× Z/(4) ⇐⇒ 6f = 6A3.

(e) Gf ∼= Z/(3)× Z/(3) ⇐⇒ 6f ∈ {2A5+ 4A2, A5+ 6A2,8A2}.

Remark 2.9. Elliptic K3 surfaces withGf = [7], [8], [6,2], [4,4] are con-
structed as elliptic modular surfaces (cf. [14; 17]). The corresponding congruence
groups0 ⊂ SL2(Z) are as follows.

Gf [7] [8] [6 ,2] [4,4]

0 01(7) 01(8) 00(3) ∩ 0(2) 0(4)

2.3. FromADE-Types to Configurations of Singular Fibers

The correspondence between the type (in the notation of Kodaira) of a singular
fiber of an elliptic fibration and anADE-type is shown in Table 2.8. We have the
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Table 2.8 Singular Fibers of Elliptic Fibration

Singular Fiber ADE-Type Euler Number Possible Torsion Parts

I 0 regular 0 all

I1 irreducible 1
}
♦

I b (b ≥ 2) Ab−1 b

I∗b (b ≥ 0) D4+b 6+ b
{

[1], [2], [2,2] if b is even

[1], [2], [4] if b is odd

II irreducible 2 [1]

II ∗ E8 10 [1]

III A1 3 [1], [2]

III ∗ E7 9 [1], [2]

IV A2 4 [1], [3]

IV ∗ E6 8 [1], [3]

♦


[a] is possible fora = 1, . . . ,8,

[2a,2] is possible fora = 1, . . . ,3 if and only if b = 0 mod 2,

[3,3] is possible if and only ifb = 0 mod 3,

[4,4] is possible if and only ifb = 0 mod 4.

following ambiguities in recovering the configurations of singular fibers from its
ADE-type:

(a) an irreducible singular fiber is of type either I1 or II;
(b) a singular fiber ofADE-typeA1 is of type either I2 or III ;
(c) a singular fiber ofADE-typeA2 is of type either I3 or IV.

We next present some restrictions on the possibilities of configuration of singular
fibers of an ellipticK3 surfacef : X→ P1 with a givenADE-type.

Let ib be the number of singular fibers off of type Ib. We define similarlyi∗b,
ii, ii∗, iii, iii∗, iv, andiv∗. Miranda and Persson gave a formula for the degree of
the modulus functionJf : P1→ P1 := H/SL2(Z) associated withf : X→ P1:

degJf :=
∑
b≥1

b(ib + i∗b ).

By the Hurwitz formula, they obtained the following necessary condition for con-
figurations: If degJf > 0, then

degJf ≤ 6
∑
b≥1

(ib + i∗b )+ 4(ii + iv∗)+ 3(iii + iii∗)+ 2(iv + ii∗)−12.

See [9, Sec. 3] for the proof.
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The euler number 24 of theK3 surfaceX is equal to the sum of euler numbers
of singular fibers off. The third column of Table 2.8 shows the euler number of a
singular fiber of each type. We define the euler number euler(6) of anADE-type
6 :=∑ alAl +∑ dmDm +∑ enEn by

euler(6) :=
∑

al · (l +1)+
∑

dm · (m+ 2)+
∑

en · (n+ 2).

Then euler(6f) is less than or equal to the sum of euler numbers of reducible sin-
gular fibers. Hence we always have

euler(6f) ≤ 24.

For example, we can deduce from Table 2.8 that, if euler(6f) = 24, thenf : X→
P1 has neither irreducible singular fibers nor any fibers of type III or IV.

WhenGf is nontrivial, certain types of singular fibers cannot appear. Let
g : S → 1 be an elliptic fibration over an open unit disk1 such thatg is smooth
over1× := 1\{0}, and letE := g−1(p) be the fiber over a pointp ∈1×. Looking
at the monodromy action ofπ1(1

×, p) on the set of torsion points ofE, we can
determine whether a finite abelian group can be embedded into the Mordell–Weil
group ofg. The fourth column of Table 2.8 shows the groups among the list (2.1)
that can be isomorphic to the torsion part of the Mordell–Weil group of an ellip-
tic surface having the singular fiber. We see, for example, that ifGf is nontrivial
then every irreducible singular fiber must be of type I1.

2.4. Miscellaneous Facts

For an integerr with 1≤ r ≤ 18, we set:

Rr := {6 | 6 is anADE-type with rank(6) = r };
Er := {6 ∈Rr | euler(6) ≤ 24};
Pr := {6 ∈ Er | there exists an ellipticK3 surface

f : X→ P1 with 6f = 6 } =
⋃
G

PGr .

For 6 ∈ ⋃18
r=1Pr , we denote byG(6) the set of isomorphism classes of finite

abelian groupsG such that(6,G)∈P. For eachr,we denote byTr the set of6 ∈
Pr such thatG(6) consists of only the trivial group [1]. The cardinalities of these
sets are given in Table 2.9. Note that, if rank(6) ≤ 12, then euler(6) ≤ 24 holds
automatically.

Theorem 2.10. Let 6 be anADE-type with euler(6) ≤ 24. Suppose that
rank(6) ≤ 13. Then there exists an ellipticK3 surfacef : X→ P1 with6f = 6.
Remark 2.11. The complement ofP14 in E14 consists of a single element
E6+8A1. Hence, when euler(6) ≤ 24 and rank(6) = 14, there exists an elliptic
K3 surfacef : X→ P1 with 6f = 6 if and only if6 6= E6+ 8A1.

Theorem 2.12. Suppose thatrank(6) ≤ 10. Then there exists an ellipticK3
surfacef : X→ P1 withGf = [1] and6f = 6.
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Table 2.9 Cardinalities ofRr , Er , andPr

r 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 Total

|Rr | 1 2 3 6 9 16 24 39 57 88 128 193 276 403 570 8151137 1599 5366

|Er | 1 2 3 6 9 16 24 39 57 88 128 193 274 393 531 688 773 7123937

|Pr | 1 2 3 6 9 16 24 39 57 88 128 193 274 392 518 624 580 3253279

|Tr | 1 2 3 6 9 16 24 38 55 82 115 162 217 289 362 419 372 1882360

Remark 2.13. The complementP11\P [1]
11 consists of a single element 11A1. We

haveG(11A1) = {[2]}.
Theorem 2.14. Let f : X → P1 be an ellipticK3 surface. If rank(6f) ≤ 7,
thenGf must be trivial.

Remark 2.15. The complementP [1]
8 \ T8 consists of a single element 8A1, and

the complementP [1]
9 \ T9 consists of two elements 9A1 andA3+ 6A1. We have

G(8A1) = G(9A1) = G(A3+ 6A1) = {[1], [2]}.
Remark 2.16. There are severalADE-types6 with |G(6)| ≥ 3. For example,

G(2A5+ 2A2 + 2A1) = G(A11+ 2A2 + 2A1) = {[1], [2], [3], [6]}.

3. Local Invariants of Lattices

First we fix some terminologies about lattices.
LetR be eitherZ orZp. A latticeoverR is, by definition, a freeR-moduleL of

finite rank equipped with a nondegenerate symmetric bilinear form(·, ·) : L×L→
R. Forα ∈ R \ {0}, let αL denote the lattice obtained fromL by multiplying the
symmetric bilinear form byα. We will useL− to denote(−1)L. We often express
a lattice by the intersection matrix with respect to a certain basis ofL. For ex-
ample,(a) is the lattice of rank 1 generated by a vectore such that(e, e) = a. A
sublatticeN of L is said to beprimitive if L/N is torsion free. A latticeL over
R is said to beevenif (v, v) ∈ 2R holds for anyv ∈ L. Note that, whenR is Zp
with p an odd prime, every lattice overR is even. Thediscriminantdisc(L) of a
latticeL is considered as an element of(R \ {0})/(R×)2. A latticeL is said to be
unimodularif disc(L)∈R×/(R×)2.

Suppose thatR = Zp. Then we have disc(L) = pνu for someν ≥ 0, where
u ∈ Z×p/(Z×p )2. We denote the elementu by reddisc(L) and call it thereduced
discriminantof L.

Let k be the quotient field ofR. Thek-vector spaceL⊗R k has a natural sym-
metric bilinear form with values ink.We denote byL∨ theR-submodule ofL⊗R k
consisting of all vectorsv such that(v,w) ∈ R holds for everyw ∈ L; we call it
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thedual latticeof L. An R-submoduleM of L∨ is said to be anoverlatticeof L if
M containsL and the symmetric bilinear form restricted toM takes values inR.
Two latticesL andM overR are said to bek-equivalentif L⊗R k andM ⊗R k,
together with their symmetrick-valued bilinear forms, are isomorphic.

For a detailed account of the following definitions and theorems, see Conway
and Sloane [6, Chap. 15] and Cassels [5, Chaps. 8–9].

3.1. Local Invariants

Let3 be a lattice overZp. Then3 is decomposed into the orthogonal direct sum
3 =⊕ν≥0p

ν3ν, where each3ν is unimodular. This decomposition is called a
Jordan decompositionof 3, and eachpν3ν is called aJordan componentof 3.
Note that the reduced discriminant of3 is the product of the discriminants of3ν.

Suppose thatp is odd. Then a lattice3 overZp is isomorphic to an orthogonal
direct sum

⊕
i p

νi(ai), whereai ∈Z×p . Thep-excessof 3 is defined to be

−rank(3)+ 4m+
∑
i

pνi ∈Z/(8),

wherem is the number of orthogonal direct summandspνi(ai) such thatνi is odd
andai is not square inZ×p . It is known that thep-excess is a well-defined invariant
of Qp-equivalence classes of lattices overZp.

Suppose thatp = 2. We put

U :=
(

0 1

1 0

)
and V :=

(
2 1

1 2

)
,

both of which are unimodular lattices of rank 2 overZ2. Then a lattice overZ2 is
decomposed into the orthogonal direct sum of lattices such that each direct sum-
mand is isomorphic to 2ν(a) (a ∈Z×2 ), 2νU, or 2νV. We define the 2-excesses of
these lattices by:

2-excess(2ν(a)) =
{

1− a mod 8 if ν is even ora = ±1 mod 8,

5− a mod 8 if ν is odd anda = ±3 mod 8;
2-excess(2νU) = 2 mod 8;

2-excess(2νV ) =
{

2 mod 8 if ν is even,

6 mod 8 if ν is odd.

Then we define the 2-excess of

3 ∼=
⊕
i

2νi(ai)⊕
⊕
j

2νjU ⊕
⊕
k

2νkV (3.1)

to be the sum of the 2-excesses of direct summands in the decomposition (3.1).
Even though the decomposition (3.1) is not unique in general, it turns out that the
2-excess is a well-defined invariant ofQ2-equivalence classes of lattices overZ2.

(Note thatU andV areQ2-equivalent to 2(1)⊕2(7) and 2(1)⊕2(3), respectively.)
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3.2. Existence of Lattices overZ with Given Local Data

By combining [6, Chap. 15, Thm. 5] and [5, Chap. 9, Thm. 1.2], we obtain the
following.

Theorem 3.1. Letd be a nonzero integer, and let(r, s) be a pair of nonnegative
integers such thatn := r + s is positive andd = (−1)s |d| holds. Suppose that,
for each prime divisorp of 2d, a lattice3(p) of rankn overZp is given. Then
there exists a latticeL overZ with discriminantd and signature(r, s) such that
L⊗Z Zp is isomorphic to3(p) for eachp if and only if the following two condi-
tions are satisfied:

(i) disc(3(p)) is equal tod · (Z×p )2 for eachp; and
(ii) r − s +∑p|2d p-excess(3(p)) = n mod 8holds.

4. Theory of Discriminant Forms

4.1. Definitions

Let R andk be as before, and letD be a finite abelian group. A finite symmet-
ric bilinear form onD with values ink/R is, by definition, a homomorphism
b : D × D → k/R such thatb(x, y) = b(y, x) holds for anyx, y ∈ D. A finite
quadratic form onD with values ink/2R is a mapq : D→ k/2R having the fol-
lowing properties:

(i) q(nx) = n2q(x) for n∈Z andx ∈D; and
(ii) the mapb[q] : D×D→ k/R defined by(x, y) 7→ (q(x+y)−q(x)−q(y))/2

is a finite symmetric bilinear form.

LetH be a subgroup ofD. The orthogonal complementH⊥ of H with respect to
q is the subgroup ofD consisting of elementsy such thatb[q](x, y) = 0 holds
for anyx ∈ H. We say thatq is nondegenerateif D⊥ = (0). Note that, ifD =
H ⊕H⊥, thenq is written asq

∣∣
H
⊕ q∣∣

H⊥ , because the homomorphisma 7→ a/2
from k/2R to k/R is injective.

The length ofD is, by definition, the minimal number of generators ofD. A
subset{γ1, . . . , γ l} of D is said to be areduced set of generatorsof D if l is the
length ofD andD = 〈γ1〉 × · · · × 〈γl〉 holds. Let{γ1, . . . , γ l} be a reduced set of
generators ofD. Then a finite quadratic formq onD is expressed by a symmet-
ric l × l matrix whose diagonal entries areq(γi)∈ k/2R and whose off-diagonal
entries areb[q](γi, γj )∈ k/R.

Let L be a lattice overR. The discriminant groupDL of L is, by definition,
the quotient groupL∨/L. We denote by9L : L∨ → DL the natural projection.
Suppose thatL is even. Then we can define a finite quadratic formqL onDL

with values ink/2R by qL(x) := (x ′, x ′) mod 2R, wherex ′ is a vector ofL∨
such that9L(x ′) = x. We callqL thediscriminant formof L. BecauseL is non-
degenerate,qL is also nondegenerate. By definition, we have(DL⊕M, qL⊕M) =
(DL, qL)⊕ (DM, qM).
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Table 4.1 Discriminant Forms
of Lattices overZp

3 pν(a) 2νU 2νV

D3 Z/(pν) (Z/(2ν))⊕2 (Z/(2ν))⊕2

q3

[
a

pν

]
1

2ν

[
0 1

1 0

]
1

2ν

[
2 1

1 2

]

4.2. Discriminant Forms and Overlattices

The following two propositions, due to Nikulin, play a central role in making the
list P.
Proposition 4.1 [11, Prop. 1.4.1]. LetL be an even lattice overZ.

(1) If H ⊂ DL is a subgroup that is isotopic with respect toqL, thenM :=
9−1
L (H ) is an even overlattice ofL and the discriminant form ofM is isomorphic

to
(
H⊥/H, qL

∣∣
H⊥/H

)
.

(2) The mapH 7→ 9−1
L (H ) establishes a bijection between the set of isotopic

subgroups of(DL, qL) and the set of even overlattices ofL.

Proposition 4.2 [11, Prop. 1.6.1]. LetL andM be even lattices overZ. Then
the following statements are equivalent:

(i) the two finite quadratic forms(DL, qL) and (DM,−qM) are isomorphic;
(ii) there exists an even unimodular overlattice ofL ⊕M into whichL andM

are embedded primitively.

4.3. Localization and Discriminant Form

Let L be an even lattice overZ. We decomposeDL into the direct sum of itsp-
Sylow subgroupsD(p)

L , wherep runs through the set of prime divisors of|DL| =
|disc(L)|. Thesep-parts are orthogonal to each other with respect toqL and hence
qL is also decomposed into thep-parts;qL =⊕p q

(p)

L , whereq(p)L is the restric-
tion of qL toD(p)

L . By our definition of the discriminant form, we can easily prove
the following lemma.

Lemma 4.3. The image ofq(p)L is contained in2Z[1/p]/2Z ⊂ Q/2Z. The natu-
ral inclusion2Z[1/p] ↪→ Qp induces an isomorphism2Z[1/p]/2Z ∼= Qp/2Zp.
Under this identification,(D(p)

L , q
(p)

L ) is isomorphic to(DL⊗Zp , qL⊗Zp ).

The discriminant form of an even lattice3 overZp is calculated by Table 4.1. In
particular,D3 is ap-group of length equal to rank(3)− rank(30), where30 is
the first Jordan component of3. We also have disc(3) = |D3| · reddisc(3).
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5. Existence of Lattices with a Given Discriminant Form

5.1. OverZp

Suppose that a finite abelianp-groupD and a nondegenerate finite quadratic form
q : D→ Qp/2Zp are given. It is known that, ifn ≥ length(D), then there exists
an even lattice3 of rankn overZp such that(D3, q3) is isomorphic to(D, q).
Our purpose here is to describe a method for determining the setL(p)(n,D, q) of
all [σ, u] ∈ Z/(8) × Z×p/(Z×p )2 such that there exists an even lattice3 of rankn
overZp with (D3, q3) ∼= (D, q), p-excess(3) = σ, and reddisc(3) = u.

Note that

p-excess(31⊕32) = p-excess(31)+ p-excess(32)

and

reddisc(31⊕32) = reddisc(31) · reddisc(32).

Taking these equalities into account, for setsL andL′ of elements ofZ/(8) ×
Z×p/(Z×p )2 we defineL ∗ L′ to be the set

{ [σ + σ ′, uu′ ] | [σ, u] ∈L, [σ ′, u′ ] ∈L′ }.
We also putL(p)0 := {[0,1]}. ThenL ∗ L(p)0 = L holds for anyL.

Lemma 5.1. Let l be the length ofD. Then we have

L(p)(n,D, q) = L(p)(n− l, (0), [0]) ∗ L(p)(l,D, q). (5.1)

If p is odd, then

L(p)(n− l, (0), [0]) =

∅ if n < l,

L(p)0 if n = l,
{[0,1], [0, vp]} if n > l,

(5.2)

wherevp is the unique nontrivial element ofZ×p/(Z×p )2. If p = 2, then

L(2)(n−l, (0), [0]) =


∅ if n < l or n− l mod 2= 1,

L(2)0 if n = l,
{[n− l,1], [n− l,5]} if n > l and n− l mod 4= 0,

{[n− l,3], [n− l,7]} if n > l and n− l mod 4= 2.

Proof. Let 3 = 30 ⊕⊕ν>0p
ν3ν be a Jordan decomposition of a lattice3

overZp with (D3, q3) ∼= (D, q). We put3>0 := 3⊥0 =
⊕

ν>0p
ν3ν. Then we

have rank(3>0) = l, (D30, q30 ) = ((0), [0]), and(D3>0, q3>0) = (D3, q3) ∼=
(D, q). Hence (5.1) holds. The statement (5.2) is obvious. A lattice3 overZ2 is
even if and only if30 is of even rank and is isomorphic to an orthogonal direct
sum of copies ofU andV. Because
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[2-excess(U), reddisc(U)] = [2,7] and [2-excess(V ), reddisc(V )] = [2,3],

we can easily prove the last statement.

Lemma 5.2. Suppose thatν is a positive integer, and letu be an integer prime
to p. Then

L(p)
(

1,Z/(pν),
[
u

pν

])
=

{[pν − 1, u]} if p is odd,

{[1− u, u]} if p = 2 and ν > 1,

{[1− u, u], [1− u,5u]} if p = 2 and ν = 1.

Letu, v,w be integers withv odd. Then

L(2)
(

2, (Z/(2ν))⊕2,
1

2ν

[
2u v

v 2w

])
=
{ {[2,7]} if uw is even,

{[2,3]} if uw is odd.

Proof. Two nondegenerate quadratic forms [u/pν ] and [u′/pν ] on Z/(pν) with
values inQp/2Zp are isomorphic if and only if

uu′ ∈ (Z×p )2 or (p = 2, ν = 1, andu = u′ mod 4)

is satisfied. On the other hand, two latticespν(u) andpν(u′) with u, u′ ∈ Z×p of
rank 1 overZp are isomorphic if and only ifuu′ ∈ (Z×p )2 holds. Therefore, the
first statement follows. The finite quadratic form

q = 1

2ν

[
2u v

v 2w

]
(v odd)

on (Z/(2ν))⊕2 with values inQ2/2Z2 is isomorphic toq2νU (resp.,q2νV ) if and
only if uw mod 2= 0 (resp.,uw mod 2= 1). These two forms can never be iso-
morphic to [u′/2ν ] ⊕ [w ′/2ν ] whenu′ andw ′ are odd. Thus the second statement
follows.

Now we state an algorithm to calculateL(p)(n,D, q). By Lemma 5.1, it is enough
to determineL(p)(l,D, q). Let {γ1, . . . , γ l} be a reduced set of generators ofD.

We denote the order ofγi bypνi , and we arrange the generators in such a way that
ν1 ≥ · · · ≥ νl holds. For an elementα ∈ Qp/Zp, we defineφp(α) to be the in-
teger such that the order ofα is pφp(α). Note thatφp(b[q](γi, γj )) ≤ min(νi, νj )
holds for anyγi andγj .

If l = 1, thenL(p)(l,D, q) is given by Lemma 5.2. Suppose then thatl > 1.

Case 1.Suppose there is a generatorγi such thatφp(b[q](γi, γi)) = ν1; then
νi = ν1. Interchangingγ1 andγi, we will assume thatφp(b[q](γ1, γ1)) = ν1.

Let u be an integer such thatb[q](γ1, γ1) = u/pν1 modZp. Thenu is prime
to p, and hence there is an integerv such thatuv = 1 modpν1 holds. Since
φp(b[q](γj, γ1)) ≤ min(νj, ν1) = νj, we can writeb[q](γj, γ1) in the form
wj/p

ν1 modZp by some integerwj that is divisible bypν1−νj . For j ≥ 2, we put
γ ′j := γj−vwjγ1. Becauseγ1 is of orderpν1 inD, it follows thatγ ′j is independent
of the choice ofu, v, andwj . Moreover,γ ′j is of orderpνj, and{γ1, γ

′
2, . . . , γ

′
l}
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is again a reduced set of generators. By definition, we haveb[q](γ ′j , γ1) = 0 for
anyj ≥ 2. We put

(D1, q1) := (〈γ1〉, q
∣∣〈γ1〉

) ∼= (Z/(pν1), [u/pν1])

and(D2, q2) := (〈γ ′2, . . . , γ ′l 〉, q∣∣〈γ ′2, ...,γ ′l 〉). Then(D, q) is decomposed into the

orthogonal direct sum of(D1, q1) and(D2, q2).

Let 3 be a lattice of rankl over Zp such that there exists an isomorphism
h : (D3, q3) ∼−→ (D, q). Let e∗ ∈3∨ be a vector such thath B 93(e∗) = γ1, and
let3′1⊂ 3∨ be theZp-submodule generated bye∗. Then31 := 3′1∩3 is a sublat-
tice of rank 1 generated bye := pν1e∗. Let x be an arbitrary vector of3. Because
ordp((x, e)) ≥ ν1= ordp((e, e)), the vector

x ′ := x − (x, e)
(e, e)

e

is in3 and orthogonal to31. Hence we obtain an orthogonal decomposition3 =
31⊕3⊥1 . The homomorphismh B93 : 3∨ = 3∨1⊕ (3⊥1 )∨ → D induces isomor-
phisms(D31, q31)

∼= (D1, q1) and(D3⊥1 , q3⊥1 )
∼= (D2, q2). It follows that

L(p)(l,D, q) = L(p)(1,D1, q1) ∗ L(p)(l −1,D2, q2).

ThusL(p)(l,D, q) is calculated by Lemma 5.2 and the induction hypothesis onl.

Case 2.Suppose thatφp(b[q](γi, γi)) < ν1 holds for any generatorγi.
Sinceq is nondegenerate, there exists at least one generatorγk that satisfies
φp(b[q](γ1, γk)) = ν1. Becauseφp(b[q](γ1, γk)) ≤ νk, we haveνk = ν1.

Case 2.1.Suppose thatp is odd. We replaceγ1 by γ ′1 := γ1+ γk, which is an
element of orderpν1. It is obvious that{γ ′1, γ2, . . . , γ l} is again a reduced set of
generators ofD. Moreover, we haveφp(b[q](γ ′1, γ ′1)) = ν1 and we are thus led
to Case 1.

Case 2.2.Suppose thatp = 2.We replaceγ2 byγk. There exist integersu, v,w
(v odd) such that

b[q](γ1, γ1) = 2u

2ν1
, b[q](γ1, γ2) = v

2ν1
, b[q](γ2, γ2) = 2w

2ν1

hold moduloZ2. Note thatq(γ1) = 2ũ/2ν1 andq(γ2) = 2w̃/2ν1 hold modulo
2Z2 for some integers̃u andw̃ with u = ũ mod 2ν1−1 andw = w̃ mod 2ν1−1.

If l = 2, thenL(2)(l,D, q) is determined by Lemma 5.2. Suppose thatl ≥ 3.
There exists an integert such that(v2 − uw)t = 1 mod 2ν1 holds. For eachj ≥
3, we choose integerssj1 and sj2 such thatb[q](γj, γ1) = sj1/2ν1 modZ2 and
b[q](γj, γ2) = sj2/2ν1 modZ2 hold, and we calculate(

βj1

βj2

)
:= t ·

(
2w −v
−v 2u

)
·
(
sj1

sj2

)
.

Thenβj1 andβj2 are divisible by 2ν1−νj . Henceγ ′j := γj − βj1γ1− βj2γ2 is an
element of order 2νj that is independent of the choice of the integers. The set
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{γ1, γ2, γ
′
3, . . . , γ

′
l} is again a reduced set of generators ofD, and the two sub-

groups〈γ1, γ2〉 and〈γ ′3, . . . , γ ′l 〉 ofD are orthogonal with respect toq. Therefore,
putting

(D1, q1) := (〈γ1, γ2〉, q
∣∣〈γ1,γ2〉

) ∼= ((Z/(pν1))⊕2,
1

2ν1

[
2ũ v

v 2w̃

])
and(D2, q2) := (〈γ ′3, . . . , γ ′l 〉, q∣∣〈γ ′3, ...,γ ′l 〉), we obtain an orthogonal decomposi-
tion (D, q) = (D1, q1)⊕ (D2, q2).

Let 3 be a lattice of rankl over Z2 such that there exists an isomor-
phism h : (D3, q3) ∼−→ (D, q). We pick up two vectorse∗1, e∗2 ∈ 3∨ such that
h B93(e∗1) = γ1 andh B93(e∗2) = γ2. Let3′1 ⊂ 3∨ be theZ2-submodule of3∨
generated bye∗1 ande∗2. Then31 := 3′1∩3 is a sublattice of3 generated bye1 :=
2ν1e∗1 ande2 := 2ν1e∗2. The intersection matrixM1 of31 with respect toe1 ande2

satisfies ord2(detM−1
1 ) = −ν1. Because ord2((x, e1)) ≥ ν1 and ord2((x, e2)) ≥

ν1 hold for any vectorx ∈3,we have((x, e1), (x, e2)) ·M−1
1 ∈Z⊕2

2 . Therefore,3
is decomposed into the orthogonal direct sum of31 and3⊥1 . The homomorphism
h B93 induces isomorphisms(D31, q31)

∼= (D1, q1) and(D3⊥1 , q3⊥1 )
∼= (D2, q2).

It follows that

L(2)(l,D, q) = L(2)(2,D1, q1) ∗ L(2)(l − 2,D2, q2).

ThusL(2)(l,D, q) is calculated by Lemma 5.2 and the induction hypothesis onl.

5.2. OverZ

LetD be a finite abelian group andq : D → Q/2Z a nondegenerate finite qua-
dratic form. Let(r, s) be a pair of nonnegative integers such thatn := r + s > 0.
We will describe a criterion to determine whether there exists a latticeL overZ
with signature(r, s) such that(DL, qL) is isomorphic to the given finite quadratic
form (D, q).

We putd := (−1)s |D|. LetP be the set of prime divisors of 2d,and let(D, q) =⊕
p∈P (D(p), q(p)) be the orthogonal decomposition of(D, q) into thep-parts. If

d is odd then we put(D(2), q(2)) = ((0), [0]). By Lemma 4.3 and Theorem 3.1, a
latticeL overZ with signature(r, s) and(DL, qL) ∼= (D, q) exists if and only if
the following claim is verified:

(]) For eachp ∈P, there exists a lattice3(p) of rankn overZp such that
(i) disc(3(p)) = d · (Z×p )2 and
(ii) (D3(p) , q3(p) ) ∼= (D(p), q(p)) hold,
and they satisfy

r − s +
∑
p∈P

p-excess(3(p)) = n mod 8.

We putδp := d/pordp(d ) ∈ Z. Under condition (ii), which implies that|D3(p) | =
d/δp, condition (i) is equivalent to

reddisc(3(p)) = δp · (Z×p )2.
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We can therefore check the claim(]) by the following method. First calculate
L(p)(n,D(p), q(p)) for eachp ∈P ; then search for an element( [σp, up] | p ∈P )
of the Cartesian product of the setsL(p)(n,D(p), q(p)) that satisfiesup = δp ·(Z×p )2
for eachp ∈P andr − s +∑ σp = n mod 8. The claim(]) is true if and only if
we find such an element.

6. Roots

For the following, we refer to [3, Chaps. IV–VI], [6, Chap. 4], or [12].

6.1. Root System of a Positive Definite Even Lattice overZ

LetL be a positive definite even lattice overZ. A vector ofL is said to be aroot
if its norm is 2. We denote byL root the sublattice ofL generated by roots. A lat-
ticeL is said to be aroot lattice if L = L root holds. Let Roots(L) be the set of
roots ofL. We define∼ to be the finest equivalence relation on Roots(L) that sat-
isfies(v,w) 6= 0 H⇒ v ∼ w. Let I1, . . . , Ik be the equivalence classes of roots
under the relation∼, and letLi be the sublattice ofL root generated byIi . There
exists a basisBi ⊂ Ii such that the intersection matrix ofLi with respect toBi is
the Cartan matrix corresponding to a Dynkin diagram of typeAl, Dm, orEn (see
Figure 6.1). Letτi be the type of the Dynkin diagram of the intersection matrix of
Li. We define the root type ofL to be

∑k
i=1τi . Conversely, for anADE-type6,

there exists a root latticeL(6), unique up to isomorphism, whose root type is6.

Figure 6.1 Dynkin diagram

The root type of a positive definite even latticeL overZ is thus determined by
the following procedure:

(1) create the list Roots(L), and decompose it intoI1, . . . , Ik;
(2) calculate the rank ofLi for i = 1, . . . , k;
(3) determine the typeτi from rank(Li) and|Ii | by using Table 6.1.
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Table 6.1 Number of Roots and Discriminant Forms of Root Lattices

τ |Roots(L(τ))| DL(τ) qL(τ)

Al l(l +1) 〈ā∗l 〉 ∼= Z/(l +1)

[
l

l +1

]
Dm (m even) 2m(m−1) 〈d̄∗1〉 ⊕ 〈d̄∗m〉 ∼= (Z/(2))⊕2

[
m/4 1/2
1/2 1

]
Dm (m odd) 2m(m−1) 〈d̄∗1〉 ∼= Z/(4) [m/4]

E6 72 〈ē∗6〉 ∼= Z/(3) [4/3]

E7 126 〈ē∗7〉 ∼= Z/(2) [3/2]

E8 240 (0) [0]

6.2. Discriminant Forms of Root Lattices

The discriminant form(DL(τ), qL(τ)), whereτ is Al, Dm, or En, is indicated in
Table 6.1. In this table, for example,{a∗1, . . . , a∗l } is the basis ofL(Al)∨ dual to the
basis{a1, . . . , al} of L(Al) given in Figure 6.1, and̄a∗i ∈DL(Al) is the image ofa∗i
by the homomorphism9L(Al) : L(Al)

∨ → DL(Al).

Let 0(τ) denote the image of the natural homomorphism from the orthogonal
groupO(L(τ)) of the latticeL(τ) to Aut(DL(τ), qL(τ)). The structure of0(τ) is
given as follows.

(a) If τ = A1 or τ = E7, then0(τ) is trivial.
(b) If τ = Al (l > 1) or τ = Dm (m odd) or τ = E6, then0(τ) is isomorphic to

Z/(2) generated by the multiplication by−1.
(c) If τ = Dm (m > 4 and even), then0(τ) is isomorphic toZ/(2) generated by

d̄ ∗1 7→ d̄ ∗1 + d̄ ∗m, d̄ ∗m 7→ d̄ ∗m.

(d) If τ = D4, then0(τ) is isomorphic to the full symmetric group acting on the
set{d̄ ∗1, d̄ ∗4, d̄ ∗1 + d̄ ∗4} of nontrivial elements ofDL(τ).

7. Existence of an EllipticK3 Surface with Given Data

Theorem 7.1. Let6 be anADE-type withrank(6) ≤ 18, and letG be a finite
abelian group. Then there exists an ellipticK3 surfacef : X→ P1 with6f = 6
andGf ∼= G if and only if the root latticeL(6) has an even overlatticeM with
the following properties:

(i) M/L(6) ∼= G;
(ii) there exists an even latticeN of signature(2,18 − rank(6)) such that

(DN, qN) is isomorphic to(DM, qM); and
(iii) the sublatticeMroot ofM coincides withL(6).
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Proof. Suppose that a pair(6,G) satisfies the conditions of the theorem. By
Proposition 4.2, property (ii) implies that there exists an even unimodular over-
latticeK ′ of M− ⊕ N into whichM− andN are primitively embedded. LetH
denote the hyperbolic lattice,

H :=
(

0 1

1 0

)
.

ThenK := K ′ ⊕ H is an even unimodular lattice with signature(3,19). Hence
K is isomorphic to theK3 latticeL(2E8)

− ⊕ H ⊕3 by Milnor’s structure theo-
rem (see [15]). There exists a 2-dimensional linear subspaceV of N ⊗Z R such
that (a) the bilinear form is positive definite onV and (b) ifN ′ ⊂ N is a sublat-
tice such thatN ′ ⊗Z R containsV, thenN ′ coincides withN. By the surjectivity
of the period map on the moduli ofK3 surfaces, there exist a complexK3 surface
X and an isomorphismα : H 2(X;Z) ∼−→K of lattices such that

α−1
R (V ) = (H 0,2(X)⊕H 2,0(X)) ∩H 2(X;R)

holds, whereαR := α ⊗Z R. Then we have

α−1(M− ⊕H ) = NSX. (7.1)

By Kondo’s lemma [8, Lemma 2.1], there exists a structure of the elliptic fibration
f : X → P1 with a sectionO : P1→ X such that, ifF denotes the cohomology
class of a general fiber off, then

Z[F ]⊥/Z[F ] ∼= M− (7.2)

holds, whereZ[F ]⊥ is the orthogonal complement ofZ[F ] in the Néron–Severi
lattice NSX of X. Let Hf be the sublattice of NSX spanned by the cohomology
classes of the zero section and a general fiber off, let Sf be the sublattice of NSX
defined in Section 1, and letWf be the orthogonal complement ofHf in NSX. The
latticeHf is isomorphic to the hyperbolic latticeH and is orthogonal toSf . By
an abuse of notation, we denote by(Wf)root the sublattice ofWf generated by the
vectors of norm−2. From (7.2), we have

Wf ∼= M−. (7.3)

On the other hand, by Nishiyama’s lemma [12, Lemma 6.1] we have

Wf/(Wf)root
∼= MWf , (7.4)

Sf = (Wf)root. (7.5)

Combining these with the properties (i) and (iii) ofM and the isomorphism (7.3),
we haveSf ∼= L(6)− and MWf ∼= G. Hence6 = 6f andG ∼= Gf hold.

Conversely, suppose that there exists an ellipticK3 surfacef : X → P1 with
6f = 6 andGf ∼= G. Using Nishiyama’s lemma again, we see that the primi-
tive closureSf of Sf in NSX satisfiesSf /Sf ∼= G and(Sf )root = Sf . We have an
isomorphismSf ∼= L(6)−; letM− be the overlattice ofL(6)− corresponding to
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Sf via this isomorphism. ThenM := (M−)− is an overlattice ofL(6) that pos-
sesses the properties (i) and (iii). Moreover,Sf ⊕Hf is primitive in the even uni-
modular latticeH 2(X;Z) and hence Proposition 4.2 implies that the orthogonal
complementNf of Sf ⊕ Hf in H 2(X;Z) satisfies(DNf , qNf ) ∼= (DSf

,−q
Sf
) ∼=

(DM, qM). Because the signature ofNf is (2,18− rank(6)), the overlatticeM
has the property (ii).

8. Making the List

Recall that, in order for anADE-type6 to be anADE-type of an ellipticK3 sur-
face, it is necessary that rank(6) ≤ 18 and euler(6) ≤ 24. It is obvious that the
torsion part of the Mordell–Weil group of an elliptic surface is of length≤ 2.

First we list allADE-types6 with rank(6) ≤ 18 and euler(6) ≤ 24; there are
3937 suchADE-types. For each

6 :=
∑

alAl +
∑

dmDm +
∑

enEn

in this list, we carry out the following calculation.

Step 1.We calculate the discriminant form(DL(6), qL(6)) using Table 6.1. Note
that the product of the wreath products∏

al>0

(0(Al) oSal )×
∏
dm>0

(0(Dm) oSdm)×
∏
en>0

(0(En) oSen)

acts on(DL(6), qL(6)). Here, for example, the full symmetric groupSal acts on
DL(6) as the permutation group on theal components ofDL(6) that are isomor-
phic toDL(Al). We denote this group by0(6).

Step 2.We make a complete list of representatives of the quotient set
DL(6)/0(6) and pick up from this list elements that are isotopic with respect
to qL(6). Let V6 = {v̄1, . . . , v̄N} be the list of isotopic elements ofDL(6) modulo
0(6). For eachv̄i ∈ V6, we calculate the stabilizer subgroup St(0(6), v̄i) of v̄i
in 0(6). Then we make a complete list of representatives ofDL(6)/St(0(6), v̄i),
and we pick up from this list elements that are isotopic with respect toqL(6) and
orthogonal tōvi with respect tob[qL(6)]. LetW6,i be the list of isotopic elements
orthogonal tov̄i modulo St(0(6), v̄i).

Next we make the listG ′6 of all pairs [̄vi, w̄j ] of v̄i ∈V6 andw̄j ∈W6,i . Then
every isotopic subgroup of(DL(6), qL(6)) with length≤ 2 is conjugate under the
action of0(6) to a subgroup〈v̄i , w̄j〉 generated bȳvi andw̄j for some [̄vi, w̄j ] ∈
G ′6. Of course, there are several different pairs that can generate a given subgroup.
We remove this redundancy fromG ′6, and make a listG6.

Step 3.For each [̄v, w̄] ∈ G6,we calculate the subgroupG := 〈v̄, w̄〉 ofDL(6),

its orthogonal complementG⊥ in (DL(6), qL(6)), and the finite quadratic form
(DG, qG) := (G⊥/G, qL(6)∣∣G⊥/G).

Step 3.1.By the algorithm described in Section 5, we determine whether there
exists an even latticeN overZ of signature(2,18−rank(6)) such that(DN, qN) ∼=
(DG, qG). If the answer is affirmative, we go to the next step.
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Step 3.2.We calculate the intersection matrix of the even overlatticeMG of
L(6) generated byL(6) andv,w inL(6)∨,wherev andw are vectors ofL(6)∨
such that9L(6)(v) = v̄ and9L(6)(w) = w̄. Then we calculate the root type of
MG by the algorithm described in Section 6. If this root type coincides with the
initial ADE-type6, then we let the pair(6,G) be a member of the listP.

By Theorem7.1, thelist P so made is the complete list of the data of ellipticK3
surfaces.

The following remarks are useful in checking the program.

Remark 8.1. Note that neither euler(6) ≤ 24 nor length(G) ≤ 2 is contained
in the conditions of Theorem7.1. Therefore, if we input6 with euler(6) > 24
into the program, it should return no subgroupsG of DL(6) such that(6,G) can
be a member of the listP. If we change Step 2 of the program so that it lists all
isotopic subgroups of length≥ 3, then the result should also be an empty set.

Remark 8.2. Suppose that the root type6′ of MG is not equal to6 in Step 3.2
of the program. LetG′ be the finite abelian groupMG/(MG)root. Then(6′,G′)
appears inP.

Remark 8.3. For each(6,G) ∈ P, there should be at least one configuration
that satisfies the conditions given in Section 2.3.
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