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Introduction

In [DHOh; OhT; Oh2; Oh3], extension theorems for weighted square-integrable
holomorphic functions that are defined on intersections of lower-dimensional
affine subspaces with a pseudoconvex domainD were proved on the basis of
L2-estimates for thē∂-operator. (See also [Oh2; De; Bou; Mv] for generaliza-
tions to holomorphic differential forms with values in certain vector bundles.)
They have proved to be useful in many applications, among them the behavior of
the Bergman kernel [DH2; McN; JP] and the construction of integral kernels for
the ∂̄-equation, [BonD].

It is therefore of interest to have proofs for such extension results that are as
elementary as possible. For the theorem of Ohsawa and Takegoshi (see [OhT]),
such new proofs have been given, for instance, in [Bs; McN; Siu] and also by
T. Ohsawa himself (oral communication). Our goal here is to give also an elemen-
tary proof for the refined extension theorem of Ohsawa [Oh3] that allows so-called
negligible weights in the extension. Our proof will be free of tools from Kähler
geometry.

Let us first clarify some notations and state the theorem. LetD ⊂ Cn be an
arbitrary pseudoconvex domain inCn. For a plurisubharmonic functionψ onD,
we denote byH 2(D,ψ) the Hilbert space of holomorphic functions inL2(D,ψ).

We also fix an affine linear subspaceH ⊂ Cn of codimensionk for whichD ′ =
D ∩H 6= ∅. Then the extension theorem of [Oh3] can be stated in the following
form.

0.1. Theorem. Assume that there exists onD a plurisubharmonic functionV
such that

CV := sup
D

(V + 2k log dist(·, H )) <∞.

Then there exists a continuous linear extension operatorEVψ : H 2(D ′, ψ +V )→
H 2(D,ψ) whose operator norm is bounded by

‖EVψ ‖2 ≤ CneCV .
The constantCn depends only on the dimension and not on the choice ofψ andD.
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In Section 1 we will reduce the proof to a simpler situation. Section 2 contains the
basic estimate that we use. The proof of Theorem 0.1 will be given in Section 3,
and Section 4 contains our application to the Bergman kernel.

1. Reduction Steps

LetD, D ′, ψ, andV be as in Theorem 0.1. At first we show that it is enough to
prove:

Anyf ∈H 2(D ′, ψ+V )admits a holomorphic extensioñf ∈H 2(D,ψ)

such that
‖f̃ ‖2ψ ≤ CneCV ‖f ‖2D ′,ψ+V . (1)

Namely, suppose that we have shown this. Leth2(D,ψ) denote the (closed)
subspace of all functionsg ∈ H 2(D,ψ) such thatg|D ′ = 0, and denote by
π ′ : H 2(D,ψ)→ h2(D,ψ) the orthogonal projection. Then, for a functionf ∈
H 2(D ′, ψ + V ), we choose an extensioñf ∈H 2(D,ψ) and put

EVψ(f ) := f̃ − π ′(f̃ ).
It is easy to check that this definition is independent of the choice of the exten-
sionf̃ and hence is consistent. Also, it is elementary to show thatEVψ defines the
desired extension operator.

For the proof of (1), the following further reductions are possible. Let8 : D→
R+ be a strongly plurisubharmonic exhaustion function andT ⊂ R+ an unbounded
set such thatDt := {8 < t} is strictly pseudoconvex with a smooth boundary for
all t ∈ T . LetD ′t = Dt ∩H.

A routine argument based upon the Alaoglu–Bourbaki theorem on weak-?-
compactness of the unit ball in a normed space then justifies that it suffices to
show:

For eacht ∈ T andf ∈ H 2(D ′t , ψ + V ), there is an extensioñft ∈
H 2(Dt , ψ) for f satisfying

‖f̃t‖2Dt ,ψ ≤ CneCV‖f ‖2D ′,ψ+V (2)

with a constantCn independent ofψ andt.

Finally it obviously suffices to prove (2) under the additional assumption that
ψ andV are smooth. Namely, onDt one can choose decreasing sequences(ψs)s
and(Vs)s of smooth plurisubharmonic functions that converge toψ andV, respec-
tively. Then (2) applies withψs andVs instead ofψ andV. Hence the smoothness
assumption onψ andV can be removed by applying the Alaoglu–Bourbaki theo-
rem once more.

2. A Basic Estimate for the∂̄̄∂̄∂ Operator

Let� denote a smooth bounded domain inCn with a defining functionr that is
normalized in such a way that|∇r| = 1 on∂�. Let ϕ be aC2-smooth function on
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�̄. Let q ∈ {0, . . . , n−1}. The standard̄∂-operator onL2
(0,q)(�, ϕ) has a closure,

also denoted bȳ∂. By ∂̄∗ϕ : L2
(0,q+1)(�, ϕ)→ L2

(0,q)(�, ϕ) we denote the closure

of the formal adjoint of̄∂. The space

Fq(�, ϕ) := C1
(0,q+1)(�̄) ∩ dom(∂̄∗ϕ )

consists of all(0, q +1)-formsu∈C1
(0,q+1)(�̄) satisfying the Neumann condition

u ∂r = 0 on ∂�. (3)

This space is known to be dense inL2
(0,q+1)(�, ϕ) ∩ dom(∂̄∗ϕ ) with respect to the

graph normu 7→ ‖u‖ϕ + ‖∂̄u‖ϕ + ‖∂̄∗ϕu‖ϕ (see [Hör, p. 100]).
For a functionf ∈C2(�̄) and a(0,1)-formu =∑n

j=1ujdz̄j,we write for short

Lf (z; u) :=
n∑

j,k=1

∂2f

∂zj ∂z̄k
(z)uj(z)uk(z).

2.1. Lemma (The a priori formula for̄∂). Let� andϕ be as before and letη ∈
C2(�̄) be a positive function. Then foru = u1dz̄1+ · · · + undz̄n ∈F1(�, ϕ) we
have

(a) ‖√η∂̄u‖2ϕ + ‖
√
η∂̄∗ϕu‖2ϕ

=
∫
Dt

(ηLϕ − Lη)(z; u)e−ϕ dλ(z)+ 2 Re(u ∂η, ∂̄∗ϕu)ϕ

+
n∑

i,j=1

∫
�

η

∣∣∣∣∂ui∂z̄j

∣∣∣∣2e−ϕ dλ+ ∫
∂�

ηLr (ζ ; u)e−ϕ dσ(ζ); (4)

(b) in particular, if � is pseudoconvex then

‖√η∂̄u‖2ϕ + ‖
√
η∂̄∗ϕu‖2ϕ

≥
∫
�

(ηLϕ − Lη)(z; u)e−ϕ dλ(z)+ 2 Re(u ∂η, ∂̄∗ϕu)ϕ. (5)

Heredλ denotes the Lebesgue measure anddσ the area measure on∂�.

Proof. The first formula is stated in [BoS]. For the reader’s convenience we in-
clude a proof here. It uses the same technique (based upon integration by parts)
as applied by Hörmander [Hör]. Similar computations have been carried out in
[McN; Bs; Siu]. First we recall the integral formula of Gauss:∫

�

∂f

∂zj
ḡ dλ = −

∫
�

f
∂ḡ

∂zj
dλ+

∫
∂�

∂r

∂zj
fḡ dσ (6)

for functionsf, g ∈C1(�̄). For 1≤ k ≤ n, let δk denote the operator

δkh = eϕ ∂(e
−ϕh)
∂zk

for h∈C1(�̄).
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With this notation, foru = u1dz̄1+ · · · + undz̄n ∈F1(�, ϕ) we can write

∂̄∗ϕu = −
n∑
j=1

δjuj . (7)

We start by computing

‖√η∂̄∗ϕu‖2ϕ =
n∑

j,k=1

∫
�

ηδjuj δkuke
−ϕ dλ,

using integration by parts. From formula (6) forf = e−ϕuj andg = ηδk(uk), we
obtain∫
�

ηδj(uj )δk(uk)e
−ϕ dλ =

∫
�

η
∂(e−ϕuj )
∂zj

δk(uk) dλ

= −
∫
�

e−ϕuj
∂(ηδk(uk))

∂zj
dλ+

∫
∂�

∂r

∂zj
uj δkukηe

−ϕ dσ

= −
∫
�

e−ϕuj
∂η

∂zj
δk(uk) dλ−

∫
�

e−ϕujη
∂(δk(uk))

∂zj
dλ

+ I1(j, k), (8)

where
I1(j, k) :=

∫
∂�

∂r

∂zj
uj δkukηe

−ϕ dσ.

Now one has a commutator relation for theδk, namely,[
δk,

∂

∂z̄j

]
= ∂2ϕ

∂zk ∂z̄j
.

Substituting this into the second member on the right-hand side of (8), we have

−
∫
�

e−ϕujη
∂(δk(uk))

∂zj
dλ = −

∫
�

e−ϕujη
∂(δk(uk))

∂z̄j
dλ

=
∫
�

e−ϕujη
(

∂2ϕ

∂zk ∂z̄j
− δk ∂

∂z̄j

)
uk dλ

=
∫
�

e−ϕη
∂2ϕ

∂zj ∂z̄k
ujuk dλ−

∫
�

e−ϕηuj δk
∂uk

∂z̄j
dλ.

The second integral on the right side is again transformed by Gauss’ formula:

−
∫
�

e−ϕηuj δk

(
∂uk

∂z̄j

)
dλ = −

∫
�

ηuj
∂

∂zk

(
e−ϕ

∂

∂z̄j
uk

)
dλ

=
∫
�

e−ϕη
∂uj

∂zk

∂uk

∂z̄j
dλ

+
∫
�

∂η

∂zk
uj
∂uk

∂z̄j
e−ϕ dλ− I ′2(j, k), (9)
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where

I ′2(j, k) =
∫
∂�

η
∂r

∂zk
uj
∂uk

∂z̄j
e−ϕ dσ.

The complex conjugate of this is

−
∫
�

e−ϕηuj δk
∂uk

∂z̄j
dλ =

∫
�

e−ϕη
∂uj

∂z̄k

∂uk

∂z̄j
dλ+

∫
�

∂η

∂z̄k
uj
∂uk

∂z̄j
e−ϕ dλ− I2(j, k),

where

I2(j, k) :=
∫
∂�

η
∂r

∂z̄k
uj
∂uk

∂zj
e−ϕ dσ.

If we substitute this into the computations carried out so far, we obtain∫
�

ηδj(uj )δk(uk)e
−ϕ dλ = −

∫
�

uj
∂η

∂zj
δkuke

−ϕ dλ+
∫
�

∂η

∂z̄k
uj
∂uk

∂z̄j
e−ϕ dλ

+
∫
�

η
∂2ϕ

∂zj ∂z̄k
ujuke

−ϕ dλ+
∫
�

η
∂uj

∂z̄k

∂uk

∂z̄j
e−ϕ dλ

+ I1(j, k)− I2(j, k).

Next we want to sum this over all indicesj, k ∈ {1, . . . , n}. The Neumann con-
dition (3) at the level of(0,1)-forms reduces to

n∑
j=1

uj
∂r

∂zj
= 0 on ∂�; (10)

in particular,
∑n

j=1I1(j, k) = 0 for all k = 1, . . . , n. Hence we obtain

‖√η∂̄∗ϕu‖2ϕ = −
∫
�

∑
j,k

uj
∂η

∂zj
δkuke

−ϕ dλ+
∫
�

∑
j,k

∂η

∂z̄k
uj
∂uk

∂z̄j
e−ϕ dλ

+
∫
�

η
∑
j,k

∂2ϕ

∂zj ∂z̄k
ujuke

−ϕ dλ+
∫
�

∑
j,k

η
∂uj

∂z̄k

∂uk

∂z̄j
e−ϕ dλ

−
∑
j,k

I2(j, k). (11)

We now observe (see [Hör, p. 102]) that

‖√η∂̄u‖2ϕ =
∫
�

η

( n∑
j,k=1

∣∣∣∣∂uk∂z̄j
∣∣∣∣2 −∑

j,k

∂uj

∂z̄k

∂uk

∂z̄j

)
e−ϕ dλ.

This is substituted into (11) to yield

‖√η∂̄u‖2ϕ + ‖
√
η∂̄∗ϕu‖2ϕ =

∫
�

η

n∑
j,k=1

∣∣∣∣∂uk∂z̄j
∣∣∣∣2e−ϕ dλ+ T2 + T3

+
∫
�

η

n∑
j,k=1

∂2ϕ

∂zj∂z̄k
ujuke

−ϕ dλ−
∑
j,k

I2(j, k), (12)
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where

T2 := −
∫
�

∑
j,k

uj
∂η

∂zj
δkuke

−ϕ dλ and T3 :=
∫
�

∑
j,k

∂η

∂z̄k
uj
∂uk

∂z̄j
e−ϕ dλ.

Finally, the proof of (a) will be complete if we show that the sum of the second
and third terms on the right(T2 andT3) is equal to

−
∫
�

n∑
j,k=1

∂2η

∂zj ∂z̄k
ujuke

−ϕ dλ+ 2 Re(u ∂η, ∂̄∗ϕu)ϕ,

and that the last term (which we will denoteT5) is equal to
n∑

j,k=1

∫
∂�

η
∂2r

∂zj ∂z̄k
ujuke

−ϕ dσ.

Let againj, k ∈ {1, . . . , n} be fixed. We transform the single terms that appear
in T2. In the first step we write

−
∫
�

uj
∂η

∂zj
δkuke

−ϕ dλ

= −2 Re
∫
�

uj
∂η

∂zj
δkuke

−ϕ dλ+
∫
�

uj
∂η

∂z̄j
δkuke

−ϕ dλ. (13)

The second term on the right side can be computed by the Gauss formula as fol-
lows:∫

�

uj
∂η

∂z̄j
δkuke

−ϕ dλ =
∫
�

uj
∂η

∂z̄j

∂(uke
−ϕ)

∂zk
dλ

= −
∫
�

∂2η

∂z̄j ∂zk
ujuke

−ϕ dλ−
∫
�

∂uj

∂zk

∂η

∂z̄j
uke
−ϕ dλ

+
∫
∂�

∂r

∂zk

∂η

∂z̄j
ujuke

−ϕ dσ. (14)

We now sum over allj, k = 1, . . . , n. Again, the sum of the boundary integrals
vanishes because of (10). Likewise, we see that

n∑
j,k=1

∫
�

∂uj

∂zk

∂η

∂z̄j
uke
−ϕ dλ = T3.

Summation of (13) over allj, k thus yields (by means of (7))

T2 = −
n∑

j,k=1

∫
�

uj
∂η

∂zj
δkuke

−ϕ dλ

= −2
n∑

j,k=1

Re
∫
�

uj
∂η

∂zj
δkuke

−ϕ dλ−
∫
�

∑
j,k

∂2η

∂z̄j ∂zk
ujuke

−ϕ dλ− T3

= 2 Re(u ∂η, ∂̄∗ϕu)ϕ −
∫
�

∑
j,k

∂2η

∂z̄j ∂zk
ujuke

−ϕ dλ− T3.
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In order to transform the termT5, we need only recall the argument of [Hör,
p. 103]. It was shown there that (3) implies

n∑
k=1

(
∂uk

∂zj

∂r

∂z̄k
+ uk ∂2r

∂zj ∂z̄k

)
= 0 on ∂�

for all fixedj. We multiply byujηe−ϕ and then sum over allj. Finally, integration
over∂� gives us

T5 = −
∑
j,k

I2(j, k) =
n∑

j,k=1

∫
∂�

η
∂2r

∂zj ∂z̄k
ujuke

−ϕ dσ.

The proof of the a priori formula for̄∂ is complete.
For the proof of (b) we need only observe that, for pseudoconvex�, the bound-

ary integral on the right-hand side of (4) is nonnegative ifu∈F1(�, ϕ). Namely,
from (10) we see that, for anyζ ∈ ∂�, the vector(u1(ζ), . . . , un(ζ)) belongs to
the holomorphic tangent spaceT (1,0)ζ ∂�. HenceLr (ζ ; u(ζ)) ≥ 0.

3. Proof of the Theorem

We now give the proof of (2) under the assumption thatψ andV are smooth and
the codimension ofH is k = 1. (The general case is settled by iterating the result
from codimension 1). After a suitable choice of coordinates, we may assume that

H = { z = (z ′, zn) | zn = 0 }.
ThenV(z) + 2 log|zn| ≤ CV on Dt. There exists a numberε > 0 such that
(z ′,0) ∈ D ′ wheneverz ∈ Dt and|zn| < ε. Let χ ∈ C∞(R) be a function with
χ(x) = 1 on(−∞,1/4] andχ(x) = 0 on [3/4,∞). For an arbitrary functionf ∈
H 2(D ′, ψ + V ), we define the following(0,1)-form:

αf := ∂̄
[
χ

( |zn|2
ε2

)
f(z ′,0)

]
= χ ′

( |zn|2
ε2

)
f(z ′,0)

zn

ε2
dzn. (15)

This form is∂̄-closed and smooth onDt.

Let

Jε(f )
:=
∫
D ′
|f(z ′,0)|2

∫
{1/2<|zn|<1}

exp[−(ψ + V )(z ′, εzn)] dλ(zn) dλ(z ′). (16)

We look for smooth weight functionsϕ andη > 0 such that(η+η3)e−ψ ≤ eCV−ϕ
and such that the quadratic formηLϕ − Lη tames these data and yields a basic
estimate of the form

|(u, αf)ϕ|2

≤ C ′Jε(f )‖
√
η + η3∂̄∗ϕu‖2ϕ for all (0,1)-forms u∈ dom(∂̄∗ϕ ). (17)
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For an arbitrary number 0< τ < ε2 we put

ϕ(z) = ε|z|2 + log(|zn|2 + τ)+ ψ(z)+ V(z) (18)
and

w = V + log(|zn|2 + ε2)− CV − 4.

Then we havew ≤ −3 onDt if ε is chosen small enough. Moreover,w is plurisub-
harmonic. The function

η = 2(−w + log(−w))
is plurisuperharmonic, and−4w ≥ η > 8 everywhere. By explicit computation
we obtain

−Lη = 2

(
1− 1

w

)
Lw + 2

∂w ⊗ ∂w
w2

≥ 2Lw + 4
∂η ⊗ ∂η
η3

. (19)

We will prove that (17) is satisfied for these functionsη andϕ.
It will suffice to check (17) for all(0,1)-formsu ∈Ft := F1(Dt , ϕ), since this

space is dense in dom(∂̄∗ϕ ) with respect to the graph norm

u 7→ ‖u‖ϕ + ‖∂̄u‖ϕ + ‖∂̄∗ϕu‖ϕ.
(Note that, because of the smoothness assumption onV, the functionγ :=

√
η + η3

is bounded on eachDt.) We may furthermore restrict ourselves to forms in the
null spaceN(0,1)(∂̄) of ∂̄ (for formsu ⊥ N(0,1)(∂̄), the estimate (17) is trivial).

Let u ∈ F1(Dt , ϕ) ∩ N(0,1)(∂̄). We can apply (5). Using (19), we can split the
mixed term(u ∂η, ∂̄∗ϕu)ϕ that appeared in (5). By the Cauchy–Schwarz inequal-
ity, we obtain:

−2|(u ∂η, ∂̄∗ϕu)ϕ| = −2|(u η−3/2∂η, η3/2∂̄∗ϕu)ϕ|
≥ −‖u η−3/2∂η‖2ϕ − ‖η3/2∂̄∗ϕu‖2ϕ

≥ 1

4

∫
Dt

Lη(z; u)e−ϕ dλ− ‖η3/2∂̄∗ϕu‖2ϕ. (20)

LetQ denote the quadratic form defined by the coefficients ofηLϕ − 3
4Lη. Sub-

stituting (20) into (5), we have

‖√η∂̄u‖2ϕ + ‖
√
η + η3∂̄∗ϕu‖2ϕ ≥

∫
Dt

Q(z; u)e−ϕ dλ(z); (21)

hence (withγ =
√
η + η3),∫
Dt

Q(z; u)e−ϕ dλ ≤ ‖γ∂̄u‖2ϕ + ‖γ∂̄∗ϕu‖2ϕ. (22)

The formQ is even positive definite, since

Q ≥ εηL|z|2 +
3

2
Lw ≥ 8εL|z|2 +

ε2

(ε2 + |zn|2)2L|zn|2.

Thus,Q−1(z; u) is also meaningful. In combination with the Cauchy–Schwarz
inequality, we obtain
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|(u, αf)ϕ|2 ≤
(∫

Dt

Q−1(z;αf)e−ϕ dλ
)(∫

Dt

Q(z; u)e−ϕ dλ
)

≤ 2

(∫
Dt

Q−1(z;αf)e−ϕ dλ
)
(‖γ∂̄u‖2ϕ + ‖γ∂̄∗ϕu‖2ϕ)

for all u∈Ft . On supp(αf) we even have

Q ≥ 8εL|z|2 +
1

4ε2
dzn dzn.

Substituting (15), we derive that∫
Dt

Q−1(z;αf)e−ϕ dλ

≤ C ′
∫
Dt∩{ε/2<|zn|≤ε}

|zn|2 4

ε2
|f(z ′,0)|2 e−ψ−V

|zn|2 + τ dλ

≤ C ′′ε−2
∫
D ′
|f(z ′,0)|2

∫
{ε/2<|zn|<ε}

e−(ψ+V )(z
′,zn) dλ(zn) dλ(z

′) = C ′′Jε(f ),

whereJε(f ) is defined as in (16). This yields

|(u, αf)ϕ|2 ≤ C∗Jε(f )‖γ∂̄∗ϕu‖2ϕ (23)

for all formsu ∈ Ft ∩ N(0,1)(∂̄) and hence for anyu ∈ dom(∂̄∗ϕ ). By the Hahn–
Banach theorem combined with the Riesz theorem, we obtain a solutionuε ∈
L2(Dt , ϕ) of the equation̄∂(γuε) = αf such that

‖uε‖2ϕ ≤ C ′′Jε(f ).
The functionuε is even smooth, and

f̃ε,τ := χ
( |zn|2
ε2

)
f(z ′,0)− γuε

is holomorphic onDt.

We estimate the norm of this function as follows:

‖f̃ε,τ‖2ψ ≤ 2
∫
Dt∩{|zn|<ε}

|f(z ′,0)|2e−ψ dλ+ 2‖γuε‖2ψ ; (24)

we have(ε2 + |zn|2)−1e−V eCV ≥ 1/2 onDt if ε is small enough, so

1

2
e−CV

∫
Dt∩{|zn|<ε}

|f(z ′,0)|2e−ψ dλ

≤
∫
Dt∩{|zn|<ε}

|f(z ′,0)|2 1

ε2 + |zn|2 e
−ψ−V dλ

=
∫
Dt∩{|zn|<1}

|f(z ′,0)|2 1

1+ |zn|2 e
−(ψ+V )(z ′,εzn) dλ

≤ J ∗ε (f ) :=
∫
{|zn|<1}

|f(z ′,0)|2e−(ψ+V )(z ′,εzn) d2nz.
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Furthermore, since forτ < ε2 we can estimate

V(z)+ log(|zn|2 + τ) ≤ w(z)+ CV + 4≤ −η(z)
4
+ 4+ CV ,

the second term in (24) is dominated by some constant timeseCVJε(f ), because

|γuε|2e−ψ = (η + η3)eε|z|
2+V+log(|zn|2+τ)|uε|2e−ϕ

≤ C ′Cε
t e
CV(η + η3)e−η/4|uε|2e−ϕ ≤ C ′′Cε

t e
CV |uε|2e−ϕ,

whereCt = exp(maxDt |z|2) andC ′, C ′′ > 0 are unimportant constants.
We next show that, for any point(z ′,0)∈Dt ∩H, there exists a constantC =

C ′(ε, z ′, t) such that, for all 0< τ < ε2,

|f̃ε,τ (z ′,0)−f(z ′,0)|2 = |γuε(z ′,0)|2 ≤ C(z ′, ε, t) 1

log(1+ ε2/4τ)
‖uε‖2ϕ. (25)

Here we have used the fact thatγuε is holomorphic on{|zn| < ε/2}. It satisfies
onDt the upper estimate

|γuε|2
|zn|2 + τ = γ

2eε|z|
2+ψ+V |uε|2e−ϕ ≤ C(t, ε)|uε|2e−ϕ, (26)

with a constantC(t, ε) that does not depend onτ. Let (z ′,0) ∈ Dt ∩ H be arbi-
trary. Then, after shrinkingε if necessary, we find a radiusρ(z ′) such that the
polydiscP(z ′) = 1n−1(z

′, ρ(z ′))×1(0, ε/2) is contained inDt. Let

γuε(w) =
∑
β∈Nn0

Aβ(z
′)(w − (z ′,0))β

denote the Taylor expansion ofγuε about(z ′,0) onP(z ′). Then, using the orthog-
onality of the monomials(w − (z ′,0))β in conjunction with (26), we have

|γuε(z ′,0)|2
∫
P(z ′ )

1

|wn|2 + τ dλ(w) ≤
∫
P(z ′ )

|γuε(w)|2
|wn|2 + τ dλ(w) ≤ C(t, ε)‖uε‖

2
ϕ.

From ∫
P(z ′ )

1

|wn|2 + τ dλ(w) = C
∗
nρ(z

′)2n−2 log

(
1+ ε2

4τ

)
,

with an unimportant constantC∗n we obtain (25). We saw already that‖f̃ε,τ‖2ψ ≤
C ′Cε

t e
CV(Jε(f )+ J ∗ε (f )) for all τ < ε2,with a constantCt that does not depend

on anything butt. After selecting a weak-?-convergent subsequence(f̃ε,τj )j from
thef̃ε,τ ,we obtain by means of (25) an extensionf̃ε ∈H 2(Dt , ψ) of f. Finally we
let ε tend to zero. ThenJε(f )→ 3π/4‖f ‖2D ′,ψ+V andJ ∗ε (f )→ π‖f ‖2D ′,ψ+V .
After once more choosing a weak-?-convergent subsequence from thef̃ε, we will
gain the desired extensioñft ∈H 2(Dt , ψ), satisfying (2).

By checking all the steps in the foregoing proof, we see that we indeed obtain our
next result, which generalizes the case of codimension 1.
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3.2. Theorem. LetD be a pseudoconvex domain inCn andh a holomorphic
function such thatZh = {h = 0} becomes a1-codimensional complex submani-
fold ofD. Assume that a plurisubharmonic functionV exists onD for which

CV,h = sup
D

(V + 2 log|h|) <∞.

Then there exists a constantCn > 0 such that, for all plurisubharmonic functions
ψ onD, one can find a bounded linear extension operatorE

V,h
ψ : H 2(D ∩ Zh,

ψ + V ) → H 2(D,ψ) whose operator norm can be estimated by‖EV,hψ ‖2 ≤
Cne

CV,h, with a constantCn that does not depend on anything but the dimension.

4. An Application to the Bergman Kernel

We want to give an application of the Ohsawa extension theorem to the Bergman
kernel of a class of pseudoconvex domains with aC2-smooth boundary—an ap-
plication covering all domains that are regular in the sense of [DF].

Let� ⊂⊂ Cn be a pseudoconvex domain. For a plurisubharmonic functionu

on�, we denote byK�,u the Bergman kernel for the Hilbert spaceH 2(�, u) of
all holomorphic functionsf such that

∫
�
|f |2e−u dλ <∞. As usual we putK� =

K�,0. Furthermore, we defineP(�̄) as the family of all functions that are con-
tinuous on�̄ and plurisubharmonic on�. Let δ� denote the boundary distance
function on�.

If now H is an affine linear subspace of codimensionk that meets�, and ifu
is a plurisubharmonic function on� satisfying

u(z)+ 2k log dist(z,D ∩H ) ≤ 0

on�, then from Theorem 0.1 we obtain, for allw ∈� ∩H,
K�(w) ≥ CnK�∩H, u(w). (27)

Our result on the Bergman kernel is as follows.

4.1. Theorem. Assume that∂�∈C2 and that each pointζ ∈ ∂� is a peak point
for P(�̄). Let z0 ∈ ∂� be a point such that the Levi form of∂� hasp < n − 1
positive eigenvalues atz0. Then, for the Bergman kernel of�, we have

lim
�3w→z0

δ�(w)
p+2K�(w) = ∞. (28)

Remarks. (a) In (28), the approach ofw ∈ � towardz0 is not required to be
nontangential.

(b) By work of Sibony [Si], it is known that the hypothesis concerning the
plurisubharmonic peak functions is satisfied when� is regular in the sense of
[DF].

(c) Stronger quantitative estimates have been obtained for the large class of do-
mains of finite type. See, for example, [DHOh] or [Cat] and the references given
in those papers.
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(d) An extremely large Levi degeneracy setE of the boundary is not an obsta-
cle for (28) to hold. One should note that Sibony [Si] found pseudoconvex regular
domains inC2 such thatE has a positive Hausdorff measure of dimension 3.

Before giving a proof of the theorem, we summarize some facts about plurisub-
harmonic peak functions. In [Si, Thm. 2.1], the following is proved.

4.2. Lemma. Assume thatG ⊂⊂ Cn is pseudoconvex, with aC1-smooth bound-
ary, such that each pointζ ∈ ∂G is a peak point forP(Ḡ). If u ∈ C 0(∂G), then
the function

ũ(z) := sup{ v(z) | v ∈P(Ḡ), v ≤ u on ∂G }
is also an element ofP(Ḡ); moreover,ũ | ∂G = u.
Let nowG be as in the lemma, and letdq(z) := |z − q|2 for q ∈ ∂G andz ∈Cn.
Then we have our next lemma.

4.3. Lemma. The functionsψq := −̃dq,whereq ∈ ∂G, have the following prop-
erties:

(a) ψq ≤ −dq on Ḡ;
(b) |ψp − ψq | ≤ 2 diam(G) · |p − q| for p, q ∈ ∂G.
Proof. (a) is a consequence of the maximum principle. Let us prove (b). Forζ ∈
∂G, we have

ψq(ζ)+ 2 Re〈ζ − p, p − q〉 = −|ζ − q|2 + 2 Re〈ζ − p, p − q〉
= −|ζ − p|2 − |p − q|2 ≤ −dp(ζ).

Hencez 7→ ψq(z) + 2 Re〈z − p, p − q〉 is a candidate for the supremum that
definesψp, and therefore

ψq(z) ≤ ψp(z)+ 2|Re〈z− p, p − q〉| ≤ ψp(z)+ 2 diam(G) · |p − q|.
Since the roles ofp andq can be interchanged, the claim now follows.

Proof of Theorem 4.1.Choose open neighborhoodsW ⊂⊂ V for z0, a smoothly
bounded pseudoconvex domainD ⊂⊂ Cn, and a linear subspaceE of Cn of
dimensionp +1 such that the following hold.

(i) D ∩V ⊂ � ∩V and∂D ∩V = ∂� ∩V.
(ii) For eachζ ∈ ∂�∩V, the intersectionD ′ζ := (ζ +E)∩D is strongly pseudo-

convex and has aC2-smooth boundary.
(iii) There is a numberλ > 0 such that the eigenvalues of the Levi form of∂D ′ζ

are bounded from below byλ wheneverζ ∈ ∂� ∩V.
(iv) For any pointw ∈ � ∩W, there existsw∗ ∈ ∂� ∩ V with w ∈ D ′w∗ and
|w − w∗| ≈ δ�(w).

By the localization lemma for the Bergman kernel (see e.g. [Oh1]) we have,
with a constantC that depends only onV andW,

K� ≥ CK�∩V = CKD∩V ≥ CKD
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on� ∩W. Letw ∈� ∩W be an arbitrary point, and letw∗ be a boundary point
according to (iv). Then, using Lemma 4.3(a) we can apply formula (27) to the
function

u := −(n− p − 1) log(−ψw∗)
and obtain (with a new constantC ′)

KD(w) ≥ C ′KD ′w∗ ,u(w).
But in [DHM] it is shown that (with a constant that depends only onλ):

KD ′w∗ ,u(w) ≥ Cλ|w − w∗|−p−2eu(w) ≥ C ′′δ�(w)−p−2|ψw∗(w)|−(n−p−1).

Lemma 4.3(b) implies that, for allw ∈� ∩W,
|ψw∗(w)| ≤ |ψz0(w)| + |w∗ − z0| ≤ Ĉ(|ψz0(w)| + δ�(w)+ |w − z0|)

and, consequently,

δ�(w)
p+2K�(w) ≥ Ĉ 1

(|ψz0(w)| + δ�(w)+ |w − z0|)n−p−1
.

From this the theorem follows.
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