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By asurface linkwe mean a closed oriented locally flat surfaceF in 4-spaceR4.

It is called aclosed 2-dimensional braidof degreem if it is contained in a tubu-
lar neighborhoodN(S2) ∼= D2× S2 of a standard 2-sphereS2 in R4 such that the
restriction toF of the projectionD2 × S2 → S2 is a degree-m simple branched
covering map fromF to S2. Viro [V; cf. K2; CS] proved that every surface link
is ambient isotopic to a closed 2-dimensional braid of degreem for somem. The
braid indexof F, denoted by Braid(F ), is the minimum degree among all closed
2-dimensional braids ambient isotopic toF.

By definition, Braid(F ) = 1 if and only ifF is an unknotted 2-sphere (i.e., am-
bient isotopic to the standard 2-sphere inR4). It is easily seen that Braid(F ) = 2
if and only ifF is an unknotted surface link inR4 that is a connected surface with
nonnegative genus or a pair of 2-spheres; cf. [K1]. (A surface link isunknotted
if it bounds mutually disjoint locally flat 3-balls or handlebodies inR4. This con-
dition is equivalent to its being isotoped into a hyperplane ofR4; see [HK].) In
particular, there exist no 2-knots of braid index 2.

Our interest is 3-braid 2-knots, that is, 2-spheres inR4 of braid index 3. The
spun 2-knot of a(2, q)-type torus knot is a 3-braid 2-knot unlessq = ±1. Of
course, there exist infinitely many 3-braid 2-knots which are not spun 2-knots.

Few results on 3-braid 2-knots are known. For example, all 3-braid 2-knots—
and all surface links of braid index 3 or less—are ribbon [K1]. (A surface link
is said to beribbon if it is obtained from a split union of unknotted 2-spheres by
surgery along some 1-handles attached to them.) Thus the 2-twist spun 2-knot of
a trefoil knot is not a 3-braid 2-knot.

The purpose of this paper is to prove that a 3-braid 2-knot can always be de-
formed into a certain kind of configuration, called astandard form(Section 1).
In Section 2 we investigate Alexander polynomials of 3-braid 2-knots by use of
standard forms. Our main theorem (Theorem 2.3) regards a strong relationship
between standard forms and the spans of the Alexander polynomials. (Thespan
means the maximal degree minus the minimal.) Using it, we obtain some results
on Alexander polynomials of 3-braid 2-knots; for instance, nontriviality of them.
Standard forms (and Alexander polynomials) are quite useful for distinguishing
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the knot types (Section 3). As an application, we shall give a complete table of
3-braid 2-knots whose Alexander polynomials have spans less than 10. There are
1+ 1+ 2+ 3+ 7+ 12+ 24+ 45= 95 knot types up to mirror images. They
are completely classified by standard forms. Moreover, standard forms bring us
plenty of (and a series of ) examples of 2-knots, most of which are not spun 2-knots;
these would be helpful for research on 2-knot theory.

Standard forms (and Alexander polynomials) are also useful for examining
whether or not a 3-braid 2-knot is amphicheiral—that is, ambient isotopic to the
mirror image of itself (Section 3). (Recall that a 3-braid 2-knot is ribbon, so it is
amphicheiral if and only if it is invertible.)

In order to present a ribbon-closed 2-dimensional braid we shall use a nota-
tion due to Rudolph [R1; R2] and Viro [V]. Then the standard forms are defined
in terms of Murasugi’s principal 3-braids, which are used in [Mu] for investiga-
tion of closed 3-braids in 3-spaceR3. He proved that 3-braids are decomposed
into principal parts (so-called alternating parts) and torus-like parts, and calcu-
lated Alexander polynomials of them. For further investigation on closed 3-braids
in R3, refer to [B2; BM; T].

For the sake of argument, we treat not only 3-braid 2-knots but also all surface
links F with the Euler characteristicχ(F ) = 2 and Braid(F ) ≤ 3. Such a sur-
face link is an unknotted 2-knot, a 3-braid 2-knot or a 3-braid surface link that is
a union of a 2-sphere and a torus inR4. In the last case, each component is un-
knotted, for its braid index is 1 or 2. We work in the piecewise linear (or smooth)
category.

1. Standard Forms of 3-Braid 2-Knots

First we introduce Rudolph and Viro’s notation to present a ribbon-closed 2-
dimensional braid. The 4-spaceR4 is regarded as the union of parallel hyper-
planesR3

t (t ∈R). Let b1, . . . , bn bem-braids and

c1, . . . , cn ∈ {σ1, σ
−1
1 , . . . , σm−1, σ

−1
m−1},

whereσ1, . . . , σm−1 are standard generators of them-braid groupBm (cf. [B1]).
Consider a closed 2-dimensionalm-braidF satisfying the following conditions.

(1) F ∩ R3
t is empty fort ∈ (−∞,−2).

(2) F ∩ R3
−2 consists ofm disks.

(3) For eacht ∈ (−2,−1), F ∩ R3
t is a trivial closedm-braid. In addition, ift is

near−1, it is a closedm-braidl represented byb1b
−1
1 . . . bnb

−1
n .

(4) F ∩R3
−1 is l together withn saddle bands each of which is a half-twisted band

corresponding toci located betweenbi andb−1
i .

(5) For t ∈ (−1,0], F ∩ R3
t is a closedm-braid represented byb1c1b

−1
1 . . .

bncnb
−1
n .

(6) F is symmetric with respect to the hyperplaneR3
0.

(The case ofm = 3, n = 2, andc1 = c2 = σ−1
1 is illustrated in Figure 1.) We

denote this closed 2-dimensionalm-braid byF [b1, c1| . . . |bn, cn]m. If n = 0, let
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Figure 1

F [∅]m denote a trivial closed 2-dimensionalm-braid, namely,m parallel copies
of the standard 2-sphere inR4.

The following theorem was proved by Rudolph [R1; R2]. (The surface link
F [b1, c1| . . . |bn, cn]m is the double of a braided surface in the lower half-space
R4
− associated with a band representationS(b1c1b

−1
1 , . . . , bncnb

−1
n ) in the sense

of [R1; R2]. An alternative proof is given in [K1; K2].)

Theorem 1.1. A surface link is ribbon if and only if it is ambient isotopic to a
closed2-dimensionalm-braid F [b1, c1| . . . |bn, cn]m for somem.

Let τ be the automorphism ofBm with τ(σi) = σm−i for i = 1, . . . , m − 1. We
shall denote it byF ∼= F ′ if two surface linksF andF ′ are ambient isotopic.

Lemma 1.2. For F = F [b1, c1| . . . |bn, cn]m, the following statements hold:

(1) F ∼= F [b2, c2| . . . |bn, cn|b1, c1]m;
(2) F ∼= F [bb1, c1| . . . |bbn, cn]m for anyb ∈Bm;
(3) F ∼= F [b1, c1| . . . |b ′i , c ′i | . . . |bn, cn]m for anyi ∈ {1, . . . , n} andb ′i ∈Bm and

c ′i ∈ {σ1, σ
−1
1 , . . . , σm−1, σ

−1
m−1} with bicib

−1
i = b ′i c ′ib ′−1

i ;
(4) F ∼= F [τ(b1), τ (c1)| . . . |τ(bn), τ (cn)]m;
(5) F ∼= F [b1, c1| . . . |bi , c−1

i | . . . |bn, cn]m for anyi ∈ {1, . . . , n}.
Proof. Statements (1)–(4) are easily verified from the definition. Assertion (5)
follows from the fact that a surfaceG in a 4-ballB3 × [−2,2], illustrated as in
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Figure 2

(a) of Figure 2, is ambient isotopic to a surfaceG′ as in (b). For letT be a triv-
ial 2-braid inB3 and letB (resp.B ′ ) be a half-twisted band inB3 corresponding
to σ1 (resp.σ−1

1 ). ThenG andG′ are obtained fromT × [−2,2] by surgery along
1-handlesB × [−1,1] andB ′ × [−1,1] respectively. Because these 1-handles
have the same core, they are ambient isotopic [Bo; HK].

For a 3-braidb we denote byF(b) the surface linkF [1, σ−1
1 | b, σ−1

1 ]3 (see Fig-
ure 3). Letµ be an automorphism ofB3 with µ(σi) = σ−1

i (i = 1,2).

Lemma 1.3.

(1) Every surface linkF withχ(F ) = 2 andBraid(F ) ≤ 3 is ambient isotopic to
F(b) for someb ∈B3.

(2) F(b) ∼= F(b−1).

(3) F(b) ∼= F(b ′ ) if bσ−1
1 b−1 = b ′σ−1

1 b ′−1.

(4) The mirror image ofF(b) is equivalent toF(µ(b)).

Proof. (1) Since Braid(F ) ≤ 3, F is ribbon and hence ambient isotopic to some
F [b1, c1| . . . |bn, cn]3 (Theorem 1.1). Sinceχ(F ) = 2, we haven = 2. By
Lemma 1.2 it is deformed intoF(b) for someb ∈B3. Assertions (2)–(4) are eas-
ily verified by Lemma 1.2.

For a surface linkF with χ(F ) = 2 and Braid(F ) ≤ 3, we denote byJ(F ) the
subset ofB3 consisting of all 3-braidsb with F(b) ∼= F. By Lemma 1.3(1), this
subset is not empty (it actually consists of infinitely many elements).

The lengthof a 3-braidb is the minimum length of a word expression ofb on
{σ1, σ

−1
1 , σ2, σ

−1
2 }. A 3-braid words(1) . . . s(n) is principal if all s(1), . . . , s(n)

are either in{σ−1
1 , σ2} or in {σ1, σ

−1
2 }. In other words, the corresponding link

(tangle) diagram is alternating. Anoddly principal3-braid word is a principal one
whose initial and terminal letters areσ2 or σ−1

2 . We call a 3-braidb a principal
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(resp.oddly principal) 3-braid if it has a word expression that is principal (resp.
oddly principal). We assume that the empty word is oddly principal and so is the
identity element 1∈B3.

Lemma 1.4. Letb be a principal3-braid, and lets(1) . . . s(n) be a word expres-
sion of b. The word expression is principal if and only ifn is the length ofb.

Proof. Every element ofB3 is expressed uniquely in the form

x2nxa1yb1xa2yb2 . . . xak ybk

in an alternative group presentation{ x, y | x2 = y3 } of B3 with σ1 ←→ y−1x

andσ2←→ x−1y2, wheren, a1, . . . , ak, b1, . . . , bk are integers satisfying a cer-
tain condition (cf. [MKS, p. 46]). Using this condition, we obtain the result.

Lemma 1.5. LetF be a surface link withχ(F ) = 2 and Braid(F ) ≤ 3. If b ∈
J(F ) has the minimum length amongJ(F ), then it is oddly principal.

This is our key lemma, which is strengthened as Theorem 2.3 in the next section.
We say that a surface linkF with χ(F ) = 2 and Braid(F ) ≤ 3 is in astandard
form if it is F(b) for someb ∈ J(F ) as in Lemma 1.5 (or Theorem 2.3).

Proof of Lemma 1.5.Let α be the length ofb. If α = 0 thenb = 1. If α 6=
0, put b = s(1) . . . s(α) wheres(i) ∈ {σ1, σ

−1
1 , σ2, σ

−1
2 } (i = 1, . . . , α). By
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Lemma 1.3(2)(3) and the minimality ofα, we see thats(1), s(α) ∈ {σ2, σ
−1
2 }.

The caseα = 1 is trivial. Assumeα ≥ 2. We assert that ifs(1) = σ2 then
s(1), . . . , s(α) ∈ {σ−1

1 , σ2}. Suppose that there exists an integerk with 1 ≤
k < α such thats(1), . . . , s(k) ∈ {σ−1

1 , σ2} ands(k + 1) ∈ {σ1, σ
−1
2 }. Put x =

s(1) . . . s(k + 1) andy = s(k + 2) . . . s(α). There are three cases,

(1) x = σa1
2 σ1,

(2) x = σa1
2 σ
−a2
1 σ

a3
2 σ
−a4
1 . . . σ

−an−1
1 σ

an
2 σ1 (n > 1, odd),

(3) x = σa1
2 σ
−a2
1 σ

a3
2 σ
−a4
1 . . . σ

an−1
2 σ

−an
1 σ−1

2 (n > 0, even),

wherea1, . . . , an are positive integers. According to (1)–(3), letx ′ be a 3-braid
expressed by

(1) x ′ = σ−1
2 σ

a1−2
1 σ−1

2 ,

(2) x ′ = σ−1
2 σ

a1−1
1 σ

−a2
2 σ

a3
1 σ
−a4
2 . . . σ

−an−1
2 σ

an−1
1 σ−1

2 ,

(3) x ′ = σ−1
2 σ

a1−1
1 σ

−a2
2 σ

a3
1 σ
−a4
2 . . . σ

an−1
1 σ

−an+1
2 σ1.

Sincex−1σ−1
1 x = x ′−1σ−1

1 x ′, by Lemma 1.3 we havex ′y ∈ J(F ). Note that
the length ofx ′y is smaller thanα unlessx = σ2σ1. Hencex = σ2σ1, α ≥
3, ands(3) is σ1 or σ±1

2 . Put z = s(4) . . . s(α). If s(3) = σ1 thenb−1σ−1
1 b =

(σ−1
2 z)−1σ−1

1 (σ−1
2 z) and hence(σ−1

2 z) ∈ J(F ). This is a contradiction, for the
length ofσ−1

2 z is smaller thanα. If s(3) = σ±1
2 then

b−1σ−1
1 b = (σ2σ1z)

−1σ−1
1 (σ2σ1z),

which also yields a contradiction. Thus we have the assertion. For the cases(1) =
σ−1

2 , apply the above argument to the mirror imageF(µ(b)) ofF(b) (Lemma 1.3).

2. Alexander Polynomials

In this section, we investigate Alexander polynomials of 3-braid 2-knots by use of
standard forms.

Let F be a surface link and letE = R4\F. A homomorphismH1(E;Z)→ Z
sending each oriented meridian ofF to 1∈ Z determines an infinite cyclic cover-
ing Ẽ→ E, andH1(Ẽ;Z) is a3-module in a natural way where3 = Z [t, t−1].
TheAlexander polynomialof F is the greatest common divisor of the elements of
its zeroth elementary ideal, which is unique up to multiplication of units of3. (In
case the polynomial is zero, we assume the span is−1.)

Let λ ∈ 3 and letA = (aij ) be an(m, n)-matrix over3. We denote it
by A ∈ Lm×n(λ) if there exists a not necessarily strictly increasing function
f : {1, . . . , n} → {1, . . . , m} such thataij = λ if i = f(j) andaij = 0 otherwise.

Lemma 2.1. Let b = s(1) . . . s(n) be an oddly principal3-braid such that
s(1), . . . , s(n) ∈ {σ−1

1 , σ2} and n ≥ 2. Let u and v be numbers ofσ−1
1 ’s and

σ2’s appearing inb. Then, for any surface linkF with F ∼= F(b), H1(Ẽ;Z) has
a square3-presentation matrix
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1 −t 0

t 1 0 0

t
. . .

... A1
...

. . . 1 0 0

t 0 −t
1 t

1 t

A2
. . .

. . .

1 t


of sizen (= u+ v), whereA1 ∈L(u+1)×(v−2)(−t) andA2 ∈L(v−1)×u(−1).

Proof. Let Rj (j = 1,2,3) be a rectangle{ (x, y, z) ∈ R3
+ | 0 ≤ x ≤ 1, y = j,

0 ≤ z ≤ 1} in R3
+ = { (x, y, z) ∈ R3 | z ≥ 0 }. Let h0, h1, . . . , hn+1 be

half-twisted bands attached to thex = 1 boundary ofR1 ∪ R2 ∪ R3 in this or-
der (from the top) such that each bandhi corresponds tos(i) if i ∈ {1, . . . , n}
and toσ−1

1 if i ∈ {0, n + 1}. For example, in caseb = σ2σ
−1
1 σ2σ2, the bands

h0, . . . , h5 are as in Figure 4. Forθ ∈ (−π, π], let ρθ : R3
+ → R4 be a map with

ρθ (x, y, z) = (x, y, z cosθ, z sinθ). PutM0 =
⋃

θ∈(−π,π] ρθ (R1 ∪ R2 ∪ R3),

Hi =
⋃

θ∈(−π,π] ρθ (hi) for i ∈ {1, . . . , n}, andHi =
⋃

θ∈[−ε,ε] ρθ (hi) for i ∈
{0, n+ 1}, whereε is a small positive number. ThenF is ambient isotopic to the
boundary of a 3-manifoldM = M0∪H0∪ · · · ∪Hn+1. Let j+, j− : H1(M;Z)→
H1(R4\M;Z) be homomorphisms obtained by sliding 1-cycles inM in the pos-
itive and negative normal directions ofM, respectively. By the Mayer–Vietoris
theorem, we have a3-isomorphism

H1(Ẽ;Z) ∼= H1(R4\M;Z)⊗Z 3/(j+ ⊗ t − j− ⊗ 1)(H1(M;Z)⊗Z 3).

Let6 beR1∪R2∪R3∪h0∪ · · ·∪hn+1.Rename bandsh0, . . . , hn+1 byA1, . . . ,

Au+2, B1, . . . , Bv as in Figure 4 such thatA1, . . . , Au+2 (resp.B1, . . . , Bv) are at-
tached toR1 ∪ R2 (resp.R2 ∪ R3). Define 1-cyclesa1, . . . , au+1, b1, . . . , bv−1 in
6 as follows: For eachi = 1, . . . , u+ 1 (resp.j = 1, . . . , v − 1), the 1-cycleai
(resp.bj ) consists of cores ofAi andAi+1 (resp.Bj andBj+1) and two straight
segments inR1 ∪ R2 (resp.R2 ∪ R3) connecting end-points of the cores. As-
signai (resp.bj ) an orientation whose restriction to the core ofAi (resp.Bj) is
from R1 to R2 (resp.R2 to R3); see Figure 4. ThenH1(6;Z) is a free abelian
group with basis{a1, . . . , au+1, b1, . . . , bv−1},where we use the same symbols for
1-cycles and their homology classes. Let{α1, . . . , αu+2, β1, . . . , βv} be a basis of
H1(R3

+\6;Z) such thatαi (i = 1, . . . , u + 2) andβj (j = 1, . . . , v) are rep-
resented by small loops aroundAi andBj with lk(αi, ai) = 1 and lk(βj, bj ) =
1 respectively, where lk(·, ·) is the linking number. Letk+, k− : H1(6;Z) →



196 Sei ic hi Kamada

Figure 4

H1(R3
+\6;Z) be homomorphisms obtained by sliding 1-cycles in6 in the pos-

itive and negative normal directions of6. By construction, the following state-
ments hold.

(I1) For eachi (i = 1, . . . , u+1), αi is involved ink+(ai) and never ink+(ai′)
for i ′ 6= i. αu+2 does not appear ink+(ai) for anyi.

(I2) For eachj (j = 1, . . . , v), the term onβj appears as−βj in k+(ai) for a
uniquei = i(j). If j1 < j2 theni(j1) ≤ i(j2).

(I3) k+(a1) involves−β1 andk+(au+1) involves−βv.
(II ) For eachj (j = 1, . . . , v − 1), k+(bj ) = βj+1.

(III ) For eachi (i = 1, . . . , u+ 1), k−(ai) = −αi+1.

(IV1) For eachj (j = 1, . . . , v − 1), the term onβj appears as−βj in k−(bj )
and never ink−(bj ′) for j ′ 6= j. βv is not involved ink−(bj ) for anyj.

(IV2) For eachi (i = 2, . . . , u+ 1), αi appears ink−(bj ) for a uniquej = j(i).
If i1 < i2 thenj(i1) ≤ j(i2).

(IV3) α1 andαu+2 are not involved ink−(bj ) for anyj.

The mapρ0 : R3
+ → R4 induces homomorphisms

ρ0∗ : H1(6;Z)→ H1(M;Z)
and

ρ0∗ : H1(R3
+\6;Z)→ H1(R4\M;Z).

We use the same symbols for the images ofai, bj, αi, βj underρ0∗. By con-
struction ofM, H1(M;Z) andH1(R4\M;Z) are free abelian groups with basis
{a1, . . . , au+1, b1, . . . , bv−1} and{α2, . . . , αu+1, β1, . . . , βv}. Notice that
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ρ0∗(α1) = ρ0∗(αu+2) = 0.

From the commutative diagram

H1(6;Z) k+,k−−−−−→ H1(R3
+\6;Z)

∼=
yρ0∗

yρ0∗

H1(M;Z) j+,j−−−−−→ H1(R4\M;Z),
we see thatH1(Ẽ;Z) has the desired3-presentation matrix.

Example. Let b = σ2σ
−1
1 σ2σ2 andF = F(b), with 6 as in Figure 4. Then

k+(a1) = α1− β1, k−(a1) = −α2,

k+(a2) = α2 − β2 − β3, k−(a2) = −α3,

k+(b1) = β2, k−(b1) = α2 − β1,

k+(b2) = β3, k−(b2) = −β2,

and

tj+(a1)− j−(a1) = t (−β1)− (−α2),

tj+(a2)− j−(a2) = t (α2 − β2 − β3)− 0,

tj+(b1)− j−(b1) = tβ2 − (α2 − β1),

tj+(b2)− j−(b2) = tβ3− (−β2).

Thus we obtain the presentation matrix
1 −t
t −t −t
−1 1 t

1 t

 ;

the determinant, which is the Alexander polynomial ofF, is t 4 − t3 + 2t 2 − t.
Hence it is not a spun 2-knot.

Corollary 2.2. Let F be a surface link withχ(F ) = 2 and Braid(F ) ≤ 3.
If b ∈ J(F ) is oddly principal then the length ofb is the span of the Alexander
polynomial ofF plus one.

Proof. If b = 1 thenF is the unknotted surface linkS2 q T 2 whose Alexan-
der polynomial is zero. Ifb = σ2 or σ−1

2 , thenF is an unknotted 2-knot whose
Alexander polynomial is unity. In case the lengthn of b exceeds unity, by Lem-
mas 1.3(4) and 1.4 we may assume thatF andb are as in Lemma 2.1. The Alexan-
der polynomial ofF is the determinant of a square matrix of sizen, as in the
lemma, whose span isn− 1.
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Our main theorem is as follows.

Theorem 2.3. LetF be a surface link withχ(F ) = 2 and Braid(F ) ≤ 3. For
b ∈ J(F ), the following three conditions are mutually equivalent.

(1) b is oddly principal.
(2) b has the minimum length amongJ(F ).
(3) The length ofb is the span of the Alexander polynomial ofF plus one.

Proof. It is a consequence of Lemma 1.5 and Corollary 2.2.

Theorem 2.4. Every3-braid 2-knot has a nontrivial Alexander polynomial.

Proof. By Theorem 2.3, a 3-braid 2-knot with a trivial Alexander polynomial is
ambient isotopic toF(σ2) or F(σ−1

2 ). It is an unknotted 2-knot of braid index 1,
a contradiction.

Theorem 2.5. For any3-braid 2-knot, the coefficients of the terms of the Alexan-
der polynomial of maximal and minimal degree are±1.

Proof. This follows from Lemmas 1.3(4), 1.5, and 2.1.

Theorem 2.6. The number of3-braid 2-knot types such that the spans of their
Alexander polynomials are the same is finite.

Proof. Since there are finitely many oddly principal 3-braids with a given length,
the result follows from Theorem 2.3.

3. Tabulation of 3-Braid 2-Knots

Throughout this section,F denotes a surface link withχ(F ) = 2 and Braid(F ) ≤
3. Let α(F ) stand for the length ofb ∈ J(F ) as in Theorem 2.3, which is the
span of the Alexander polynomial ofF plus one. We shall denote by [F ] (resp.
[F ]∗) the knot type—that is, the ambient isotopy class—ofF (resp. the knot type
modulo mirror images).

For each nonnegative integerα, letHα (resp.H ∗α ) be the set of knot types (resp.
knot types modulo mirror images) ofF ’s such thatα(F ) = α. BothH0 andH ∗0
consist of the class of an unknotted surface link beingS2qT 2. H1 andH ∗1 consist
of the class of an unknotted 2-knot.

For each integerα ≥ 2, letGα be the power set of{1,2, . . . , α− 2} and define
a map

ϕ : Gα → B3

by ϕ(g) = s(1) . . . s(α − 2) with s(i) = σ−1
1 if i ∈ g ands(i) = σ2 otherwise.

By Theorem 2.3 and Lemma 1.3(4) we have a surjection,
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Gα → Hα → H ∗α , g 7→ [F(σ2ϕ(g)σ2)] 7→ [F(σ2ϕ(g)σ2)]
∗;

in other words, ifα = α(F ) ≥ 2 thenF is ambient isotopic toF(σ2ϕ(g)σ2) for
someg ∈Gα or its mirror image.

Forg ∈Gα, let gco = {1, . . . , α − 2}\g andgop = {α − 1− j | j ∈ g }.
Lemma 3.1. For anyg ∈Gα (α ≥ 2), bothF(σ2ϕ(g

co)σ2) andF(σ2ϕ(g
op)σ2)

are ambient isotopic to the mirror image ofF(σ2ϕ(g)σ2).

Proof. Note that

ϕ(gco) = τ B µ(ϕ(g)) and ϕ(gop) = µ(ϕ(g))−1,

whereτ andµ are as before. By Lemma 1.3, the mirror image ofF(σ2ϕ(g)σ2)

is F(σ−1
2 µ(ϕ(g))σ

−1
2 ). By Lemma 1.2,

F(σ−1
2 µ(ϕ(g))σ

−1
2 ) = F [1, σ−1

1 | σ−1
2 µ(ϕ(g))σ

−1
2 , σ−1

1 ]

∼= F [σ1σ2, σ
−1
1 | σ1µ(ϕ(g))σ

−1
2 , σ−1

1 ]

∼= F [1, σ−1
2 | σ1µ(ϕ(g))σ

−1
2 , σ−1

1 ]

∼= F [1, σ−1
2 | σ1µ(ϕ(g))σ1, σ

−1
2 ]

∼= F [1, σ−1
1 | σ2τ B µ(ϕ(g))σ2, σ

−1
1 ]

= F(gco)

and

F(σ−1
2 µ(ϕ(g))σ

−1
2 ) = F [1, σ−1

1 | σ−1
2 µ(ϕ(g))σ

−1
2 , σ−1

1 ]

∼= F [σ−1
2 µ(ϕ(g))σ

−1
2 , σ−1

1 | 1, σ−1
1 ]

∼= F [1, σ−1
1 | σ2µ(ϕ(g))

−1σ2, σ
−1
1 ]

= F(gop).

Corollary 3.2. If g = gop thenF(σ2ϕ(g)σ2) is amphicheiral.

Define an equivalence relation∼ onGα by g ∼ gco ∼ gop ∼ gcoop= gopco. We
denote by [g]∗ the equivalence class ofg and byG∗α the quotient set ofGα. By
Lemma 3.1, the surjectionGα → H ∗α induces a surjection

8α : G∗α → H ∗α , [g]∗ 7→ [F(σ2ϕ(g)σ2)]
∗.

We provide a list ofH ∗α for α ≤ 10 in Tables 1–5. (All surface links in the
list are distinguished by their Alexander polynomials except three pairs: 95 and
911; 1019 and 1032; 1044 and 1057. For a surface linkF and a positive integerd,
let Id(F ) be the number ofSd -conjugacy classes of transitive representations of
π1(R4\F ) to the symmetric groupSd on d letters. Using the computer program
“Knot" by Dr. Kouji Kodama, we have a partial list ofId(F ) as in Table 6, which
shows 95 6∼= 911, 1019 6∼= 1032, and 1044 6∼= 1057. To determine whether or not each
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g Alexander Polynomials

01 — T0,1 0 A

11 — S1,1 1 A

21 {} T2,1 1,−1 A

31 {} S3,1 1,−1,1 A

41 {} T4,1 1,−1,1,−1 A
42 {1} S4,1 1,−1,2,−1 N

51 {} S5,1 1,−1,1,−1,1 A
52 {1} S5,2 1,−1,2,−2,1 N
53 {2} T5,1 1,−2,2,−2,1 A

61 {} T6,1 1,−1,1,−1,1,−1 A
62 {1} S6,1 1,−1,2,−2,2,−1 N
63 {2} S6,2 1,−2,2,−3,2,−1 N
64 {1,2} T6,2 1,−1,2,−3,2,−1 N
65 {1,3} S6,3 1,−2,3,−3,3,−1 N
66 {1,4} T6,3 1,−2,3,−3,2,−1 A

71 {} S7,1 1,−1,1,−1,1,−1,1 A
72 {1} S7,2 1,−1,2,−2,2,−2,1 N
73 {2} T7,1 1,−2,2,−3,3,−2,1 N
74 {3} S7,3 1,−2,3,−3,3,−2,1 A
75 {1,2} S7,4 1,−1,2,−3,3,−2,1 N
76 {1,3} T7,2 1,−2,3,−4,4,−3,1 N
77 {1,4} S7,5 1,−2,4,−4,4,−3,1 N
78 {1,5} T7,3 1,−2,3,−4,3,−2,1 A
79 {2,3} S7,6 1,−2,3,−4,4,−2,1 N
710 {2,4} S7,7 1,−3,4,−5,4,−3,1 A

Table 1

F is amphicheiral, we use Corollary 3.2 and the fact that the Alexander polyno-
mial of an amphicheiral surface link must be reciprocal; i.e.,f(t) = ±t nf(t−1)

for somen.)
In the first columnα(F ) (= α) is given. The subscript indicates the order of

[F ]∗ in H ∗α . In the second column an elementg ∈Gα with 8α([g]∗) = [F ]∗ is
given. Using it, one can recover the configuration ofF. For the third column we
divideH ∗α into two families,S∗α andT ∗α . The symbolS (resp.T ) means thatF
is a 2-knot (resp. a surface link that is a union of a 2-sphere and a torus). The
first subscript indicatesα and the second the order of [F ]∗ in the subsetS∗α (resp.
T ∗α ). In the fourth column, the coefficients of an Alexander polynomial of [F ]∗

are given. (The Alexander polynomial of [F ]∗ should be considered up toweak
equivalence: f(t) is weakly equivalentto g(t) if f(t) is±t ng(t) or±t ng(t−1) for
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g Alexander Polynomials

81 {} T8,1 1,−1,1,−1,1,−1,1,−1 A
82 {1} S8,1 1−1,2,−2,2,−2,2,−1 N
83 {2} S8,2 1,−2,2,−3,3,−3,2,−1 N
84 {3} S8,3 1,−2,3,−3,4,−3,2,−1 N
85 {1,2} T8,2 1,−1,2,−3,3,−3,2,−1 N
86 {1,3} S8,4 1,−2,3,−4,5,−4,3,−1 N
87 {1,4} T8,3 1,−2,4,−5,5,−5,3,−1 N
88 {1,5} S8,5 1,−2,4,−5,5,−4,3,−1 N
89 {1,6} T8,4 1,−2,3,−4,4,−3,2,−1 A
810 {2,3} T8,5 1,−2,3,−4,5,−4,2,−1 N
811 {2,4} S8,6 1,−3,4,−6,6,−5,3,−1 N
812 {2,5} T8,6 1,−3,5,−6,6,−5,3,−1 A
813 {3,4} T8,7 1,−2,4,−5,5,−4,2,−1 A
814 {1,2,3} S8,7 1,−1,2,−3,4,−3,2,−1 N
815 {1,2,4} S8,8 1,−2,3,−5,5,−5,3,−1 N
816 {1,2,5} S8,9 1,−2,4,−5,6,−5,3,−1 N
817 {1,2,6} S8,10 1,−2,3,−5,5,−4,2,−1 N
818 {1,3,5} T8,8 1,−3,5,−7,7,−6,4,−1 N
819 {1,3,6} S8,11 1,−3,5,−6,7,−5,3,−1 N
820 {1,4,5} S8,12 1,−2,5,−6,6,−5,3,−1 N

Table 2

somen.) In the last column, “A” (resp. “N”) denotes thatF is amphicheiral (resp.
non-amphicheiral).

Since the spun 2-knot of a figure-eight knot has Alexander polynomialt 2−3t+1
which is out of the list, we see that it is not a 3-braid 2-knot.

Concluding Remarks. The surjection8α : G∗α → H ∗α is an injection (i.e. bi-
jection) forα ≤ 10; in other words, the weak equivalence classes of 3-braid 2-
knots whose Alexander polynomials have spans less than 10 are completely clas-
sified by standard forms. Is there an integerα such that8α is not injective? For
α ≤ 10, the converse of Corollary 3.2 holds; namely, standard forms determine
amphicheirality of 3-braid 2-knots withα ≤ 10. Is this true for everyα?
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g Alexander Polynomials

91 {} S9,1 1,−1,1,−1,1,−1,1,−1,1 A
92 {1} S9,2 1,−1,2,−2,2,−2,2,−2,1 N
93 {2} T9,1 1,−2,2,−3,3,−3,3,−2,1 N
94 {3} S9,3 1,−2,3,−3,4,−4,3,−2,1 N
95 {4} T9,2 1,−2,3,−4,4,−4,3,−2,1 A
96 {1,2} S9,4 1,−1,2,−3,3,−3,3,−2,1 N
97 {1,3} T9,3 1,−2,3,−4,5,−5,4,−3,1 N
98 {1,4} S9,5 1,−2,4,−5,6,−6,5,−3,1 N
99 {1,5} T9,4 1,−2,4,−6,6,−6,5,−3,1 N
910 {1,6} S9,6 1,−2,4,−5,6,−5,4,−3,1 N
911 {1,7} T9,5 1,−2,3,−4,4,−4,3,−2,1 A
912 {2,3} S9,7 1,−2,3,−4,5,−5,4,−2,1 N
913 {2,4} S9,8 1,−3,4,−6,7,−7,5,−3,1 N
914 {2,5} S9,9 1,−3,5,−7,8,−7,6,−3,1 N
915 {2,6} S9,10 1,−3,5,−7,7,−7,5,−3,1 A
916 {3,4} S9,11 1,−2,4,−5,6,−6,4,−2,1 N
917 {3,5} T9,6 1,−3,5,−7,8,−7,5,−3,1 A
918 {1,2,3} S9,12 1,−1,2,−3,4,−4,3,−2,1 N
919 {1,2,4} T9,7 1,−2,3,−5,6,−6,5,−3,1 N
920 {1,2,5} S9,13 1,−2,4,−6,7,−7,6,−3,1 N
921 {1,2,6} T9,8 1,−2,4,−6,7,−7,5,−3,1 N
922 {1,2,7} S9,14 1,−2,3,−5,6,−5,4,−2,1 N
923 {1,3,4} S9,15 1,−2,4,−5,7,−7,5,−3,1 N
924 {1,3,5} S9,16 1,−3,5,−8,9,−9,7,−4,1 N
925 {1,3,6} S9,17 1,−3,6,−8,10,−9,7,−4,1 N
926 {1,3,7} S9,18 1,−3,5,−7,8,−8,5,−3,1 N
927 {1,4,5} S9,19 1,−2,5,−7,8,−8,6,−3,1 N
928 {1,4,6} T9,9 1,−3,6,−9,10,−9,7,−4,1 N
929 {1,4,7} S9,20 1,−3,6,−8,9,−8,6,−3,1 A
930 {1,5,6} S9,21 1,−2,5,−7,8,−7,5,−3,1 N
931 {2,3,4} T9,10 1,−2,3,−5,6,−6,4,−2,1 N
932 {2,3,5} S9,22 1,−3,5,−7,9,−8,6,−3,1 N
933 {2,3,6} T9,11 1,−3,6,−8,9,−9,6,−3,1 N
934 {2,4,5} T9,12 1,−3,5,−8,9,−8,6,−3,1 N
935 {2,4,6} S9,23 1,−4,7,−10,11,−10,7,−4,1 A
936 {3,4,5} S9,24 1,−2,4,−6,7,−6,4,−2,1 A

Table 3
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g Alexander Polynomials

101 {} T10,1 1,−1,1,−1,1,−1,1,−1,1,−1 A
102 {1} S10,1 1,−1,2,−2,2,−2,2,−2,2,−1 N
103 {2} S10,2 1,−2,2,−3,3,−3,3,−3,2,−1 N
104 {3} S10,3 1,−2,3,−3,4,−4,4,−3,2,−1 N
105 {4} S10,4 1,−2,3,−4,4,−5,4,−3,2,−1 N
106 {1,2} T10,2 1,−1,2,−3,3,−3,3,−3,2,−1 N
107 {1,3} S10,5 1,−2,3,−4,5,−5,5,−4,3,−1 N
108 {1,4} T10,3 1,−2,4,−5,6,−7,6,−5,3,−1 N
109 {1,5} S10,6 1,−2,4,−6,7,−7,7,−5,3,−1 N
1010 {1,6} T10,4 1,−2,4,−6,7,−7,6,−5,3,−1 N
1011 {1,7} S10,7 1,−2,4,−5,6,−6,5,−4,3,−1 N
1012 {1,8} T10,5 1,−2,3,−4,4,−4,4,−3,2,−1 A
1013 {2,3} T10,6 1,−2,4,−5,5,−5,4,−3,2,−1 N
1014 {2,4} S10,8 1,−3,4,−6,7,−8,7,−5,3,−1 N
1015 {2,5} T10,7 1,−3,5,−7,9,−9,8,−6,3,−1 N
1016 {2,6} S10,9 1,−3,5,−8,9,−9,8,−6,3,−1 N
1017 {2,7} T10,8 1,−3,5,−7,8,−8,7,−5,3,−1 A
1018 {3,4} T10,9 1,−2,4,−5,6,−7,6,−4,2,−1 N
1019 {3,5} S10,10 1,−3,5,−7,9,−9,8,−5,3,−1 N
1020 {3,6} T10,10 1,−3,6,−8,10,−10,8,−6,3,−1 A
1021 {4,5} T10,11 1,−2,4,−6,7,−7,6,−4,2,−1 A
1022 {1,2,3} S10,11 1,−1,2,−3,4,−4,4,−3,2,−1 N
1023 {1,2,4} S10,12 1,−2,3,−5,6,−7,6,−5,3,−1 N
1024 {1,2,5} S10,13 1,−2,4,−6,8,−8,8,−6,3,−1 N
1025 {1,2,6} S10,14 1,−2,4,−7,8,−9,8,−6,3,−1 N
1026 {1,2,7} S10,15 1,−2,4,−6,8,−8,7,−5,3,−1 N
1027 {1,2,8} S10,16 1,−2,3,−5,6,−6,5,−4,2,−1 N
1028 {1,3,4} S10,17 1,−2,4,−5,7,−8,7,−5,3,−1 N
1029 {1,3,5} T10,12 1,−3,5,−8,10,−11,10,−7,4,−1 N
1030 {1,3,6} S10,18 1,−3,6,−9,12,−12,11,−8,4,−1 N
1031 {1,3,7} T10,13 1,−3,6,−9,11,−12,10,−7,4,−1 N
1032 {1,3,8} S10,19 1,−3,5,−7,9,−9,8,−5,3,−1 N
1033 {1,4,5} S10,20 1,−2,5,−7,9,−10,9,−6,3,−1 N
1034 {1,4,6} S10,21 1,−3,6,−10,12,−13,11,−8,4,−1 N
1035 {1,4,7} S10,22 1,−3,7,−10,13,−13,11,−8,4,−1 N
1036 {1,4,8} S10,23 1,−3,6,−9,10,−11,9,−6,3,−1 N

Table 4
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1037 {1,5,6} S10,24 1,−2,5,−8,10,−10,9,−6,3,−1 N
1038 {1,5,7} T10,14 1,−3,6,−10,12,−12,10,−7,4,−1 N
1039 {1,6,7} S10,25 1,−2,5,−7,9,−9,7,−5,3,−1 N
1040 {2,3,4} S10,26 1,−2,3,−5,6,−7,6,−4,2,−1 N
1041 {2,3,5} S10,27 1,−3,5,−7,10,−10,9,−6,3,−1 N
1042 {2,3,6} S10,28 1,−3,6,−9,11,−12,10,−7,3,−1 N
1043 {2,3,7} S10,29 1,−3,6,−9,11,−11,10,−6,3,−1 N
1044 {2,4,5} S10,30 1,−3,5,−8,10,−11,9,−6,3,−1 N
1045 {2,4,6} T10,15 1,−4,7,−11,14,−14,12,−8,4,−1 N
1046 {2,4,7} S10,31 1,−4,8,−12,14,−15,12,−8,4,−1 N
1047 {2,5,6} S10,32 1,−3,6,−10,12,−12,10,−7,3,−1 N
1048 {3,4,5} S10,33 1,−2,4,−6,8,−8,7,−4,2,−1 N
1049 {3,4,6} S10,34 1,−3,6,−9,11,−12,9,−6,3,−1 N
1050 {1,2,3,4} T10,16 1,−1,2,−3,4,−5,4,−3,2,−1 N
1051 {1,2,3,5} S10,35 1,−2,3,−5,7,−7,7,−5,3,−1 N
1052 {1,2,3,6} T10,17 1,−2,4,−6,8,−9,8,−6,3,−1 N
1053 {1,2,3,7} S10,36 1,−2,4,−6,8,−9,8,−5,3,−1 N
1054 {1,2,3,8} T10,18 1,−2,3,−5,7,−7,6,−4,2,−1 N
1055 {1,2,4,6} S10,37 1,−3,5,−9,11,−12,11,−8,4,−1 N
1056 {1,2,4,7} T10,19 1,−3,6,−9,12,−13,11,−8,4,−1 N
1057 {1,2,4,8} S10,38 1,−3,5,−8,10,−11,9,−6,3,−1 N
1058 {1,2,5,6} T10,20 1,−2,5,−8,10,−11,10,−7,3,−1 N
1059 {1,2,5,7} S10,39 1,−3,6,−10,13,−13,12,−8,4,−1 N
1060 {1,2,5,8} T10,21 1,−3,6,−9,12,−12,10,−7,3,−1 N
1061 {1,2,6,7} T10,22 1,−2,5,−8,10,−11,9,−6,3,−1 N
1062 {1,2,6,8} S10,40 1,−3,5,−9,11,−11,9,−6,3,−1 N
1063 {1,2,7,8} T10,23 1,−2,4,−6,8,−8,6,−4,2,−1 A
1064 {1,3,4,7} S10,41 1,−3,7,−10,13,−14,12,−8,4,−1 N
1065 {1,3,4,8} T10,24 1,−3,6,−9,11,−12,10,−6,3,−1 N
1066 {1,3,5,7} S10,42 1,−4,8,−13,16,−17,14,−10,5,−1 N
1067 {1,3,5,8} S10,43 1,−4,8,−12,15,−15,13,−8,4,−1 N
1068 {1,3,6,7} S10,44 1,−3,7,−11,14,−14,12,−8,4,−1 N
1069 {1,3,6,8} T10,25 1,−4,8,−12,15,−15,12,−8,4,−1 A
1070 {1,4,5,8} T10,26 1,−3,7,−11,13,−13,11,−7,3,−1 A
1071 {1,4,6,7} T10,27 1,−3,7,−11,14,−14,11,−8,4,−1 N
1072 {1,5,6,7} S10,45 1,−2,5,−8,10,−10,8,−5,3,−1 N

Table 5
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F I2 I3 I4 I5 I6 I7 I8

95 3 7 22 37
911 3 7 24 47

1019 1 2 3 2 8 7 10
1032 1 2 3 2 5 7 13

1044 1 2 3 3 9 9 17
1057 1 2 3 3 9 10 17

Table 6
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