A NONZERO-DIVISOR CHARACTERIZATION
OF BUCHSBAUM MODULES

Wolfgang Vogel

1. INTRODUCTION AND RESULTS

M. Hochster asked the following question in a discussion at the University
of Michigan:

Let A = R/a be a local ring where R is regular and a is an ideal of R. Suppose
that

(i) A,is a Cohen-Macaulay ring for all p € Spec A\ m where m is the maximal
ideal of A.

(ii) there exists a nonzero-divisor x of A such that A /(x) is a Buchsbaum ring.
Is it true that then A is a Buchsbaum ring?

Analyzing this question we get a nonzero-divisor characterization of Buchsbaum
modules (see theorem) and the Examples 1 and 2 of this note. First we will give
the Theorem of this paper.

THEOREM. Let A be a local ring with maximal ideal m (A is noetherian,
commutative with unit). Let M be a finitly generated and unitary A-module of
dimension d = 1. Suppose that depth(M) = 1 then the following statements are
equivalent:

(i) M is a Buchsbaum module.

(ii) There exists a nonzero-divisor x € m for M such that the following conditions
are true:

(a) M/(x)M is a Buchsbaum module.
(b) x-H. (M)=0foralli=0,...,d— 1.

(ii’) For every nonzero-divisor x € m for M the conditions (a), (b) of (ii) are
true. ‘

(iil) Thereexists a nonzero-divisor x € m for M such that the following conditions
are true:

(c) M/(x)M is a Buchsbaum module.
d) m-H.(M/(x>)M)=0foralli=0, .., d—2.

(iii’) For every nonzero-divisor x € m for M the conditions (c), (d) of (iil) are
true.
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(iv) There exists a nonzero-divisor x € wm° for M such that M/(x)M is a
Buchsbaum module.

(iv’) For every nonzero-divisor x € m® for M the A/(x)-module M/(x)M is a
Buchsbaum module.

The following example 1 shows that the answer to the above question is negative.

Example 1. TakeA = K[x,,x,,%,,%,] /(x? x,} N (x;,x,)where Kis an arbitrary
field. Then we get the following claims:

(i) A, is a Cohen-Macaulay ring for all p € SpecA \m.
(i) A/(x, + x3) A is a Buchsbaum ring.
(iii) A is not a Buchsbaum ring.
(iv) m-HL (A) # 0.
The following example 2 sheds some light on the case of depth (4) = 0.
Example 2. Take A = K|[x,,x,,%;,%,]/a where

a=(x1’x2)n (x3’x4)n (x12,x2)x32ax4)-

We get the following claims:
(i) A/(x; + x,)A is not a Buchsbaum ring; that is A is not a Buchsbaum
ring.
(i) A/(x, + x,)"-A is a Buchsbaum ring for all » = 1; that is the elements
(x, + x,)" and (x; + x;)™ are a weak A-sequence for all integers n, m = 1.
{ii) m-H? (A) = m-H. (A) = 0.
To motivate our problem below we give the following simple example 3.

Example 3. Take A = K[[x,y]/(x) N (x% 7). Then the element y of 4 is a weak
A-sequence but y" is not a weak A-sequence for all n = 2.

Having the examples 2 and 3 we want to pose the following problem.

Problem. Let a,,...,a, € m be a system of parameters for an A-module M
such that the residue classes of the @, mod m” be linearly independent over A/m.
Let w be any permutation of 1, ..., d. Suppose that the elements al},,, ..., a.d,
are a weak M-sequence for all integers n,, ..., n, > 0. Is it true that then M is
a Buchsbaum module?

In connection with this problem Dr. Ngo Viet Trung (Hanoi) pointed out a
statement which follows from the following lemma in case d = 2. We denote by
U(a) the intersection of the primary ideals q belonging to the ideal a of A such
that dimA/q = dimA/a.

LEMMA. Let A be a local ring with maximal ideal m of dimension d > 1.
Let a,, ..., a, be a part of a system of parameters of A with an integer 0 < k < d.
Assume

(i) A/ U(0) is a Buchsbaum ring.
(i) m-U(0) = (0).
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(i) m-U(a,,...,q;) C (a,,...,qa;) for all integers i = 1, ..., k — 1.
(iv) (ay,...,a,_y) N0 U0) = (0).

Then theelements a’y*, ..., ay*are a weak A-sequence for all integersn,, ..., n, = 1.
We note that the assumption (iv) follows from (ii) and (iii) in case 2 = d = 2.

Proof. The assumption (ii) and theorem 5 in [8] show that we have to prove:
m-Ula?l,...,a’) C (at,...,a}*) for all integers i=1,...k—1 and n,,...,n,=1.
Leta € U(aT,...,a’) and r € m be arbitrary elements. The assumption (i) yields
that there are elements u € U(0) and b € (a}!,...,a/) such that r-a=56+ u.
It follows from (iii) that

a € Uatt,...,,a*) C Ula,,...,q;) C (a,,...,a;):m C (a,,...,a;) :{r),
ie., r-a € (a,,...,qa;). Therefore we get from (iv):
rra—b=uc€ (a,,....a;) N UO) = (0).

Having this lemma it is not difficult to give examples which show that above
assumption on the system of parameters can not be omitted in our problem. For
instance, take the local ring for any field K:

A = K[le,---sx4]]/(x1:x2) n (xa’x4) n (xiaxg’xg’x:’xlx3ﬁx2x4)

and the system of parameters x> + x2, x> + x5. Such examples thus follow from
Stiickrad’s Thesis “Zur Theorie der Buchsbaum-Moduln,” University of Leipzig,
1979.

I would like to thank D. Eisenbud and M. Hochster for stimulating conservations.
Also, I want to thank the National Science Foundation for support at Brandeis
University.

2. NOTATIONS AND PRELIMINARY RESULTS.

Throughout this note we assume that all rings are commutative, noetherian
with identity, and all modules are finitely generated and unitary. Let A be a
local ring with maximal ideal m, and let M be an A-module of dimension d > 0.

Definition. A set of elements a,, ..., @, in m is said to be a weak M-sequence
ifforeachi=1,...,r

m- [(a;,...,a;_,)M:a;/(a,,...,a,_,)M] =0

(for i = 0 we set (a,,...,a;_,) = (0) in A). If every system of parameters of M is
a weak M-sequence, we say that M is a Buchsbaum module. A local ring A is
said to be a Buchsbaum ring ifitis a Buchsbaum A-module. The theory of Buchsbaum
modules developed from an answer in [11] to a conjecture of D. A. Buchsbaum
[1]), p. 228. We will give an introduction to the theory of Buchsbaum modules
in [5], see e.g. also [9]. In order to prove our theorem we also use the main
result from [7]. To this let K. (x,,...,x,; M) be the Koszul complex generated over
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Mby x,, ...,x, where m = (x,,...,x,) and ¢ = dim,, ,,, (m/m?). It should be noted that
this complex is, up to isomorphism, independent of the set of elements «x,, ..., x,
used to generate m. Let H;(m; M) be the homology modules of the Koszul complex
K. (im; M). We put for all integers i:

K'm;M)=K, ,o;M) and H‘am;M)=H,_,;M).

We shall denote by H’ (M) the local cohomology modules of M with respect
to the maximal ideal m of A. Then the main result of [7] yields the following
cohomological criterion for Buchsbaum modules.

LEMMA 1. Let M be an A-module of dimension d > 0. M is a Buchsbaum
module if and only if the canonical maps p,,: H (m; M) — H. (M) are surjective
for all i # d.

Furthermore, we want to apply the following lemma.

LEMMA 2. Suppose that M is an A-module and x € m?® is such that x is not
a zero-divis_or on M. Assume that for some integer i = 0 we havem-H, (M /(x)M) = 0.
Then m-H:™ (M) = 0.

.
A}

Proof. The exact sequence 0 > M —x> M— M/(x)M— 0 induces an exact se-
quence

H: (M/(@)M)— H (M) H* (M),
Since m-H f,, (M/(x) M) = 0 we get from the exact sequence that
m- [0:H:P'(M)x] = 0.

Therefore we obtain that m- [0:H:''(M)m?®] = 0 since x € m®. Since H.™ (M)
is an Artinian A-module (see for instance [2], Prop. 2.1) it follows that each
element of H: ™ (M) is annihilated by some power of m (see also [3], Theorem
3.4). Now, let A € H''*(M). For some integer n > 0 we thus have m”-h = 0. Let
n>1 then m">h € 0:H!''(M)m?, that is m(@m”~>-Aa) = 0. Finally, it follows
mh = 0.

3. PROOFS

Proof of the Theorem. First we remark that the statement (i) provides the
statements (ii’), (iii’) and (iv’). This follows from [8], Corollary 6 and [4], Lemma
3. Clearly (ii’) implies (ii), (iii’) implies (iii) and (iv’) implies (iv). To (iii) = (ii):
Using the Lemma 2 we get that m-H: (M) =0 for all i=1,...,d — 1. Since
depth(M) > 0 we have H? (M) = 0 and therefore (ii). To (iv) = (ii): The Lemma
3 of [4] and our Lemma 2 yield (ii). In order to prove the Theorem we still
have to show the following implication (ii) = (i): We will show that the canoni-
cal maps pi, of the Lemma 1 are surjective for all i # d. Since depth(M) >0
we get that p9, is an isomorphism. Since x-H*(im; M) = 0 (see for instance [6]) and

xH :n (M) = 0 the exact sequence 0— M —x> M— M/(x)M— Oinduces the following
commutative diagram
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0 —> H 'mM) —> H'm;M/())M ——> H'(;M) ——> 0

i—-1 i—-1 i
Par PM/()M M

0 —> HI'M) —> HI'M/M) —> H, (M) —> 0

Since M/(x)M is a Buchsbaum module the Lemma 1 yields that pi,,;}(,, M 18
surjective for all i — 1 < d — 1. The commutative diagram therefore provides that
py is surjective foralli=1, ...,d — 1.

We want to mention that Ngo Viet Trung [10] also proved the equivalence
of (i) and (iv) by using the techniques of [9].

Let a be an ideal of A. We shall denote by U(a) the intersection of the primary
ideals g belonging to a such that dimA/q = dimA/a.

Proof of the Claims of Example 1. Clearly we have (i). The statement (iii)
follows from Corollary 12 of [4]. To see the statement (ii) we want to apply
the Theorem 5, (i) and (ii) of [8]. We have to show that

(X, %5,%3,%,) Ul + (F)) C (a + (F))
where a = (x%x,,x%x,, %, %5, x,%,) and F = x, + x,.Since
Ula + (F)) = (%, 25, %,) N (62, x5, %5,%, + x5) = (67, %5,%, %5, X,%,, %, + X3)
it is not hard to show that the above claim is true. From Theorem 3 of [4] follows

that m-H} (A4) # 0.

Proof of the Claims of Example 2. In order to prove the statement (i) we will
show that (x,,x,,x;,x,)-Ula + (x, + x;) € (@ + (x; + x,)). The Theorem 5, (ii) of
[8] then yields the claim. It is Uf(a + (x; + x3)) = (x,,%,,%3) N (x,,%;,%,). For
example, it follows that x? € (x,,%,,%5,%,) U@ + (x; + x3)) but x5 & (a + (x, + x,)).
The statement (ii) follows again from Theorem 5, (ii) of [8] since

(x1:x2ax3;x4)' Ula + (xz + x4)n) C @+ (x2 -+ x4)n)

for all n > 0; namely it is U(a + (x, + x,)") = (x,,%,,x5) N (x5, %,,%x,). Applying
the Lemma of 3 of [9] we get that the statement (ii) yields (iii).
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