ON FRAMED BORDISM
R. De Sapio

1. INTRODUCTION

Let S" denote the unit n-sphere with its standard differentiable structure in
(n + 1)-dimensional Euclidean space. In [6], Novikov showed that if (m, n - m) #
(1, 1), (3, 3), 7, 7), then any framing of the stable tangent bundle of the product of
spheres S™ X S""™ determines, by the Pontrjagin-Thom construction, an element
in the image of the stable J-homomorphism, J: 7, (SOy) — 7,41 (SK) for k > n + 1.
Our purpose here is to give a simple geometric proof of a generalization of
Novikov’s result; this generalization is stated in Theorem 1. We shall also obtain
a result for the exceptional dimensions (m, n - m) = (1, 1), (3, 3), and (7, 7). For
example, we shall see that any framing of any connected sum of 14-dimensional
products of standard spheres determines either 0 or Toda’s element o2 in the
stable group )44, (SX). It is known that the parallelization of S7 gives rise to a
framing of S7 xS that determines ¢02. For information about representing non-
trivial elements in the homotopy groups of spheres by framings of Lie groups, we
refer the reader to Atiyah, Smith [1], [7], Gershenson [4], Steer [8], and Wood [10].

In this paper all differentiable manifolds, with or without boundary, are compact,

oriented, and of class C”. We denote the connected sum of r products of spheres of
m n-m m -

positive dimension by T} ; thus T} = (S I'xs Do s ™x s" mr), where #
denotes the operation of connected sum. We shall prove the following theorem.

THEOREM 1. Lef N be a connected, diffeventiable n-manifold without bound-
ary, and let £ be a framing of the stable tangent bundle of the connected sum T? # N,
If n=2, 6, 14 and the integral homology group Hn/Z(T;l) is not zevo, then make the
following assumptions: for n =6, 14 assume H, ;,(N") = 0 and (T} # N", f) has
Kervaive invariant zevo; for n =2, if Hl(NZ) =0, assume (T% # N2, f) has Kervaive
itnvaviant zevo. ‘

Then theve exists a framing g of the stable tangent bundle of N" such that
(T2 # N, ) and (N®, g) are framed-cobordant. Furthevmore, if n + 2 then g may
be chosen such that the restvictions f | NP-disk and g | N®-disk arve equal; hence
fl T2-disk extends to a framing £, of Ty.

To see the need for the assumptions made in dimensions 2, 6, and 14 in this
theorem, notice that if N” is a homotopy sphere and g is any framing of its stable

tangent bundle, then (N", g) has Kervaire invariant zero. Inasmuch as framed-
cobordant manifolds have the same Kervaire invariant, it follows that (N™, g) can-

not be framed-cobordant to a framed manifold (TI; # N", f) with Kervaire invariant
1. In each of these dimensions, n = 2m = 2, 6, and 14, there is a framing f of
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T%m = 8™ x 8™ such that (S™ x 8™, f) has Kervaire invariant 1; this framing is

obtained from parallelization of S for m =1, 3, and 7.

Theorem 1 has two corollaries; the first corollary is obtained by choosing
n _ ol .
N" =8 in Theorem 1.

COROLLARY 1. Let f be a framing of the stable tangent bundle of

mI n-m

T = (S 'x8 a4 (s Txs T,

In dimensions n =2, 6, and 14, if some m; = n/2, assume that (Ty, ) has Ker-
vaive itnvaviant zevo. Then the framed manifold (T? , f) vepresents an element in
the image of the stable J-homomorphism. J: m,(SOy) — nn+k(Sk) Sfor K> n+1.

COROLLARY 2. If Z%™ s g homotopy sphere of dimension 2m > 4 such that
Jor some integer r the connected sum Tim # 22™M 45 the boundary of a parallel-
izable manifold, then T2™ is diffeomovphic to the standavd sphere sém

To obtain this corollary let W2m+l pe a parallelizable manifold bounded by
T2™ # £2M and let F be a framing of the tangent bundle of W2™*1 | Thus
f=F l aw2™*l g 4 framing of the stable tangent bundle of Tim # =°™ gyuch that
(le.m # 2™ | f) has Kervaire invariant zero; hence, according to Theorem 1,
(Tim # 22™  f) is framed-cobordant to (2™, g). We can attach this framed co-
bordism to (W2m*l F) along (T2™ # Z2™, f) by the identity map to obtain a framed
manifold bounded by (Z2™, g). Thus, according to Kervaire and Milnor [5, Theorem

5.1], 2™ js h-cobordant to the standard 2m-sphere; inasmuch as 2m > 4, it fol-
lows from Smale’s h-cobordism theorem that 2™ is diffeomorphic to sém,

In an early paper [3], we used a special case of Corollary 2 to prove the follow-
ing theorem.

THEOREM 2. An (m - 1)-connected, differentiable manifold M*™ of dimension
2m > 4 that bounds a pavallelizable manifold is diffeomorphic to the connected sum
of T copies of S™ X S™, where 2r is the m-th Betti number of M2™ ,

This theorem is obtained from Corollary 2 by showing that M2™ s diffeo-
morphic to a connected sum

Tim 4 EZrn — (Sm XSm) #oeen B (Srn XSm) # sz

for some homotopy sphere %™ and this we did in [3]. In that paper, we began a
proof of Corollary 2 in the special case where Tim is a connected sum of r copies
of S™ x S™ as follows. Let W2™*l denote a parallelizable manifold whose bound-
ary is aw2™*l = 72m 4 52M  a5d et F denote a framing of the tangent bundle of
w2mtl = mhe restriction f = F } ow?™tl g a framing of the stable tangent bundle of
Tim # %™ | At this point we claimed it is not hard to show that, by a sequence of
framed spherical modifications, the framed manifold (Tfm # %™ f) can be reduced
to (2™ ) where g is some framing of the stable tangent bundle of =*™ (com-
pare this statement with Theorem 1). We did not give a proof of this claim, but in-
stead we referred the reader to [5, Lemma 6.2]. It turns out that the proof I had in
mind is not at all obvious from this reference; in fact, the proof breaks down in di-

mension 2m = 14 because the homomorphism 7, (SO,,,) — 7,,(SO,,+1) is not sur-
jective for m =7, whereas it is surjective for m # 1, 3, 7.
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The same problem appears in the proof of Theorem 1 in dimensions 2, 6, and
14, and a special argument is given in Section 3 for each of these dimensions. These
arguments use the representation of the stable homotopy group of spheres 7, +k(Sk)
as the framed bordism group of framed 2m-dimensional manifolds. The proof of
Theorem 1 in dimensions n # 2, 6, 14 is given in Section 2, which proof does not
make use of the structure of the homotopy groups of spheres.

2. DIMENSION n # 2, 6, 14

We shall prove Theorem 1 by induction on the number r of summands of Trrl.
For r = 1 we have T =S™ X 8""™ where 2m <n. The sphere S" ™ may be writ-
ten as the union of two diffeomorphic copies of the unit (n - m)-disk D" ™™, the up-
per hemisphere D} ™™ and the lower hemisphere D”™™, identified along the bound-
ary S2-™m-1 1y the identity map. Thus S™ X S™ ™ may be written as the disjoint
union of S™ X DY'™™ and 8™ X D?™™ with points along the boundary S™ X gn-m-1
identified by the identity map id; that is,

S™M x §U-M = (™ x DR-M) y, , (S™M x DR-M),

Let p: DI™™ — D"™™ pe the diffeomorphism defined by projection on the first n - m
coordinates. Let ¢: S™ x D"™™ — 8™ x S"~™ denote the differentiable embedding
defined as follows: ¢(u, v) = (u, p~1(v)) € S™ X D™ for each (u, v) € Sm x Dn-m,

Now suppose that N™ is a connected differentiable n-manifold without boundary
and let f be a framing of the stable tangent bundle of (S™ x S®-™) # N®. This con-
nected sum is made in the interior of S™ X D"~™ jn S™ X S"-™M Thus from

the differentiable embedding ¢ we obtain a differentiable embedding of S™ x D”~™
in (S™ X S™™™) # N, which embedding we denote also by ¢, that is,

¢: ST X DT — (ST x ST # N,

If o: S™ — 80, _,, is a differentiable map, we define a new embedding

bt ST XD — (8™ x ST # N”

by the equation ¢g(u, v) = ¢(u, @(u) - v), where a(u) - v denotes the standard action
of a(u) € 8O, _,, on v € D*"™ . We shall perform the spherical modification of
M"™ = (8™ x 8" ™) # N” that removes the embedded m-sphere ¢,(S™ x {0}) with
product structure ¢4(S™ X D""™), where 0 denotes the center of the disk D™ ™,
The result of this modification is the differentiable n-manifold My obtained from
the disjoint union (D™*! x sn-m-1) U (M™ - ¢,(S™ x {0})) by identifying (tu, v)
with ¢,(u, tv) for each (u, v) € S™ X sn-m-1 and 0 <t < 1. The manifolds
M™ = (S™ x S"™™) # N" and M, together bound a manifold

wotl = (p™*l x p ™) Uy M™% [o, 1]),
where the handle D™t x D®-™ jg attached to M™ x {1} along S™ x D™ ™ by the

embedding ¢, of S™ x D""™ into M" = M" x {1}. The differentiable structure of
Wg!“ is obtained by smoothing along the corner S™ x S ™! (gee [5, page 519] for
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this smoothing procedure). The only obstruction to extending the given framing f of
M™ = M" x {0} to a framing of the tangent bundle of W3'! is an element

v(py) € 7,,(80,,;) (see [5, Lemma 6.1]). It was shown in [5] that if the homomor-
phism sy 7,,(SO, 1) — 7,(SO,+)) is surjective, then a differentiable map

a: 8™ — SO, _, . may be chosen such that the obstruction y{(¢,) =0. But m <n -

m
and n # 2, 6, 14, and in these dimensions s, is surjective. G\Iotme that sy is sur-

jective for n=2, 6, 14 if m < n - m.) Thus it follows that there is a differentiable
map a: 8™ — SO, _,. such that the framing £ of M™ = M™ x {0} can be extended to
a framing F of the tangent bundle of WnJrl . in particular, (W3"!, F) is a framed
cobordism between (M®, f) and (M5, F | M%)

We shall show that My, is diffeomorphic to N". First of all, notice that the
manifold Mg is the connected sum of N and the homotopy n-sphere Sy, obtained
from the disjoint union (D™*! x gp-m-1) y(gm x g™ _ ¢ (S™ x {0})) by identify-
ing (tu, v) with ¢g(u, tv) = ¢(u, ta(u) - v) € 8™ x D} ™™ for each

(u, V) € Sm+l % Sn—m—l

and 0 <t < 1; this is so because the connected sum (8™ x S®7™) # N" is made on a
disk in the complement of ¢4(S™ x D*™™) = 8™ x D! ™™ . Furthermore, the restric-
tions of f and g =F l M, to N"-disk are equal. To complete the proof for r = 1 we
need only show that Sg, is diffeomorphic to the standard n-sphere S". The sphere
S™ is diffeomorphic to the manifold obtained from the disjoint union

(Dm+l % Sn—m—l) U (Srn % Dn-m)

with points along the boundary S™ x S™ -1 jdentified by the identity map. Thus we

may define a diffeomorphism ¥ from this representation of S™ onto Sy as follows:

(u, v) € D™t x gn-m-1 if (u, v) € DML x gn-m-1
Ylu, v) =
(u, g 1 {a(u) - v]) € S X DA™ if (u, v) € S XD
here q: D" 7™ — D"™™ is the diffeomorphism defined by projection on the first

n - m coordinates. It follows that N = S™ # N is diffeomorphic to My = Sg # N,

Let us make the induction hypothesis that the theorem is true for manifolds

TT # N” such that r <s and n # 2, 6, 14. If T is a connected sum of s products
n—ml

m
of spheres, then write TS =TT # T;_,, where T] =$ 'xs and T , isa

connected sum of s - 1 products of spheres. Let f denote any framing of the con-
nected sum TG # N™ = T} # N]. We have shown that the framed manifold

(TT # N7, 1) is framed-cobordant to (N7, g), where g; is some framing of

N} =T%2 , # N such that f|NY - disk = g; | N} - disk. By the induction hypothesis,
(TT_, # N7, g,) is framed-cobordant to (N", g) for some framing g such that

g, l N" - disk = g | N - disk. If we combine the two framed cobordisms we obtain a
framed cobordism from (T_ # N", f) to (N, g), such that

f|N™- disk = g |N" - disk.
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Inasmuch as f is an arbitrary framing, the proof of Theorem 1 is complete in di-
mensions n # 2, 6, 14. Notice that we have also proved Theorem 1 in dimensions
n =2, 6, 14 provided that T has no homology in its middle dimension.

3. THE EXCEPTIONAL DIMENSIONS: 2, 6, AND 14

It remains to prove Theorem 1 in the case where Hm(Tim) # 0 in dimensions

2m = 2, 6, 14. Let I, denote the stable homotopy group TpeSX), where k> n+ 1.
We shall interpret II, as the framed bordism group of framed n-manifolds, and use
the fact that the Kervaire invariant is a framed bordism invariant. For m =1, 3, T,
let h denote the framing of S™ obtained from parallelization by left translation; the
framed manifold (S™, h) X (S™, h) has Kervaire invariant 1 and represents a gen-
erator of II,,,. The zero element of Il;,, is represented by (82m | ), which has
Kervaire invariant zero; up to homotopy, j is the unique framing of S2™ because
Tr>m(SOK) =0 for 2m =2, 6, 14, and k> 2m + 1.

Consider 2m = 14. The group II; 4 is isomorphic to the direct sum of two
copies of the group of order 2. Thus, in Toda’s notation [9], II;4 = Z, (P Z, where
the first summand is generated by a composition ¢ o 0 = o2 represented by
(87, h) x (87, h), and the second summand is generated by k. B. Steer [8] and R.
Wood [10] have shown that there is a framing w of the exceptional 14-dimensional
Lie group G, such that (G,, w) represents k. According to Borel [2, Théoréme
17.2], H7(G2) = 0. Thus, by framed spherical modifications, the framed manifold
(G, , w) may be reduced to a framed homotopy sphere; it is only necessary to check
that the result of each framed modification has seventh homology group equal to
zero. It follows that (G,, w) is framed-cobordant to (Z14, j') where Z!% is (up to
diffeomorphism) the unique exotic 14-sphere; in particular, (G,, w) has Kervaire
invariant zero. Now, given any framing f of T1% # N1, there are framings f, and
g of T%.4 and N14, respectively, such that (Tl4# N14, ) = (T14, £)) # (N14, g). In
fact, the framing f [ Tl[4 - {point} may be extended to a framing f; of T1l4 because
713(S0) = 0, and this extension is essentially unique because 7 4(SO) = 0. Similarly,

f l N14 - {point} has a unique extension to a framing g of N™. (These conclusions
are also valid for manifolds of dimension n = 5, 6(mod 8), as then

7,_1(80) = 7, (SO) = 0.)

LEMMA. For any framing £, of T1%, the framed manifold (T1%, 1)) repre-
sents either 0 or 0% in I 4.

Proof. The manifold T14 is a connected sum of r products of the form
smx gl4-m  where m < 7. By a sequence of framed spherical modifications,
(T14, £;) may be reduced to (s(S7 x 87), f,), where s(S7 x 87) denotes a connected

sum of s copies of S'xS7, and s <r. Inasmuch as 7,3(SO) = 0, it follows that
(s(87x87), f,) is a connected sum of s framed manifolds of the form (87 X S7, fs).
We shall complete the proof of the lemma by showing that for any framing t' of

ST x 87, the framed manifold (S x 87, ') represents a multiple of 02 . Let us re-
call the framing h of the normal bundle of S’ in Euclidean space RO , which fram-
ing is obtained from parallelization of S7 and which differs from the natural framing
(that extends over the disk D®) by a map @: S” — SOq that represents a generator of
the infinite cyclic group 777(509). That is, for each u € S7,
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h(u) = {natural frame} - a(u)

where the dot denotes the principal action of a(u) € 809 on the frame bundle. Thus
the framing given by (S7, h) X (S7, h) differs from the natural framing of

S7 x 87 C R16 x R16 by the map @ x a: 87 x 87 — SOg X SO¢. Now consider an
arbitrary framing f' of S7 X S7; this framing differs from the natural framing by
some map ¢: S7 X S7 — SO;g, and we shall show that ¢ is homotopic to a map of the
form aP x a%: 87 x87 — SOg X SOq, where aP and a9 represent the integral multi-
ples p[a] and q[e], respectively, of the generator [a] of 7,(SOg). First notice that
the wedge S7V S7 is a deformation retract of S7 X S7 - {point}. The map ¢ re-
stricted to the first factor of the wedge defines an element p[a] € 7,(SOq) = 7,(SO;g)
for some integer p; that is, [¢ | S’V point] = p[a] = [@P]. It follows that there are
integers p and q such that ¢ | S7V 87 is homotopic to the map

.

Thus, when restricted to S”x8s’ - {point}, the maps ¢ and aP X a9 are homotopic
because their restrictions to the deformation retract S”V 87 are homotopic. Inas-
much as 7,,4(80,4) = 0, it follows that the maps ¢ and aP x a9 are homotopic as
maps from S7 x 87 into SO;g. Thus, up to homotopy, the framing f' differs from
the natural framing of ST x 87 by the map aP x a%: STx87 — S0q X 80g; hence

(87 x 87, 1') and (87, hP) X (S7, h9) represent the same element in I,,, where hP
denotes the framing given by hP(u) = {natural frame} - ¢P(u) for each u € S7. But
(87, hP) represents p times a generator of II; = Z,,, and o is equal to 15 times a
generator of II;. It follows that (S7 x S7, ') represents the composition

po o qo =pqo 2. The proof of the lemma is complete.

Let us return to the framed manifold with which we began, namely
(T4 # N1t 1),

We have shown that it is framed-cobordant to a framed manifold of the form

[(S7, hP) x (S7, h?)] # (N14, g) for some pair of integers p and q (mod 2). We are
given that H,(N!4) = 0; hence (N14, g) is framed-cobordant to a framed homotopy
sphere. That is to say, (N!4, g) represents either 0 or x in II;,. Thus

(T14 4 N14, f) represents either pqo2 or pqo2 + &, and it follows that
(Tl% # N4, 1)

has Kervaire invariant equal to pq reduced mod 2. But we are given that
(Tl* # w4 p)

has Kervaire invariant zero; hence pq = 0 (mod 2) and it follows that (T1% # N14, f)
and (N4, g) represent the same element in II, 4, either 0 or k. The discussion
for dimension 14 is complete.

Consider 2m = 6. The group Ilg has order 2 with generator represented by
(83, h) x (83, h). We are given that H3(N6) = 0. Thus for any framing g of N®, the
framed manifold (N, g) may be reduced to a homotopy sphere by a sequence of
framed spherical modifications; it is only necessary to check that the result of each
framed modification has third homology group equal to zero. But any homotopy 6-
sphere is diffeomorphic to S®; hence (N6, g) represents zero in I,. We are also
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given that (Tf} # Né, f) has Kervaire invariant zero; hence it also represents zero in
II¢. It follows that (Tf.’ # N©, f) is framed-cobordant to (N®, g) for any framing g.

In particular, we can choose a framing g such that £ l N6 - disk = g l N© - disk be-
cause w5(SO) = 0.

Finally, considey 2m = 2. The group II, has order 2 with generator repre-
sented by (S1, h) x (S!, h). (a) If H;(N2) # 0 then N2 is a connected sum of s
products of circles S! X Sl, where s > 0. Thus T% # N% is a connected sum of
r + s products of circles. Let g, denote a framing of Sl x 8! that extends to a
framing of S! X D%. If the Kervaire invariant of (T2 # N2, f) is zero, then
(TZ # N2, f) is framed-cobordant to (N2, g) = (S! x 8!, go) # --- # (Sl x 81, g,). If

the Kervaire invariant of (T% # N2, f) is 1, then (T2 # N2, f) is framed-cobordant
to

N, @) = [(8', n) x (s!, m]# (s! xs', go) # - # (s! x5!, gy,

which has Kervaire invariant 1. (b) If H;(N?) = 0 then N2 is diffeomorphic to S?;
in this case we are given that (T2 # N2 , ) has Kervaire invariant zero. Thus both
(Tf # N2, f) and (N2, g) = (82, j) represent zero in IT, ; hence they are framed-
cobordant.

Notice that if H;(N2) # 0, then T2 # N? - {point} has the homotopy type of a
wedge of 2r +2s circles. We also have 7,(SO¢) = 0. Thus, by a proof similar to
the proof of the Lemma for dimension 14, (TZ # N2, f) is (up to a homotopy of the
framing) a connected sum of framed manifolds of the form (S!, hP) x (S1, h9),

P, q € Z,, where the symbols hP and h? have the same meaning as they do in that
lemma; here the map a: S! — SO; represents the generator of 7,(SO;) =Z,. In
particular, the restrictions f{ t T% - disk and f|N2¢ - disk extend to framings £,
and g; of T% and N2 respectively. Thus we see that in all dimensions the framed
manifold of Theorem 1 decomposes into a connected sum of framed manifolds,

(T} # N”, f) = (T2, f;) # (N™, g;); however, for n =2, g; may not be homotopic to
the framing g of Theorem 1.
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