ON A CLASS OF SCHLICHT FUNCTIONS
P. L. Duren and G. E. Schober

Let S be the class of functions

2 3

f(z) = z+ayz° +azz” +

that are analytic and schlicht in |z| < 1. In 1934, O. Dvor4k [1] made the interest-
ing observation that if f € S and

[ f(z) 1
(1) 9LV_—'Z—>'§ (|Z'<l),
then Ian| <n (n=2,3, ---). The proof simply uses the fact that

f(z) 1 _1 2.4 ...
\/Z 2—2+CIZ+02Z +

has positive real part, so that |c,| <1 (n=1, 2, ---). Dvo#dk [1] further showed
that every function f € S satisfies (1) in the disk |z| < p, where

1+p _
plogl_p—z.

A calculation shows that 0.833 < p < 0.834. Recently, DvoFik [2] claimed to show
that (1) holds in a disk |z| <ry, where 0.90 < ry < 0.91. He later [3] claimed an
improvement to 0.98 < ry < 0.99.

Unfortunately, however, these last two estimates are incorrect. In the present
note, we show that the best possible radius is R = 0.835 ---. In other words, for
every f € S, the inequality (1) holds for every z in lzl < R; but for each z in
|z| > R, there is some f € S for which (1) fails to hold. Our procedure allows the
computation of R to any desired accuracy. It is curious that although Dvo¥ik de-
rived the constant p by what appears to be crude estimation, the sharp constant R
is only slightly larger.

For f € S, G. M. Goluzin [5] used Loewner’s differential equation to establish
the sharp estimate

argf—(zzll§10gi—_t—§ (r=]z| <1).

Thus

9N izzl>0 for all f € S
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if and only if

1+4r
1-r

log <7;

that is, if and only if

|z| = r < tanh 7/2 = 0.917 --- .
Hence
(2) 0.83 < p <R < tanh7/2 < 0.92 .

H. Grunsky [6] and Goluzin [4] also obtained the deeper result that for each fixed z,
f(z)

the region of values of log ~ for all f € S is exactly the circular disk

1+r
1-r

|w +1log(1 - r2)| < log (r=|z]) .

f(z)

Thus the region of values of log = s the circular disk |w - a| < b, where

1+r
1-r"°

-1 _ 2 1
a = 2log(l re), b—zlog

In view of (2), we need consider only the interval p < r < tanh 7/2, where
1 <b<w/2. It follows from the considerations above that the set of all values of

\’ﬂ—z—z, as f ranges over §, is
Z

E, = {e": |w-a|<b} (r=]z]).

The radius R is then the largest value of r for which the set E, lies in the half-
plane % > 1/2.

For each r, we wish to compute the minimum of % for all { € E,.. This is
equivalent to finding the minimum of

F(0) = {exp(a+bcos 8)}cos(bsin ) (-7 <6 <m).
But differentiation gives the equation
F'(6) = -b{exp(a +bcos 0)} sin(6 + b sin 6),
which shows that F'(8) = 0 if and only if

sin(6 +bsin 8) =0 (-7< 0 < 7).
This implies that
(3) 0 +bsin 8§ = n7w (n=0,+1, +2, -=-) .
But since -7 < 8 <7 and 1 < b < 7/2, the only possibilities are n=0, n=1, and
n=-1.
Case I: n=0. Here the only solution is 6 = 0, where F attains its maximum.

Case II: n=1. Here equation (3) has the solution 6 = 7, but
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Fia) = 2P = (1+1r)"! > 1/2

for all r (0 < r < 1). Equation (3) also has the solution 6 = 6y (7/2 < 8¢ < 7); this
gives the point where the sinusoid y = sin 6 intersects the line y = (7 - 6)/b. There
is exactly one intersection in this interval, because (7 - 6)/b > sin 6 at 6 =7/2,
the two curves intersect at 6 = 7, and the line has slope -1/b > -1.

Case III: n = -1. Here equation (3) has only the solution 6 = -6 ; but
F(-QO) = F(GO).

Thus, for each value of r (p < r < tanh 7/2), one may compute the minimum

m(r) = min R¢
eE,

by determining the unique solution 6y = 6y(r) of the equation
6+bsinf =1 (/2 < 6 <m).

If F(6p(r)) <1+ r)~!, then m(r) = F(6q(r)). Using detailed tables of logarithms
and trigonometric functions, we found that

m(0.835) = 0.5011 - > 1/2, m(0.836) = 0.4992 -+ < 1/2.

Thus 0.835 <R < 0.836.

Dvorak [1] also remarked that for odd univalent functions f € S such that

(z) 1
(4) i > 3

in |z| < 1, the coefficients satisfy the inequality Ianl <1 (n=3,5, ). He noted
that (4) holds in the disk of radius

Vp = 0.912 ---;

and he claimed corresponding improvements in [2] and [3]. However, the preceding
discussion shows after further calculation that the sharp radius is

vR = 0.914 --- .
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