AN EXTENSION OF A THEOREM OF T. ANDO

D. Gagpar and A. Ricz

In [1], T. Andd proved the following result: Every commutative pair of contrac-
tions 7 = {Ty, T2} in a Hilbert space H has a unitary dilation.

We recall that the pair % = {U;, U, } is a unitary dilation (in a Hilbert space
K D H) for the pair 7 if the U; (j =1, 2) are unitary operators in K,
U]_ UZ = Uz U1 ’ and
n

PU}. Uz h=Tl Tzh (nl,nZZO,hEH),

where P is the orthogonal projection of K onto H.
The aim of this note is to extend this theorem.

We say that a family 7 = {Ty, -+, Tp} of linear bounded operators (in a Hil-
bert space H) is cyclic commutative if

(c) T} Ty Ty = T, Ty Ty " Tpy = = = TpT3 T, Ty .

THEOREM 1. Let 7= {T;, Tz, ', Tp} be a cyclic commutative family of
contractions in the Hilbert space H. There exists a cyclic commutative family
v ={V,, Vz, -+, Vp} of isometries in a Hilbert space K D H, with the property
that

n)

(1) PV

nl n

n
"'Vi;h =Ty '"Tilfh (n; >0, h € H),

wheve (i1, iz, **, i) is an avbilvary permutation of (1, 2, :--, p), and where P is
the orthogonal projection of K onto H.

Proof. Let K = 02(H); that is, let K be the space of sequences {h;}ico (h; € H)
such that 2Jieg ||b;||* <. For j=1,2, -+, p, we define Sj € Z(K) by the equation

Sj{ho’ hy, -, hy, "'} = {T_]ho’ 0, DTjhO’ 0, hy, -+, hy, "'})
_ *m y1/2
where DTJ- =(I- T] TJ-) .
It is obvious that the Sj are isometries in K. We consider the products
S182 -8, {ho, hy, -}

= {T, Tz Tpho, D, T2 Tpho, 0, D7, T3 " Tpho, 0, *+, Dy T h

p-1 P> O

b

DTpho, 0, hy, hz, -},
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Sz S3 8,8 {ho, by, =}
= {T2T3---TpTlh0, Dp, T3 T,Thg, 0, Dy, Ty-*TTihg,
0, -, Dy _T1ho, 0, Dt hg, 0, hy, hp, = },
Spsl '"Sp-l {hO, hy, }
= {T,T; Tp.1ho, Dr, Ty Tp.1ho, 0, Dp T~ Tp.1ho, O,
T DTp-lhO’ 0, hy, } .
It is easy to see that

|Dr, 2T Tpho % + IDr, T3 o Tpho[| 2+ - + “DTphOHZ = ||DT1-..Tph0"2,
”DTZT3"'TpT1h0”2+“DT3T4‘”TpT1ho”2+ -+ D ho? = ”DTZ...TpTlhOHZ,

b

2
”DTpTl Ty 1 hol|” + [ D Ty Ty ho (R "DTp_lhO I? = “DTpTl...TP—IhOHZ'

By cyclic commutativity of the family ) = {Tl , Tp}, all of these expres-
sions are equal.

Consequently, we can define isometric operators W; (j =1, ---, p - 1) such that

wj{DTj+lTj+2 "'Tj-l-phO; 0’ DTJ+ZTJ+3 .“Tj’i'phO’ 0’ ...7 DTj+ph0’ O}

= {DTlTZ"'TphO’ 0, D, T3+ Tpho, 0, -+, D _ho, 0}

for j=1,2, -+, p~ 1, where Ty is defined by periodicity:
T =T, ifk=qp+r (1<r<p).

Now, by an argument of [1] (see also [3]), the operators W; can be extended to
unitary operators in the Hilbert space

$=HOHD - OH,
N Y

2p times

which we denote also by WJ- .
We denote by B j the operators in K, defined by the equation

%j{h07 (hly ) th)’ (h2p+1; ) h4p)x .“}

= {hg, Wyhy, ==+, hpp), Wilhopy, o, hyp), -}
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Let V5 (j =1, -+, p), the operators in K, be defined by the equations
-1 -1
V=SB, Vo =B885l, e v =888, v =88,

and observe that each Vj is an isometry in K.

We shall prove that ¥ = {Vj}§)= 1 is cyclic commutative. For this, we note that
-1
ViV Vpihg, hy, -} = 8 W] Wy Sy -+~ S, {hg, by, -} =818+ Sy{ho, hy, -}

= {Tl TZ'“T hOJ DT TZ'"T hO, 07 Tty DT hO! 0’ h]_; h2> '"} ’
P 1 P p

-1
Vo V3oV, Vi{hg, hy, =*} = B S, 8,8, By {hy, hy, =}

= {Tz T3 - TpT1hg, Wi(Dy, T3 TpT1ho, 0, -, D ho, 0), hy, hz, =}

= {TZT3 ."TpTl hO: DTI TZ '”TphO, 03 ) DTphO7 0: hl s th '"}:

-1
val "'Vp-l{hO: h, } = %p-l Spsl "'Sp-l Smp-l{ho , by, }

{TPTl .“Tp—lh09 Wp—l(DTpTl '"Tp-lhOa 0, -, DTp_lh()’ O), h13 hy, '"}

{TpTl'“Tp-lhO’ DTITZ”'TphO; 0, +--, DTPhO) 0, hy, ."};

therefore, by cyclic commutativity of &, it follows that {V } j=1 =¥ is also cyclic
commutatwe The relation (1) follows in a natural way.

PROPOSITION. Ewvery cyclic commultative family v = {V } =1 of isometries in
a Hilbert space K can be extended to a cyclic commutative famzly U = {U_,}f_l of
unitary operators in a Hilbert space K| O K.

This proposition is a variant of a theorem of T. It8 (see [2], [3]). Its proof can
be obtained in the same way.

Combining Theorem 1 and the preceding proposition, we obtain the following
result.

THEOREM 2. For every cyclic commutative family J = {T; } i-1 of contrac-
tions in the Hilbevt space H, theve exists a cyclic commultative amzly a = {U;}¥

1
of unitary opevators in a Hzlbert space K D H, such that 31i=
nl np np nj nz np .
PHUil Uiz "'Uiph - Til Tiz ”'Tiph (an 0; ] = 1, 2, ey, p; h € H)

Jor every permutation (i, -+, iy) of (1, 2, -+, p).
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