A NOTE ON THE LAGUERRE POLYNOMIALS

L. Carlitz

1. Burchnall [2] employed the operational formula

(1) (O - 227 = (D (1) By 9 D7,
where D = d/dx and
H_ (x) = (—l)nexz D" e_Xz ,
to prove the identity [3, p. 31]
min (m,n)
@) Hom®@ = 5 (27 (7) (3) 51 Hp 008, 6.
r=0
Put
(3) Lr(la)(x) = n—llx'a e* D (xO 11 e7¥) |

the Laguerre polynomial of degree n. Corresponding to (1) we shall show that

(4) II *D - x+ @ + j) = n! 2. -I—.lTxr Lflofir)(x)Dr.
j=1

r=0""

Note that the linear operators on the left of (4) commute.

To prove (4) we show first that
(5) 2,y = x"% " DI e7Fy),

where y is an arbitrary (differentiable) function of x and
n
Q,=II D - x+ a +j), Qp=1.
j=1

Clearly (5) holds for n = 0. Now
%~ X Dn—l—l (Xa+n+1 e—xy) = x~ ¥ X Dn+l (x- xatn e—xy)
= x~% X {xDPH(x¥ N e Xy} 4 (n+ 1) DP(xATR e Xy}

=x e {xDx*e*Q,y) + (n+ 1)xYe*Q,y}
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]

x?eX{xfax®le*Q y-x¥e*Qy+x¥e *DQuyl+ n+ Dx ¥y}

xDQny+ (@ - x+ n+ 1)Q,y
=xD-x+a+n+ 1)Q,y
=Qn+1 y.

This evidently proves (5).

Next, since

Dn(xa+ne—xy) - Z__)O ( l;) Dn-r(xa+n e—x) . Dry
= (:)( r)1 x@tr -xL(Ol+r)(x)Dr
=0

(5) becomes
Q.y = an 1 rL(O‘ﬂ‘)( )D'y.
r= 0

This completes the proof of (4).

As a special case of (4) we note that
(@) =
(6) nlL "(x)= I xD-x+a+j)-1,
j=1
so that
nL(I?)(x) =xXD-x+a+ n)Lr(lof)l(x) ,
which is also implied by the familiar recurrences satisfied by L(g‘)(x).

2. We now consider

n

m
Il cD-x+a+n+j) - Il ®xD-x+a +k)-1
j=1 k=1

(m + n)! L(glln(x)

m

nt I (xD-x+a+n+j)-Lg?)(x)
j=1
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m
E (Ol+n+r)( )D L(Ol)( ).

But since
D" LY ) = (()TLE@H) ()
it follows at once that

min (m,n)

1) (m + n) L(a) (x) = > (-—rl? L(a+n+r)( )L(OH-r)( ).

m m+tn
r=0

From (7) we get

Z (™) L@ @ > ar G Lo o L@t gm
m=0 r=0 m=0
Z) (- 1)r (xt)r L(a+r)( ) (1 - t)-01—-11-:11'—1 exp 1_}_{tt
r-0
Since
we get
> m+n () m _ - -n-1 () X -xt
® IEO (70" Lidaot™ = @ - oo (t55) e=

This result is proved in a different way by Rainville [4, p. 210].

Conversely, (8) implies (7). One can also prove (7) by using only the familiar
generating function

(1 - t)" 2! gxp=Xt

— Z_} L) (x) ™,

We have also from (7)

iy

(m + n) L(a —n)(x) oo E (-xt)* Xt) L(oz+r)( )E L(oe-n)(x) ey

n m r=0 ! n=0

Since
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oG

(9) T L@y s (14 ¥ et

the right member is equal to

E L("‘+ D) (1+ )%™ = LB (x4 xt)- (1 + ¥ et
We have therefore
(10) nzzzo (M e ) LEP@ = @+ 9% e L& + 1),

3. By means of (10), we can give a simple proof of the formula [1, p. 151]

(1) T nrL® e L) 2 e - yp? B8 L) (- A=t
n=0

where a and B are non-negative integers (for the proof compare [4, p. 211]).

We have
e (@-n) . (B-n), .0 = @) S ( B\ (¥ .n
nZ=)0nan @ LY et = Z}n!Ln (x)EO(n_r) e

- (n+ 1)l @-n-x) (B) (<) T

n,r=0 rl n
_ - B\.n - n+r (@ -n-r) T
- n=0n! ( n)t rZ=)O ( : ) L% 7277 (x) (-yt)
-3 nt (ﬁ ) (1 - ) PV L@ ) (x(1 - yi)
n=0

e Bt (2) (-55) xe o -y

Thus to prove (11) it suffices to show that

1- yt)ﬁ-nL(rtlx-n)(xu - yb) = Ll(ia -B) (_ (1 - Xt)t(l _ yt)) .

B
Zj (B—n)'( t

This is evidently contained in the “multiplication” formula
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A)k—r Xk—r
(k -1)! ’

k
(a-k) _ Q-r (1 -
Lk (%)= 2 L(r )(x)
r=0
which is an immediate consequence of (9).
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