CONFORMAL MAPPINGS AND PEANO CURVES

by
G. Piranian, C.J. Titus, and G.S. Young

Salem and Zygmund [1945] have shown that if
{nkB is a sequence of integers with the property

nk+1/nk >A > )\O, where >\o is ome universal con-
stant less than 1 + 10 ﬁ‘ﬂ' , then the functionZakznk
maps the unit circle into a Peano curve provided the
series > |ak| converges so slowly that
1- 2~
N-Pla)| + A2Play] +... + |ap| < ckZ)p|ak1

forp=1,2, ... ; the constant ¢ depends on A itis
sufiicient that it be less than

A(A - 1) - 23725\ - DA - 1) + 237215 - 1)].
In the present note, we present a theorem which is
contained in the result of Salem and Zygmund. Its pub-

lication is justified by the extreme simplicity of the
proof.

Theorem. There exists a function f(z) which

is holomorphic in the open unit disc and continuous in

the closed unit disc, and which has the property that
the set of points f(eif®) (0< 0 < 2T) fills a square.

The example by means of which the theorem
will be proved is of the form ‘

() = 2 00 - (1 - 2/t) 21

where {kr} is a complex null sequence, {tr} is ase-
quence of distinct points on the unit circle, and {Q(r\“
is a sequence of positive constants approaching zero
very rapidly; the function (1 - r/tr)(xl‘ is understood to
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be real and positive on the line segment joining the
origin to the point z =t.. Itshould be observed that,
with the notation

£ () =k [1-(1-5/t,) ],

f.(t.) = k.. Moreover, if N, is any neighborhood of
the point t, the quantity |f.(z)/k.| can be made arbi-
trarily small in the complement of Ny relative to the
unit disc, simply by choosing the constant O, small

enough; and throughout the unit disc, |f.(z)/k.| < 1.

Let Q be the square whose sides lieonthe four
lines x =+ 1, y = + 1. Let Qbe dividedinto four equal
squares Q1,Q, Q3, Q4 (with the subscripts chosen so
that they indicate the quadrants in which the squares
lie); let each of these be subdivided into four equal
squares, and let these be denoted by Qll; Qy2r Qp3e
Q14 QZI’ .-« s Qqq; and so forth. Forr =1, 2, 3,4
let t. = ky = €97, where 8y = (2r+1) TT/4; then, if the
constants X, are chosen small enough; the curve Cy4
into which the function Fy(z) = 24__1 f (z) maps the
unit circle passes through the interior of each of the
squares Q1,0Q,,Q3,Q4. Forr =5,6,7,8, let t; be
four points such that the points Fy(t,) lie in Q;letkg
be chosen so that Fg(tg) lies in Q)], and let ™5 be
small enough so that the curve Cg still passes through
the interiors of Qys Q3, and Q4. Let k¢, be chosen so
that F()(té) lies in Qj, and let Ng be smallenough so
that C¢ passes through Q2,03, Qy, and Q”o And let
this process be continued, subject to the further pre-
caution that at each stage the constant . is chosen
small enough so that |f.(z)| < 1/r% when z lies in the
complement, relative to the unit disc, of some cir-
cular disc containing t,. and containing none of the
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points tl,tz, T

Since the sequence k. tends to zero, and since
the inequality

S lLEE S 22wy /e
r=1 =1 r=1

holds throughout the unit disc, the function f(z) is
holomorphic in |z| < 1 and continuous in |z| < 1. Be-
cause each square obtained in the subdivision of Q

contains one of the points f(eie), the theorem is proved.

Note 1. If the precaution is taken that each of
. the curves Cr lies in the interiorof Q, then the set of
points f(ei®) (0 < 8 <2#) is identical with Q.

Note 2. If the sequence {X, }.approaches zero
rapidly enough, the series Zfr(z) converges uniform-
ly in every bounded set in the plane. Because the con-
struction does not require the set {tr} to be every-
where dense on the unitcircle, it is‘p'ossi.ble' to choose
the constants in such a way that the function f(z) is
holomorphic in R, where R is obtained from the com-
plex plane by deleting an appropriate arc of the unit
circle and a curve joining this arc to the point at in-
finity.

Note 3. The set of singular points of f(z) on the
unit circle can be made {o be a sef of measure =zero.
This is not the case with the functions constructed by
Salem and Zygmund; there the unit circle is neces-
sarily a natural boundary.

Note 4. If the sequence {Q(r}approaches zero
rapidly enough, the Taylor series of our function is
certain to have uniform, non-absolute convergence on
the unit circle. As the description stands, the series
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does not have gaps. But since the Taylor series for
each of the functions fy(z) converges absolutely on the
unit circle, gaps can be introduced by replacing each
of the functions f.(z) by the product of a partial sum
of its Taylor series with an appropriate power of z/tr.
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