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Brauer Equivalence in a Homogeneous Space
with Connected Stabilizer

Mikhail Borovoi & Boris Kunyavski ı̆

0. Introduction

In this note we investigate the Brauer equivalence in a homogeneous spaceX =
G/H,whereG is a simply connected semisimple algebraic group over a local field
or a number field andH is a connected subgroup ofG.

In more detail, letk be a field of characteristic 0, and letk̄ be a fixed algebraic
closure ofk. For a smooth algebraic varietyY over k, set Ȳ = Yk̄ = Y ×k k̄.
Let BrY denote the cohomological Brauer group ofY, BrY = H 2

ét(Y,Gm). Set
Br1Y = ker[BrY → Br Ȳ ]. There is a canonical pairing

Y(k)× Br1Y → Br k, (y, b) 7→ b(y) (0.1)

called theManin pairing. We define the Brauer equivalence onY(k) as follows:
y1 ∼ y2 if (y1, b) = (y2, b) for all b ∈ Br1Y. We denote the set of classes of
Brauer equivalence inY(k) by Y(k)/Br. Note that we define the Brauer equiv-
alence in terms of Br1Y, not in terms of Br1Y c or BrY c, whereY c is a smooth
compactification ofY.

The notion ofB-equivalence for a subgroupB of the Brauer group BrY was
introduced by Manin [M1; M2]. Colliot–Thélène and Sansuc [CS1] investigated
the Brauer equivalence in algebraic tori (they defined the Brauer equivalence in
terms of the Brauer group of a smooth compactification). The Brauer equivalence
in reductive groups was studied in [T].

Let G be a simply connected semisimple algebraic group overk. Let H be a
connected subgroup ofG. We denote byH tor the biggest toric quotient group of
H. We are interested in the Brauer equivalence in the setX(k) whereX = G/H.

We computeX(k)/Br whenk is a local field. Namely, we prove that there is a
bijection

X(k)/Br ∼−→ im
[
ker[H1(k,H )→ H1(k,G)] → H1(k,H tor)

]
(Theorem 2.1). Moreover, whenk is a non-archimedean local field, we prove that
there is a bijectionX(k)/Br ∼−→H1(k,H tor) (Theorem 2.2).
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We also computeX(k)/Br whenk is a number field. We prove that there is a
bijection

X(k)/Br ∼−→ im

[
ker[H1(k,H )→ H1(k,G)] →

⊕
v

H1(kv,H
tor)

]
(Theorem 3.1), wherev runs over the set of places ofk. Moreover, whenk is a
totally imaginary number field, we prove that there is a bijection

X(k)/Br ∼−→H1(k,H tor)/X1(k,H tor)

(Theorem 3.4), whereX1 denotes the Shafarevich–Tate kernel.
In Example 3.9 we computeX(k)/Br whenX is a symmetric space of a simply

connected almost simple group over a totally imaginary number fieldk.

Remark 0.1. It would be interesting to compute the set of Brauer equivalence
classes inX(k), whereX = G/H, with respect to the Brauer equivalence defined
by the group BrXc, whereXc is a smooth compactification ofX. Unfortunately,
the group BrXc is not known; there is only a conjecture of Colliot–Thélène and
the second author [CK]. Note that ifk is a number field andX = G/H is a sym-
metric space of a simply connected semisimplek-groupG, then it follows from
the conjecture of [CK] that BrXc = Br k and hence there is only one equivalence
class inX(k).
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sity of Bielefeld), whose hospitality and support are gratefully appreciated. We
thank D. Harari and A. N. Skorobogatov for help in proving Theorem 1.5. We
thank the referee for useful remarks, in particular for simplifying the proof of
Theorem 3.1.

1. Generalities over an Arbitrary Field

1.1. Weintroduce some notation. For a smooth algebraic varietyY over a fieldk
of characteristic 0, letU(Y ) = k [Y ]×/k×. Let PicY denote the Picard group ofY.
Let BrY and Br1Y be as in the Introduction. Set Bra Y = coker[Brk → Br1Y ].
Assume thatY has ak-rational pointy, and define

Bry Y = ker
[
Br1Y

y∗−→ Br k
]
,

wherey∗ is the specialization map.
We prove that Bry Y ' Bra Y. Consider the composed map

Br k→ Br1Y
y∗−→ Br k;

it is the identity of Brk. It follows that the exact sequence

0→ Bry Y → Br1Y
y∗−→ Br k→ 0

splits, and we obtain an isomorphism Bry Y ⊕ Br k ' Br1Y. Thus we obtain an
isomorphism Bry Y → Bra Y and a splitting Bra Y → Br1Y of the exact sequence

0→ Br k→ Br1Y → Bra Y → 0.
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1.2. We wish to investigate the Brauer equivalence in homogeneous spaces. Let
G be a simply connected semisimple algebraic group over a fieldk of character-
istic 0. LetH ⊂ G be a connectedk-subgroup. SetX = G/H ; thenX is a left
homogeneous space ofG with connected stabilizer. The varietyX has a distin-
guishedk-rational pointx0, the image inX(k) of the unit elemente ∈G(k).

We recall the definition of the connecting mapδ:X(k) → H1(k,H ) (cf. [Se,
I-5.4]). Let π : G → G/H = X denote the canonical morphism. The groupH
acts on the right onG by g ∗ h = gh, whereg ∈ G andh ∈ H. Let x ∈X(k);
thenπ−1(x) is a right torsor underH. By definition,δ(x) is the class of the torsor
π−1(x) in H1(k,H ). Note that the mapδ induces a canonical bijection

G(k)\X(k) ∼−→ ker[H1(k,H )→ H1(k,G)]

(cf. [Se, I-5.4, Cor. 1 of Prop. 36]), whereG(k)\X(k) is the quotient ofX(k) by
the left action ofG(k).

We construct a mapX(k)→ H1(k,H tor) takingx0 to 1. Composing the map
δ : X(k)→ H1(k,H ) with the canonical mapH1(k,H )→ H1(k,H tor) induced
by the homomorphismH → H tor, we obtain a map

α : X(k)→ H1(k,H tor). (1.1)

Clearly this map is constant on the orbits ofG(k) in X(k).
Let X(H ) denote the group ofk-characters ofH ; that is,

X(H ) = Homk(H,Gm).
We haveX(H ) = X(H tor).

Proposition 1.3. There is a canonical isomorphismX(H ) ∼−→PicX.

Proof. By [S, 6.10] there is an exact sequence

U(G)→ X(H )→ PicX→ PicG.

By Rosenlicht’s theorem [R],U(G) = X(G); clearly X(G) = 1 becauseG is
semisimple, soU(G) = 1. By [S, 6.9(iv)] we have PicG = 1. Thus we obtain an
isomorphismX(H ) ∼−→PicX.

1.3.1. Remark. In the case whenk is algebraically closed, Proposition 1.3 was
proved in [P, Cor. of Thm. 4].

1.4. We have seen in the proof of Proposition 1.3 thatU(Ḡ) = 1. It follows that
U(X̄) = 1.

SinceX(k) 6= ∅ andU(X̄) = 1, we have by [S, 6.3(iii)] that

Bra X = H1(k,PicX̄).

We have Brx0 X ' Bra X. By Proposition 1.3, Pic̄X = X(H̄ ). We obtain

Brx0 X = H1(k,X(H̄ )) = H1(k,X(H̄ tor)). (1.2)

There is a canonical cup product pairing

H1(k,H tor)×H1(k,X(H̄ tor))→ Br k. (1.3)
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The pairing (1.3), together with the mapX(k)→ H1(k,H tor) in (1.1) and theiso-
morphism (1.2), defines a pairing

X(k)× Brx0 X→ Br k. (1.4)

Theorem 1.5. The pairing(1.4) up to sign coincides with the restriction of the
Manin pairing(0.1) toX(k)× Brx0 X ⊂ X(k)× Br1X.

Proof. We use the description of the Manin pairing with the help of torsors given
in [CS2, Sec. 2].

We regard the canonical mapG→ X = G/H as a right (non-abelian)X-torsor
underH. SetS = H tor and denote byH ssu the kernel of the natural homomor-
phismψ : H → S. This homomorphism induces push-forward maps in cohomol-
ogy: H1(k,H ) → H1(k, S) andH1(X,H ) → H1(X, S) sending non-abelian
torsors underH to abelian torsors underS (explicitly, a torsorZ underH goes
to the torsorZ/H ssu underS). Let Y = G/H ssu be the torsor underS obtained
from X by push-forward. Note that by Proposition 1.3 we have an isomorphism
X(S̄ ) ∼−→PicX̄.

Let θY : X(k) → H1(k, S) be the canonical evaluation map associated toY ;
that is,θY takesx ∈X(k) to the isomorphism class of the fiber ofY at x. Notice
that θY coincides with the mapα defined by(1.1). Indeed,α is the composition
X(k)→ H1(k,H )→ H1(k,H tor), where the first arrow is the connecting map
δ defined in 1.2 and the second one is the push-forward map induced byψ. Recall
thatδ(x) coincides with the isomorphism class of the fiber ofG→ X atx. Since
push-forward commutes with specialization,α(x) coincides with the isomorphism
class of the fiber ofY atx, and thusα = θY .

To finish the proof, it remains only to recall the isomorphism (1.2) and to apply
the diagram

X(k) × Br1X −−→ Br k

θY

y x ∥∥∥
H1(k, S)×H1(k,X(S̄ )) −−→ Br k.

Here the top row is the Manin pairing and the bottom row is the cup product.
The diagram is commutative up to sign (cf. [CS2, Prop. 2.7.10]),which proves the
theorem.

2. Brauer Equivalence over a Local Field

Theorem 2.1. LetG,H,X be as in 1.2. Assume thatk is a local field of char-
acteristic0 (archimedean or not). Then the mapα : X(k)→ H1(k,H tor) of (1.1)
induces a bijection

X(k)/Br ∼−→ im
[
ker[H1(k,H )→ H1(k,G)] → H1(k,H tor)

]
.
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Proof. It follows from Theorem 1.5 that two pointsx1, x2 ∈X(k) are Brauer equi-
valent if and only if(α(x1), η) = (α(x2), η) for everyη ∈H1(k,X(H̄ tor)). Since
k is a local field, the cup product pairing (1.3) is perfect (Tate–Nakayama duality,
cf. [Mi, Cor. I-2.4]), and it follows thatx1 andx2 are Brauer equivalent if and only
if α(x1) = α(x2). Thus the set of classes of Brauer equivalence is in a bijective
correspondence with imα. We see that we must describe only the image ofX(k)

in H1(k,H tor). But the image ofX(k) in H1(k,H ) is the same as the image of
G(k)\X(k), and it equals ker[H1(k,H )→ H1(k,G)]. Hence the image ofX(k)
in H1(k,H tor) is

im
[
ker[H1(k,H )→ H1(k,G)] → H1(k,H tor)

]
,

and the assertion of the theorem follows.

Theorem 2.2. LetG,H,X be as in 1.2, and assume thatk is a non-archimedean
local field of characteristic0. Then the mapα in (1.1) induces a bijection

X(k)/Br ∼−→H1(k,H tor).

Proof. SinceG is a simply connected group, by Kneser’s theorem (see [PR, 6.1,
Thm. 4]) it follows thatH1(k,G) = 1.We see now from Theorem 2.1thatX(k)/Br
is in a bijective correspondence with im[H1(k,H )→ H1(k,H tor)]. LetH ssude-
note ker[H → H tor]; it is an extension of a semisimple group by a unipotent group.
Becausek is local non-archimedean and(H ssu)tor = 1, the mapH1(k,H ) →
H1(k,H tor) is surjective (cf. [B, Cor. 6.4]). This proves the theorem.

3. Brauer Equivalence over a Number Field

Theorem 3.1. Let k be a number field, and letG,H,X be as in 1.2. Then the
map

X(k)→ G(k)\X(k) ∼−→ ker[H1(k,H )→ H1(k,G)] →
⊕
v

H1(kv,H
tor)

induces a bijection

X(k)/Br ∼−→ im

[
ker[H1(k,H )→ H1(k,G)] →

⊕
v

H1(kv,H
tor)

]
,

wherev runs over the set of places ofk.

To prove Theorem 3.1, we need a lemma.

Lemma 3.2 [MT, 4.5]. LetY be a variety over a number fieldk. Then the map
Y(k)/Br → ∏

v Y(kv)/Br is injective, wherev runs over the set of places ofk
and whereY(kv)/Br denotes the set of Brauer equivalence classes inY(kv).

Proof. Lety1, y2 ∈ Y(k), and assume thaty1 andy2 are Brauer equivalent inY(kv)
for all placesv of k. This means that(y1, bv) = (y2, bv) for everybv ∈ Br1Ykv .
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Let nowb ∈Br1Y.We wish to compare(y1, b) and(y2, b). Consider locv(yi, b)∈
Br kv (i = 1,2),where loc means localization. We have locv(yi, b) = (yi, locv b),
where locv b ∈ Br1Ykv . By assumption we have(y1, locv b) = (y2, locv b). We
see that locv(y1, b) = locv(y2, b) for all v. It follows that(y1, b) = (y2, b), be-
cause the map loc: Brk → ∏

v Br kv is injective. Thusy1 andy2 are Brauer
equivalent inY(k).

3.3. Proof of Theorem 3.1. Note that Br1G = Br k (cf. [S, 6.9(iv)]), hence
every orbit ofG(k) in X(k) is contained in one class of Brauer equivalence. It
follows that the mapX(k)→ X(k)/Br factors throughG(k)\X(k):

X(k)→ G(k)\X(k)→ X(k)/Br,

and these maps are surjective.
Consider the commutative diagram

X(k)/Br −−→ H1(k,H ) −−→ H1(k,H tor)

a

y y yd∏
v X(kv)/Br

b−−→ ∏
v H

1(kv,H )
c−−→ ∏

v H
1(kv,H

tor).

(3.1)

The image of the mapd is contained in
⊕

v H
1(kv,H

tor) (cf. e.g. [V, 11.3, Cor. 1
of Prop. 1]), and we obtain a map

X(k)/Br→ H1(k,H )→
⊕
v

H1(kv,H
tor).

Consider the maps

X(k)
e−→ H1(k,H )

f−→ ⊕
v H

1(kv,H
tor). (3.2)

Since in diagram (3.1) the mapa is injective by Lemma 3.2, and since the map
c B b is injective by Theorem 2.1, we see that in (3.2) the fibers of the mapf B e
are exactly the Brauer equivalence classes inX(k); thus

X(k)/Br ∼−→ im(f B e) = f(im e),

whence Theorem 3.1.

Theorem 3.4. In Theorem 3.1, assume thatk is a totally imaginary number field.
Then the bijection of Theorem 3.1 induces a bijection

X(k)/Br ∼−→H1(k,H tor)/X1(k,H tor).

To prove Theorem 3.4, we need a proposition and two corollaries.

Proposition 3.5. Let k be a totally imaginary number field and letL = (F̄ , κ)
be ak-kernel(k-lien) (see[B; FSS; Sp]for a definition), whereF̄ is a connected
linear k̄-group such thatF̄ tor = 1. Then every element ofH 2(k, L) is neutral.
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Proof. The proposition follows from [B, Thm. 6.8(iii) and Thm. 6.3(ii)]. Note
that in the case when̄F is semisimple, the proposition was proved in Douai [D,
Cor. 5.1]; see also [B, Cor. 6.9]. The proposition follows also from Douai’s result
and [B, Prop. 4.1].

Corollary 3.6. Letk be a totally imaginary number field and let

1→ G1→ G2→ G3→ 1

be an exact sequence of lineark-groups. IfG1 is connected andGtor
1 = 1, then

the mapH1(k,G2)→ H1(k,G3) is surjective.

Proof. We argue as in the proof of [B, Cor. 6.4]. Letξ ∈H1(k,G3), and letψ ∈
Z1(k,G3) be a cocycle from the classξ. According to Springer [Sp, 1.20], one
can associate toψ a k-kernelLψ = (G1k̄ , κψ) and a cohomology class1(ψ) ∈
H 2(k, Lψ) that is the obstruction to liftingξ to H1(k,G2). SinceGtor

1k̄
= 1, by

Proposition 3.5 the class1(ψ) is neutral and henceξ comes fromH1(k,G2).

Corollary 3.7. Let F be a connected linear group over a totally imaginary
number fieldk. Then the mapH1(k, F )→ H1(k, F tor) is surjective.

Proof. We have an exact sequence

1→ F ssu→ F → F tor→ 1,

where(F ssu)tor = 1. Now the corollary follows from Corollary 3.6.

3.8. Proof of Theorem 3.4. SinceG is simply connected andk is a totally
imaginary number field, we haveH1(k,G) = 1 (Kneser–Harder–Chernousov;
see [PR, Sec. 6.1, Thm. 6]). Thus ker[H1(k,H )→ H1(k,G)] = H1(k,H ). By
Theorem 3.1,X(k)/Br is in a bijective correspondence with

im

[
H1(k,H )→ H1(k,H tor)→

⊕
v

H1(kv,H
tor)

]
.

By Corollary 3.7, the mapH1(k,H ) → H1(k,H tor) is surjective. We see that
X(k)/Br is in a bijective correspondence with

im

[
H1(k,H tor)→

⊕
v

H1(kv,H
tor)

]
= H1(k,H tor)/X1(k,H tor).

Example 3.9. LetG be a simply connected absolutely almost simple group over
a number fieldk, let H ⊂ G be a connectedk-subgroup, and letX = G/H.

Assume thatX is a symmetric space, that is,H is the group of invariants of an in-
volution ofG. From the classification of involutions of simple Lie algebras (see
e.g. [H, X-5, p. 514]), it follows that dimH tor ≤ 1.

If H tor = 1 or if H tor is a one-dimensional split torus, thenH1(kv,H
tor) = 1

for all v; by Theorem 3.1,X(k)/Br consists of one element.
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If H tor is a one-dimensional nonsplit torus, thenH tor splits over a quadratic
extensionK of k. Assume in addition thatk is totally imaginary. Then, by The-
orem 3.4,X(k)/Br = H1(k,H tor)/X1(k,H tor). SinceK/k is cyclic, we have
X1(k,H tor) = 1 [V, 11.6, Cor. 3], and we see that

X(k)/Br = H1(k,H tor) = k×/NK/kK×,
whereNK/k denotes the norm map.
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