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THE RELATION OF WEAKLY DISCRETE TO SET
AND EQUINUMEROSITY IN MEREOLOGY

ROBERT E. CLAY

INTRODUCTION*

This paper deals with a formal system introduced by Lesniewski called
mereology, in which, as the name implies, the concept of "party of the
whole" is primitive. This system studies the properties of the collective
class. Mereology is based on ontology, a formal system in which " i s " is
the primitive term. Ontology in turn is based on protothetic or on proposi-
tional calculus and quantification theory.

The collective class differs greatly from the distributive class. How-
ever, under the condition, "the a's are weakly discrete", which we
introduce, the collective class of the a's and the distributive class of the
a's become alike with respect to equinumerosity. We are thus able to prove
the analogs of three important set-theoretic theorems under this condition.
Two of these were previously known for the condition, "the a's are dis-
crete", but the third is an entirely new theorem.

We then prove that for a certain class of statements dealing primarily
with equinumerosity, discrete and weakly discrete are inferentially equiv-
alent.

ONTOLOGICAL PRELIMINARIES

Ontology has the following very intuitive sole axiom.

01 [Aa]:.Aεa. = :[iB].Bεa:[CD]:CεA.DεA.^.CεD:[C]:CεΆ.o.Cεa

There is no rule which guides the use of capital and small letters. For
easier understanding we shall use capital letters for names that are known
to be proper and lower case letters otherwise. In this system two types of

*This paper is part of a Thesis written under the direction of Professor Bolestaw
Sobociήski and submitted to the Graduate School of the University of Notre Dame in
partial fulfillment of the requirements for the degree of Doctor of Philosophy with
Mathematics as major subject in August, 1961. Cf. [3].
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definitions are allowable, ontological definitions which are of the
form

[Aabc...] :Aεa (abc.. .). s AεA.β(Aabc...),

and protothetical definitions which are of the form

[abc...]:Σ(abc...). s .σ(abc.. .ABC.. .aβγ...)

where ABC . . . occur bound in σ and aβγ... are previous defined constants.
The construction of a constant of a certain semantical category auto-

matically supplies the rule of extensionality for that category.
We shall now give a list of basic definitions together with a few

scattered theorems. The basic properties of the terms defined are so ob-
vious that we have not bothered to list them. Neither these definitions nor
their properties will be specifically referred to in the body of the disserta-
tion.

02 [Aa] :Aεa.o.AεA
D01 [a]:\ {a}.Ξ. [gA] .Aεa
D02 [a].'.-*{a}. = :[AB]:Aεa.Bεa.D .AεB
03 [A]:AεA. = .\{A}.-±{A}
D03 [AB]:A=B. = .AεB.BεA
04 [AB].\A=B.= :AεA.BεB:[σ]:σ(A). = .σ(B)
D04 [AB]:A*B. = .AεA.BεB. — (A=B)
D05 [A]:AεV. = .AεA
D06 [A]:AεA. = .AεA.~(AεA)
DO7 [Aa\:AεN(a).= .AεA.~(Aεa)
D08 [ab]/.aθb. = :[A]:Aεa.Ώ.Aεb
D09 [ab].\aob. = :[A]:Aεa.^ .Aεb
05 [ab].'.aob. s :[σ]: σ(a). s . σ(b)
D010 [ab]:aCb. = ;\{a}.ac:b
D011 [Aab]:AεdΠb. = .Aεa.Aεb
D012 [Aab].\AεάUb. = :AεA:Aεa.v.Aεb
06 [Aab].\ AεάUb. = lAεa.v.Aεb
D013 [ab]:a(Σb. = .a<zb. ~(bca)
D014 [ab]:aEb. = .aCb.~(bCa)
D015 [abσ].'.a^b. = :\A\:Aεa.D . [^B].Bεb.Bεσ(A):[B]:Bεb

.Z).[%A].Aεa.Bεσ(A):[ABC]:Aεa.Cεa.Bεb.Bεσ(A).Bε
σ(C).= .A=C:[ABC]:Aεa.Bεb.Cεb.Bεσ(A).Cεσ(A).= .B=C

D016 [aby.aoob.^.l^.a^b1

D017 [ABσy.Aεσ^iB).^ .Bεσ(A).AεA
D018 [α6]:αSδ. = . [gc] .cc6.αoo C

D019 [ab]:aceb. =.a^b. ~ (a<*> b)

1. It can easily be shown thatD0I6 and the usual definition of equinumerosity are
equivalent in the field of ontology.
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MEREOLOGICAL PRELIMINARIES

In this paper we shall find it most convenient to use element el, in-
stead of pr as the primitive term, so we shall give an axiom system for el
closely related to the one given by Lesniewski for pr.

Ml [A]:AεA.D.Aεe\(A)
M2 [AB]:Aεe\(B).Bεe\(A). D .A=B
M3 [ABC]:Aεe\(B).Bεel(C).Ώ .Aεe\(C)
M4 [AB]:Aεe\(B). D .BεB
DM1 [Aa].\AεK\(a). = :AεA:[D]:Dεa.D .Dεe\(A):[D]:Dε

el(A).D ,[iEF].Eεa.Fεe\(D).Fεe\(E)
M5 [ABa]:AεK\(a).BεK\(a). D ,A=B
M6 [Aa]:Aεa. D . [ ^B].BεK\(a)

There are many theorems that were proved by Lesniewski or Sobo-
ciήski that will be needed in the proofs which follows. For the sake of con-
venient reference we shall give a complete list of all these below.

M7 [ABa]:Aεe\(B).Bεa. z> .Λεel(KI(α))
M8 [Aa]\Aεa.-D .Aεel(KI(α))
M9 [Aa]:Aεa. D .KI;(α)εKI(α)
M10 [Aa]:AεK\(a).Z) .[iB].Bεa
Mil [Aa]:AεK\(a).Ώ.A=Kl(a)
M12 [Aa]:Aεa.Ώ.A=K\(A)
M13 [ABCab]:AεK\(a).Bε\K\(b).CεK\(aUb).Z).CεK\(AΌB)
DM2 [AB]:Aεpr(B). = .Aεe\(B).~(A=B)
DM3 [Aa].\Aεs\(a). = :AεA:[D]:Dεe\(A). D . [3EF].Eεa.

Eεe\(A) .Fεe\(D).Fεe\(E)
M14 [Aa]:Aεa.^.Aεst(a)
M15 [ab]:a(Zb.Ώ.st(a)cs\(b)
M16 [Aa]:Aε.K\(a). D .Aεst(α)
M17 [Aa]:Aεsi(a).aczel(A). = .AεKl(a)
M18 [Aab]:AεK\(a).a(Zb.Z) .Aεst(b)
M19 [Aa]:Aεst(a).Ό .[ib].AεK\(b).baa
M20 [Aa]:Aεs\(a).Ώ.Aεel(K\(a))
M21 [Aa]:aczel(A). = .K\(a)c:e\(A)
M22 [ABab]:AεKl(a).BεKl(b).a<zb.-D .Aεel(B)
M23 [Aab]:AεKl(a).aab.^> .Aεel(K\(b))
M24 [AB].\AεA: [C]: Cεel(A). D . [ 3Z>]. Dεe\(C).Dεe\(B):

•D.Aεe\(B)
DM4 [AB].\Aεex(B). = :AεA.BεB:[C]:Cεe\(A).Ώ .~ (Cεe\(B))
M25 [AB]:Aεex(B). = .Bεex(A)
M26 [AB]:Aεe\(B). D . ~(Aεex(5))
M27 [ABC]:Aεe\(B).Bεex(C).^ .Aεex(C)
M28 [ABC]:Aεel(B).Cεex(B). D .Aεex(C)
DM5 [A]:AεUn. = .AεK\(V)
M29 [A]:AεA.D.Aεel(Un)
M30 [A]:AεA.[B].~(Bεex(A)). = .AεUn
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DM6 [α]:: dscr {«}. = .'. [AB].\Aεa.Bεa.^ :A=B.v.Aεex(B)2

DM7 [ABC]:AεCm(BC). = .AεK\(e\(C)Πex(B)).Bεe](C)
DM8 [ABC]:AεC\B0 = .AεCm(BC)
M31 [ABC]:AεC\B. D .Aεex(B)
M32 [ABC]:AεC\B.Ώ.Aεe\(C)
M33 [AB]:Aεpr(B). = .B\AεB\A
M34 [ABCD]:DεC\A.DεC\B.-D.A=B

1. THE TERMS WEAKLY OUTSIDE AND WEAKLY DISCRETE AND
THEIR RELATION TO SET AND EQUINUMEROSITY

Lesniewski has proved that

[a]:dscr{a}.~(-±{a}).Ώ.accst(a)3

and Sobociήski that

[ab]: dscr {a}. dscr {b}. a » b. p . st{a) <*> st(b).

The primary aim of this section is to prove that these theorems are still
valid if the condition discrete is replaced by the condition weakly discrete
(w-dscr) defined below. The proofs are based on the fact that w-dscr has
the following characterization:

[a].\ w-dscr {a}. =: [BCbc]:BεK\ {b).CεK\ (c).b c a.c c a.B=C. D.δoc,

that is, w-dscr is precisely the property that insures that distinct ontologi-
cal sets give rise to distinct mereological sets. Since the above theorems
are valid for ontological sets without the additional hypothesis, we can infer
that they are valid for mereological sets under the hypothesis of w-dscr.
However, this argument carries us into a combination of meta-ontology and
metamereology. We shall prove these theorems within the system of
mereology.

From the above characterization it is clear that if the a's are discrete
then the α's are weakly discrete.

In addition to the stronger versions of the above theorems we prove the
new result

[ab]: w-dscr {b}.a«> b. D.st(β)£st(δ).

We also introduce and investigate the term that two objects are weakly
outside each other if neither is an element of the other. This is used in
another characterization of weakly discrete.

2. The term dscr was introduced by Sobociήski who proved that it is primitive.

3. Lesniewski did not formally use the term dscr {a}.
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1.1 DEFINITION AND BASIC PROPERTIES OF WEAKLY OUTSIDE

Dl [AB]:Aεw-ex(B).=.AεA.BεB.~ (Aεe\(B)). ~ (Bεe\(A))
Tl [A]. ~CAεw-ex(A)) [D1,M1]
T2 [A5]:Aεw-ex(£). = .£εw-ex(A) [Dl]
T3 [AB]:Aε)N-ex(B).Ό.A*B [D1,T1]
T4 [AB]:Aεe\(B).Ώ.~(Aε\N-ex(B)) [Dl]
T5 [AB]:Aεex(B). D .Aεw-ex(£)
PF [A5]:Hp(l).=> 4

2) ~(Aεel(5)). [M26, 1]
3) £εex(A). [M25, 1]
4) ~(Bεel(A)). [M26, 3]

Aεw-ex(£) [Di, DM4, 1, 2, 4]
T^ [ABC]:Aεex(B).Cεe\(B).Ώ.Cε)N-ex(A) [M28, T5]
T7 [AB].\AεA.BεB:[C]:Cεe\(B).Ώ .Cεw-ex(A):Ώ .Aεex(B)

PF [A5].'.Hp(3):=>:
4) [C]:Cεel(J5).D.-(Cεel(A)): [Dl, 3]

Aεex(£) [DM4, 1, 2, 4]
T8 [AB].\Aεex(B). = :AεA.BεB:[C]:Cεe\(B).D.Cε\N-ex(A) [DM4, T6, T7]
T9 [AB]:AεA.BεB.~(Aεe\{B)).z>.[iC].Cεe\(A).Cεex(BΫ
PF [AB]. .HV(3).Ώ:

[gc]:
4 ) C ε e l U ) : I ΓM24 3 11
5) [D]: ~ (Dεel(C)).v. ~(Dεel(5)): J L ' ' J

6) [D]:Dεe\(C).Ώ.~(Dεe\(B))ι [5]
7) Cεex(B). [DM4, 4, 2, 6]

[3C].Cεel(A).Cεex(S) [4, 7]
ΓiO [AJ5]:Aεw-ex(5).D.[3CD].Cεel(il).Cεex(5).Dεel(J5).Dεex(A) [Dl, T9]
Til [AB].\[3C].Cεe\(A).Cεex(B):Ώ.~(Aεe\(B)) [M26, M3]
T12 [AB]:Aεw-ex(B). =. [ 3CD] .Cεel(A).Cεex(5).Dεel(5).Dεex(A)

[T10, Dl, ΓII, M4]
T13 [AJB].'.AεA.5ε5.MAεw-ex(Ή)).D:[3flδ]:Aε.KI(α).5εKI(6):αcό.v.6

PF [A5]. .Hp(3).D:
4) AεelU). [MI, 1]
5) Bεe\(B): [Ml, 2]
6) Aεel(B).v.BεelU): [Dl, 3, 1, 2]
7) K\(AUB)εe\(B).v.K\(AUB)εe\(A): [6, M2I, 5, 4, MP, 1]
8) AεKlf(A). [M12, 1]
9) 5εKI(,B): [MI2, 2]

10) AεKI(AU5).v.5εKI(AU5): [7, M2,M5]
[iab].AεK\(a).BεK\(b):ac:b.v.b<za [10, 8, 9]

4. 'Hp.' indicates the hypotheses, which are assumed to be numbered in the order
of their appearance in the statement of the theorem.

5. This theorem was previously known.



330 ROBERT E. CLAY

T14 [AB].\[iab].AεK\(a).BεK\(b).a<zb:Ό.~(Aε>N-ex(B)) [M22, T4]
T15 [AB].'.Aεvί-ex(B). = :AεA.BεB:[ab]:AεK\(a).Bεk\(b).Ό.

- ( α c δ . v . δ c α ) [T13, T14, Dl, T2]
T16 [A]:AεUn.D.[5].M5εw-ex(A))
PF [A]. .Hp(l). D:

2) [B]:BεB.Ώ.Bεe\(A): [M29,l]
3) [b]:BεB.Ώ .^(Bεvi-ex(A)): [T4,2]
4) [B]:~(BεB).i> .~(Bε\N-ex(A)): [Dl]

[£].~(£εw-ex(A)) [3,4]
Ti7 [A]:AεA.[£].M£εw-ex(A)).D.AεUn [M30, T5]
T18 [A]:Aεl)n. = .AεA.[B].~(Bε\N-ex(A)) [T16, T17]
T19 [A£]:Aεw-ex,CB). = .AεA.5ε5.-( i l=5) .-Uεpr(β)) .- ' (5εprU))

[2>1, DM2]

1.2 DEFINITION AND BASIC PROPERTIES OF WEAKLY DISCRETE

D2 [a].\\N'dscr{a}. = :[Ab]:Aεa.bc:a.Aεe\(K\(b)).Ώ.Aεb
T20 [Aab]:ascr{a}.Aεa.b<za.Aεe\(K\(b)).D .Aεb
PF [Aαδj:Hp(4).D.

5) £εδ. I
6) Fεe\(A). \[DM1,4]
7) Fεel(£). )

8) ~(Aεex(£)). [DM4, 6, 7]
9) Eεa. [5, 3]

10) A=E. [DM6, 1, 2, 9, 8]
Aεb [5, 10]

T21 [a]: dscr{α}. ^ .w-dscr{α} [T20, D2]
T22 [BCDacd]:.[Ab]:Aεa.bc.a.Aεe\(K\(b)).-D .Aεb:CεK\(c).DεK\(d).c <za.

dca.D=C.Bεc:o .Bεd
PF [BCDacd].\Hv(Ί):o.

8) Bεa. [7,4]
9) Bεe\(C). [M8, 7,2, Mil]

10) 5εel(Z>). [6, 9]
Bεd [1, 8, 5, 10, 3, Mil]

T23 [CDacd]:v*-dscr{a}.CεK\(c).DεK\(d).dc:a,cc:a.D=C.^.cod
[D2, T22]

T24 [a]/ .v/-dscr {a} .^:[CDcd]: CεK\(c).DεK\(d).c <za.d^a.C=D. D.cod
[T23]

T25 [Aa]:Aεa.Aεe\(K\(a-A)).Z) .[iCDcd] .CεK\(c).DεK\(d).cc:a.dc:a.
C=D.~(cod)

PF [Aα].\Hp(2).D:
3) KI(α-A)εKKα-A). [M4, 2]
4) K\(a-A)εst(a): [M8, 3]
5) [Z)]:Z)εα.D.i)εel(KI(α-A)): [M5, 2]
6) KI(α-A) = KΓ(α). [M17, 4, 5, Λfii]
7) -Mόα). [1]

[3C2)crf].CεKI(c).Z)εKI(έ0.cCfl.dfcα.C=/>.Mcoί0 [6, 7]
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T26 [Aa]:Aεa.K\(a-A)εe\(A).z>.[^CDcd].CεK\(c).DεK\(d).cC.a.dcza.
C=D.~(cod)

PF [Aa].m. Hp(2).=):

3) Aεe\(A): [Ml, 1]
4) [D]: Dεa-A. D .Z)εel(A): [M3, M8, 2]
5) [D]:Dεa.-D.Dεe\(A): [3,4]
6) Aεst(a). [M14, 1]
7) A=K\(a). [M17, 6, 5, Mil]
8) K\(a-A)εK\(a-A). [2]

[ 3 * ] -
9) Bεa-A. [M10, 8]

10) ~(Aoα). [9]
[3C2)c^] .CεKI(c).i)εKI(£θ.cCα.ίfCα.C=Z).-'(coίO [7, M12, 1, 10]

T^Z [a].\[Cdcd]:CεK\(c).DεK\(d).cc:a.d<^a.C=D. Z) .cod:Ώ:[AB]:Aεa.
BεK\(a-A).D.Aε)N-ex(B) [Dl, T25, T26]

T28 [ABa]:Aεa.Bε$t(a-A).Aεe\(B).Ό.[iCD].Cεa.DεK\(a-C).~(Cε>N-ex(D))
PF [A5ώ]:Hp(3).D.

4) BεeKKKα-A)). [M20, 2]
5) Aεel(KI(α-A)). [M3, 3, 4]
6) -Uεw-ex(KKα-A))). [T4, 5]

[ijCZ)].Cεα.2>εKI(fl-C).'-(Cεw-exU>)) [1, M4, 4, 6]

T2P [A^iAεα.^εstία-AJ.BεeKA). D . [ iCD].Cεa.DεK\(a-C).~(Cε\N-ex(D))

PF [ABfl]:Hp(3).3.
4) Bεe\(B). [Ml, 2]

[3C].
5) Cεα. )
6) -(CεA). [ [DM3, 4, 2]

7) CεeKB). j
8) Cεel(A). [M3, 7, 3]
9) Aεα-C. [1,6]

10) Aεel(.KI(α-C)). [M8, 9]
11) Cεel(KI(α-C)). [M5, 8, 10]
12) ~(Cεw-ex(KI(α-C))). [Γ4, 11]
13) KI(α-C)εKI(«-C). [M4, 10]

[3C2)].Cεα.^εKI(G-C).-(Cεw-ex(i))) [5, 13, 12]
T30 [a].'. [CD]:Cεa.DεK\(a-C). D .Cεw-ex(i)): D : [A5]:Aεα

.5εst(β-A).D.Aεw-ex(Z)) [Dl, T28, T29]
T31 [Aab].\[BC]:Bεa.Cεs\(a-B).Z).Bεw-ex(C):Aεa.bc:a.

~(Aε6):D.~(Aεel(KI(6)))
PF [Aα6]. .Hp(4):D.

5) δCβ-A, [3,4]
6) st(δ)cst(α-A). [Mi5, 5]
7) K\(b)ast(a-A): [M16, 6]
8) KI(δ)εKI(δ).D.Aεw-ex(KI(δ)): [ 1 , 2 , 7 ]
9) KI(6)εKI(6).D.-(Aεβl(KI(6))): [T4, 8]

-(Aεβl(KI(6))) [9, M4]
T52 [α]. . [BC]:5εα.Cεst(α-5).D .5εw-ex(C): D : [Ab]:Aεa

.6cα.Aεel(KI(6)).3.Aεδ. [T3I]
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T33 [a].\]N-dscr{a} .= :[CDcd]:CεK\(c).DεK\(d).cc:a.dcza.C=D. D.cod
[T24; T27, T30, T32, D2]

T34 [α].\ w-dscr {«}. = : [AB]:Aεa.BεK\(a-A). D .Aεw-ex(£)
[T33,- T27, T30, T32, D2]

T35 [a].9.w-dscr{a}. = ,[AB]:Aεa.Bεst(a-A). D .Aεw-ex(.B)
[T34, T30, T32, D2]

T36 [AB]:A*B.Ό .B=K\((AΌB)-A)
PF [A5]:Hp(l).D.

2) B=(AΌB)-A. [1]
B=Kl((AUB)-A) [M12, 2]

T57 [AJ5(]:Aεw-ex(β).D.w-dscr {A-US}
PF [AΛ]. .Hp(l).D.

2) A+5. [T3, 1]
3) Aεw-ex(K.I((AUB)-A)). [T36, 2, 1]
4) J5εw.-ex(.KI((AlU5)-J5)): [T36, 2, 1,Γ2]
5) [CZ>]:CεAUJ3.-Dε.KI((AU5)-C).D.Cεw-ex(Z)): [3,4]

w-dscr{AU5} [T34, 5]
T35 [AJ3to]:w-dscr{fl}.Aεα.5εα.~(A=β).D.Aέw-ex(-B)
PF [A5fl]:Hp(4).D.

5) Bεa-A. [3,4]
6) Bεst(α-A). [M14, 5]

Aεw-βx(£) [T35, 1, 2, 6]
T3P [AJ5]:Aεw^-ex(5). = .AΦ5.w-dscr {AU^}
T40 [αδ]: acδ.w-dscr{d}. D .w-dscr {α}6

PF [αδ]. .Ήp(l).D:
3) [A].α-Acδ-A. [1]
4) [A].st(α-A)cst(δ-A): [Ml5, 3]
5) [A5]:Aεα.JBεst(α-A).D.Aεw-βx(B): [T35, 1, 4]

w-dscr {«} [Γ55, 5]

1.3 THE RELATION OF WEAKLY DISCRETE TO SET

T41 [ABa]:Aεa.Bεa.~(A=B).Ώ .-'(w-dscr'{st(fl)»
PF [ABa].-.Hp(3).D:

4) AUBaa. [1, 2]
5) AεAlΛB. [1]
6) BεAUB. [2]
7) KI(AU5)εst(α). [M9, 5, M18, 4]
8) Aεst(α). [Mi4, 1]
9) Bεst(β): [M14, 2]

10) -(A=kl(AU5)).V.~(^=KI(AU5)): [3]
11) -(Aεw-ex(Kl(AU5))). [M8, 5, T4]
12) ~(Bεw-ex(KI(AU5))). [M5, 6, T4]

-(w-dscr{st(α)» [T38, 10, 7, 8, 11, 7, 9, 12]

6. Proved for discrete by Sobocinski.
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T42 [α]:w-dscr{st(α)}.=\-^{tf}7 [T41]

T43 [Aab]:)N-dscr{a}.st(a) ost(b).Aεa.^> .Aεb
PF [Aαδ]. .Hp(3).D.

4) Aεst(α). [M14, 3]
5) Aεst(6). [4, 2]

6) Aεe\(A): [Ml, 3]

[3*]:

« Sin,. | ί β Λ ί 3 5 6i
9) Eεsφ). [Ml4, 7]

10) £εst(α), [9, 2]
11) Eεe\(E). [Ml, 7]

S £'.«. ) I™'10'11]

14) Fεel(A). [M5, 8, 13]
15) - ( F ε w - e x U ) ) . [T4, 14]
16) F=A. [T35, 1, 3, 12, 15]
17) Aεel(E). [13, 16]
18) A=£. [M2, 8, 17]

Aεδ [7, 18]
T44 [ab]: w-βltcr {«} .*t(β) o *t(δ). ^.aab8 [T43]
T45 [ab]: w-dscr {α}. w-dscr {δ}. st(α) o βt(δ). D . α o δ 8 [T44]
T4^ [α]: w-dscr { α } . - (-^{α}). D . ~ (βo st(α))8 [Γ42]

1.4 THE RELATION OF WEAKLY DISCRETE AND SET TO EQUI-
NUMEROSIΊΎ. Our first objective in this section will be to prove the
analog of the Great Theorem of Cantor.

D3 [Aaσ]:AεΣa (ad). = .Aεa. [iB].Bεst(a).Bεv(A)m ~(Aεel(B))
T47 [Aaσ]:}N-dscr{a}.aξosX(a).AεKl(Σa(aσ)).Ώ.[^B].BεA
PF [Aασ].'.Hp(3).D.

4) Aεst(a): [M18, 3, Dί\
5) [C]:Cεs\(a). D .[^D\.Dεa.Cεσ(D)\ [2]
6) [CDE]:Cεa.Dεs\(a).Eε$t(a).Dεσ(C).Eεσ(C).^.D=E: [2]

7 ) B ε a \ Γ4 51
8) Aεσ(B): } [*> ^
9) Bεe\(A).Z).BεΣa(aσ): [D2, 1, 7, Z>3, 3,M12]

10) Bεel(A).D.[C]:Cεst(α).Cεσ(5).D.βεel(C): [6, 7, 4, 8]
11) Bεe\(A).Z).~(BεΣa{aσ)): [D3} 10]
12) - (5εe l (A)) . [9, 11]
13) J5εΣα(ασ). [D5, 7, 4, 8, 12]

7. Proved for dscr by Sobociήski.

8. Proved for discrete by Sobociήski.
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14) ~(BεΣa(aσ)): [M8, 12, 3, Mil]
[βB].BεΛ [13,14]

T48 [aσ]:)N-dscr {a} M£st(a).Ώ .[A].~(AεK\(Σa(aσ))) [T47]
T49 [Aaσ]:vt-dscr{a}.a'S>st(a).Aεa.i> .Aεσ(Ά)
PF [Aflσ]. .Hp(3).3:

4) Aεst(a): [M14, 3]
5) [C]:Cεst(a).^> .[iD].Dεa.Cεσ(D): [2]

6) £εa. [5,4]
7) AεσtB). '
8) Bεe\(A). [T48, 1, 2, MS, 6, 4, 7, Zλ3]
9) ~(5εw-ex(A)). [T4, 8]

10) A=5. [T3S, 9, 1, 3, 6]
Aεσ(A). [7, 10]

T50 [Aa]: w-dscr {a} .a <*> st(α).Aεst(α). D . Aεa
PF [Aβ]::.Hp(3).D.\

[ 3 σ ] Λ
4) aZst(a): [2]
5) [C]:Cεst(α).D .[^D].Dεa.Cεσ(D): [4]
6) [Ci)£]:Cεα.i)εst(α).Eεst(α).Z)εσ(C):£εσ(C).D .D=£: [4]

[ 3 B].
7) 5εα. ) r 5 ]

8) Aεσ(B). / L 3 ' 5 J

9) Bεσ(B). [T49, 1, 4, 7]
10) Bεstj&i). [MI4, 7]
11) A=B.'. [6, 7, 3, 10, 8, 9]

Aεa [7, 11]
T5I [α]:W-dscr{α}.αoost(α).D.-^{α} [T50y M14, T46]
T52 [α]: w-dscr{«}. ~(-±{a}).^ .a*s\(a) [T51,M14]

We have thus proved the analog of the Great Theorem of Cantor.

T53 [ab]: w-dscr {a}.bca.b<*>st(a).^ .-±{a}9

PF [αδ]:Hp(2).D.
4) 6 « β. [2]
5) αoost(α). [3, 4, MI4]

-Mα} [T5I, 1,5]

The definition Z>5 used here is a simplification of the definition used in
the proof of T52 under discrete. In that proof T53 was proved first and
then T52 followed almost immediately. The proofs of T52 and T53 under
discrete required seven theorems and 105 points of proof as opposed to
seven theorems and 44 points of proof under weakly discrete.

We now proceed to the second theorem of our primary aim.

[ab]: w-dscr {a}. w-dscr {b} .a°°b.z) .st(α) <*> st(δ).

9. Proved by Lesniewski for discrete.
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We actually shall prove a somewhat more specialized theorem, namely, if σ
is a one-to-one relation from a onto b, then σ can be extended to a one-to-
one relation Σ, from st(<z) onto st(δ). There seem to be two natural methods
of procedure, each of which yields a solution.

The first method. Consider an arbitrary non-empty subname, c, of a.
Let d be the name of the images of c under σ. Now form the mereological
classes of c and d, which are non-empty subnames of st(α) andst(δ)
respectively. Now define Σ so that Σ(KI (c)) = Kl (d).

The second method. Consider any non-empty subname A of st(a). Let
c be the name of all those a's which are mereological elements of A, and d
be the name of all the images of c. Now form B, the mereological class of
d, and define Σ so that Σ(A) = B.

At first glance these two methods seem to be equivalent, and indeed, if
both the a9s and the b's are weakly discrete, the same Σ is defined. The
distinction lies in the order in which the concepts of subname and mereo-
logical class are used. In the first method, first subname is used and then
mereological class, while in the second method the order is reversed.
Were both concepts distributive, the order should be immaterial, but we
shall see below that if weakly discrete is removed from the hypotheses the
two relations defined are quite distinct.

Consider the first method. If b is not weakly discrete, then Σ is many-
to-one. If a is not weakly discrete, then Σ is one-to-many. If neither a nor
b is weakly discrete, the Σ is many-to-many. In every case, Σis onto st(δ).

In the second method, if b is not weakly discrete, then Σ is many-to-
one and onto st(δ). If a is not weakly discrete, then Σ is one-to-one, but
strictly into st(b). Ίi neither is weakly discrete, then Σ is many-to-one and
strictly into st(δ).

The second method can be refined as follows. Once £has been defined,
let / be the name of all those b which are mereological elements of B and
e be the name of all the pre-images of/ under σ. Let C be the mereological
class of e. C is, in fact, the largest (in the mereological sense) of all those
st(α) which are related to B by Σ in the second method. Now define Σ so
that Σ(C) =B . This relation has the advantage of always being one-to-one.
If b is not weakly discrete, then it fails to have all of st(α) as its domain. If
a is not weakly discrete, it is strictly into st(δ).

The theorem

[ab]: w-dscr {b}. a <*>b. D .st(α) £ st(δ)

is also of importance. Since the first method fails to prove this theorem,
we shall employ the second method in this dissertation. The refinement of
the second would be useful in studying equinumerosity if neither a nor b is
weakly discrete. Some of the definitions used here were employed by B.
Sobociήski in his proof using discrete.

T54 [BCa].\Bεst(a).Cεst(a):[A]:Aεa.Aεel(B). D .Λεel(C): p .Bεe\(C)10

PF [BCα].". Hp(3):D:

[ 3 * ] :

10. This theorem was previously established by Sobociήski.
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ί) SεKI(6): }tM19>V
6) [A]:Aεb.z>.Aεa.Aεe\(B): [4, M8, 5, Λfϋ]
7) μ]:Aεδ.D.ilεel(C): [6,3]
8) Ki:(6)cel(C). [M21,Ί]

Bεel(C) [5, 8]
D4 [ABabσ]:BεΦa(Aabσ). = .Bεb.[^C].Cεa.Cεe\(A).Bεσ(C)2

D5 [Babσ]:BεΣ(abσ).= .Bεst(b)-b.[^A].Aεst(a)-a.BεK\(Φa(Aabσ))
D6 [ABabσ]:BεΣ^abσ)-{A). = .B εK\(Φ a(Aabσ))
T55 [ABC]:BεΣίabσ) (A).CεΣtabσHA).Ώ .B=C [D6, M5]

This proves that Σ ζabσ)- is a many-to-one relation without the use of the
condition of weakly discrete.

T56 [ACDabσy.aZob.Φa (Aabσ)oΦa (Cabσ).Dεa.Dεe\(A). D .Dεe\(C)
PF [ACDabσ].'. Hp(4). D :

5) [£]:£εα.D.[3>1].Fεδ.jPεσ(jB): [1]
6) [£FG]:£εα.ί1εα.Gε6.Gεσ(£).Gεσ(F).D.E=JF: [1]

7 ) 5 ε 0 ! Γ5 31

9) 5εΦ«(Aαδσ). [D4, 7, 3, 4, 8]
10) BεΦaiCabσ). [9, 2]

11) Eεa. )
12) Eεe\(C). \ [D4, 10]
13) Bεσ(E). )
14) 2)=E. [6, 3, 11, 8, 13]

Z>εel(c) [14, 12]
T57 [ABCabσ]:w-dscr{b} .a £b.Aεst(a)-a.Cεst(a)-a.BεΣ{abσ)-(A).

BεΣUbσUQ.Ώ.A=C
PF [ABCabσ].\Ep(6).Ό:

7) BεK\(ΦAAabσ)). [D6,b]
8) BεK\(Φa(Cabσ)). [2)6,6]
9) Φa(Aabσ)oΦa(Cabσ): [T33,l, 7, 8, D4]

10) [D]:Dεa.Dεe\(A).Ό .Dεe\(C): [T56, 2, 9]
11) Aεe\(C): [T54, 3 , 4 , 10]
12) [D]:Dεa.Dεel(C).Ώ.Dεe\(A): [T56, 2, 9]
13) Cεel(A). [T54, 4, 3, 12]

A=C [M2, 9, 11]

T57 together with T55 proves that under the condition that b is weakly
discrete, Σ{abσ}is one-to-one.

Next we shall show that Σ^abσ)- maps the s\{ά)-a into the st(b)-b.

D7 [ABabσ]:AεΦa(Bbaσ). =. Aεa. [iC].Cεb.Cεe\(B).Cεσ(A)
T58 [Aabσ]:}N'dscr{b}.a%b.Aεsi(a)-a.Ώ.[jB].Bεst(b)-b.

BεK\(Φa(Aabσ)).
PF [Λα6σ].: :Hp(3).D::

4) [C]:Cεα.D.[3B].5ε6.Bεσ(C): [2]
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5) [CDE]:Cεb.Dεa.Eεa.Cεσ(D).Cεσ(E).z>.D=E:: [2]
[ 3 E ] : :

!> Γβiu). }lBM3,M1>3]

8) ~(A=E). [3, 6]
9) ~(Aεe\(E)). [M2, 8, 7]

10) Eεst(a).\ [M14, 6]
[lFG].\

11) Gεa. \
12) GεelU). } [T54, 9, 3, 10]
13) ~(Gεe\(E)). j
14) ~(G=E) [Ml, 13]
15) Fεb. }
16) Fεσ(£). ) L 4 > 6 J

17) FεΦa(Aabσ): [D4, 15, 6, 7, 16]
[gitfZ]:

18) BεK\(Φa(Aabσ)). [M6, 17]
19) -F&el(5). [M9, 17, Mil, 18]
20) ~CFεw-ex(£)). [Γ4, 19]
21) Fεδ.
22) #εσ(G). / L ' J

23) HεΦa(Aabσ): [D4, 21, 11, 12, 22]
24) JF=#. D .G=E: [5, 15, 6, 11, 16, 22]

25) ~(F=H). [24, 14]
26) Fεel(5)o [Mδ, 23, M i l , 18]
27) -(HεyN-ex(B)): [T4, 24]
28) - (J3=F). v . - (5=^7): [25]
29) ~(Bεb). [28, T35, 20, 1, 15, T38, 27, 1, 21]
30) Bεs\(b)-b:: [MIS, 18, D4, 29]

[lB].Bεst(b)-b.BεK\(Φa(Aabσ))m [30, 18]
T59 [Aabσ]:\N-dscr{b} .a£b.Aεstίa)-a.Ώ .[iB].BεΣ(abσ)

.BεΣiabσ)-(A) [T58, D5, D6]
T60 [Babσ]:BεΣ(abσ).Ώ.[iA].Aεst(a)-a.BεΣtabσHA) [D5, D6]
T61 [abσ]:\N-dscr{b\.a£b.D.st(a)-a^at>σ} Σ(abσ)

co

PF [α6σ].\Hp(2).D:
3) [A]:Aεst(a)-a.D.[iB].BεΣ(abσ).BεΣiabσ)-(A): [T59, 1, 2]
4) [ABC]:Aεst(a)-a.Cεst(a)-a.BεΣ(abσ).BεΣ{abσ)-(A).Bε

Σ{abσ)-{C). D .Λ=C: [T57, 1, 2, Z>5]

s t ( α ) - α ^ σ ) " Σ̂ βδσ)- [3, 4, 2W, T55]
co

T62 [flδ]:w-dscr{δ}.αooδ.D.st(β)-α^st(6)-δ [T5i, D5]

T63 [fl6]:w-dscr{6}.e°°6.D.st(a)^st(6) [T62]
The validity of T63 depends upon the ontological fact that b and st(δ)

have no objects in common.
We now invoke the ontological analog at the Schroeder-Bernstein

Theorem to arrive at
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T64 [ab]:w-dscr{α}.w-dscr {b}. 0 <*> &. D .st(α) «> st(δ)11 [ T63]

2. THE EQUIVALENCE OF WEAKLY DISCRETE AND DISCRETE
WITH RESPECT TO EQUINUMEROSITY

THEOREM. Let Σ(a,b,..., oc, <*>, st(a), s t (δ) , . . . , ) be a mereological
proposition involving, only the mereological terms indicated, then the
statements

(i) [ab...]:dscr{a}.dscr{b} D.σ
(ϋ) [ab... ]: w-dscr {a}. w-dscr { b} D.σ

are inferentially equivalent. That (ii) implies (i) is an immediate conse-
quence of T21. The converse depends upon a theorem which is proved be-
low.

T65 [ABCD]:Aεe\(K\(BUC)).-±{c\.Aεex(B).Dεe\(A).Z) .[3E].Eε
e\(D).Eεe\(C)

PF [ABCD]: Hp(4).D.
5) Dεe\(K\(BΌC)). [M3, 4, 1]
6) Dεex(B). [M27, 4, 3]
7) .Kl!(BUC)εKI(BUC). [M4, 5]
8) BεB. [DM4, 6]

9) EεBΌC. \
10) Fεe\(D). i [DM1, 7, 5]
11) Fεe\(E). j
12) ~(EεB). [9, 8, 11, 10, DM4, 6]
13) E=C. [9, 12, 2]
14) Fε!el(C). [11, 13]

[lE].Eεe\(D).Eεe\(C) [10, 14]
T66 [ABC]:Aεel(K\(BUC)).-±{c}.Aεex(B).Z) .Aεe\(C) [M24, T65]
D8 [Ba]:Bεδ(a). = .[iA].BεK\(a)\K\(a-A)
T67 [ABa]: Aεa.B εKI^(α)\KI(α -A), D . B εel (A)
PF [ABa]: Hp(2).D.

3) Bεex(K\(a-A)). [M5i,2l
4) Bεe\(K\(a)). [M32,2\
5) (a-A)UAoa. [1]
6) 5εel(KI((α-A)UA)). [4, 5]
7) Bεe\(K\(K\(a-A)UA)). [M13, 6, M12, 1]

5εel(A) [T66, 7, 1, 3]
TC5 [A5α]:Aεδ(a).Bεδ(a). ~(A=B). D .Aεex(J5)
PF [ABa]: Hp(3).=>.

[*CD].
4 ) C ε α \ ΓDS 11
5) AεKI(α)\KI(α-C). j L ' J

11. To prove T64 without the Schroeder-Bernstein result would require another
three pages of print.
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6 ) DZa- \ \DR 21
7) BεK\(a)\K\(a-D). ) L *' J

8) ~(K\(a-C)oK\(a-D)). [3, 5/7, DM8, DM7, M5]
9) ~(CoZ>). [8]

10) Cεα-2). [4, 6, 9]
11) Aεel(C). [T67, 5, 7]
12) Aεe\(K\(a-D)). [M 7, 11, 10]
13) £εex(KI(α-Z>)). [MSI, 7]

Aεex(B) [M28, 12, 13]
T69 [a]. dscr {δ (a)} [DM6, T68]
D9 [ABa):Bzδ{a\{A).= .Aza.BzK\(a)\K\(a-A)
T70 [Ba]:$εδ(a).Z). [ g A]. Aεa.Bεb{a) {A) [D8, D9]
T71 [Aa]:)M'dscr{a}.Am.^(^{a}).Ώ.[jB].Bεδ(a).Bφ^aHA)

PF [Aa]: Hp(3).=>.
4) !{α-A}. [2,3]
5) Kl(a-A)εKl(a-A). [M9, 4]
6) KI(α-.A)εel(KI(α)). [M23, 5]
7) Aεw-ex(KI(α-A)). [T34, 1, 2, 5]
8) ~CAεel(KI(fl-A))). [Γ4, 7]
9) Aεel(KI(α)). [M8, 2]

10) -(KI(α-A)=KI(α)). [8,9]
11) KI(α-Λ)εpr(KI(α)). [2)M2, 6, 10]
12) KI(α)\KI(fl-A)εKI(α)\.KI.(α-i4). [M33, 11]
13) KI(β)\KI(fl-A)εδ(α). [Z», 2, 12]
14) K\(a)\K\(a-A)εδ^aHA). [D9, 2, 12]

[3β].J3^δ(α).Bεδ4α)-(A) [13, 14]
T72 [A5Cα]:JBεδ-(αHA).Cεδ4αHA).D.5=C [M5, Z)̂ ]
T73 [ABCa]:CεδίaHA).Cεδ4aHB).ψr-dscr{a}.~(A=B).Ό.CεA
PF [A5Cfl]:: Hp(4).D. .

5) CεKI(β)\KI(β-<A). I Γ Π Q 1 Ί

6) Aεa. ) lJ*> 1 J

7) CεK\(a)\K\(a-B). \ [nQ ,
8) Bεa. ] [W> 2 J

9) Bεa-A. [6, 8, 4]
10) Bεel(K\(a-A)). [M9, 9]
11) KI(α-A) = KI(α-5). [M34, 5, 7]
12) 5εeί(KI(α-5)). [10, 11]
13) -(5εw-ex(KI(n-^). [T4, 12]
14) -(w-dscr{α}). [ T34, 8, 11, 13]
15) Cε/v [3, 14]

T74 [ABCa]:vi-dscr{a}.Cεδ{a)-(A).CεδiaHB).^ .A=B [T73]
T75 [Aa]: w-dscr {a}. —(-^{fl}). =>. [ g 6].α « δ.dscr {δ}
PF [α].\Hp(2).D:

3) [A]:i4εα.D.[3jB].J5εδ(α).5εδ-(flHA): [Γ7i, 1, 2]
4) [A5C]:Cεδ (αHΛ).Cεδία)-(5).D.A=5: [Γ74/1]
5) a°oδ(a). [3, Γ70, 4, T74]

[gδ].αooδ.dscr{6} [5, T69]
T76 [α]:w-dscr{α}.D.[gδ].αooδ.dscr{δ} [Γ75, DM6]
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(i) implies (ii) now follows immediately from T76, T21, and T64.
We see therefore, that the main theorems proved in section 1.4 are

only apparently stronger than the previously known theorems. Since w-dscr
is precisely the condition that insures that distinct ontological names give
rise to distinct mereological sets, the proofs using it are not only shorter,
but also more natural.
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