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CERTAIN SETS OF POSTULATES FOR DISTRIBUTIVE LATTICES
WITH THE CONSTANT ELEMENTS

BOLESLAW SOBOCINSKI

The single aim of this note is to establish such axiomatizations of
distributive lattice with the constant elements, i.e. either with I and O, or
with I only or with O only, that each of the equational axiom-systems
presented here will contain one and only one axiom in which no constant
element occurs. Since the constructions of such axiomatizations are related
to certain results previously obtained and published by some other authors,
the involved investigations will be referred to briefly in section 1.

1 G. D. Birkhoff and G. Birkhoff have established, cf. [1], [2], pp. 135-137,
and [3], pp. 34-35, that any algebraic system

D =(A,n,u,I)

with two binary opervations N and u, and with one constant element [c¢A
which satisfies the following seven postulates

K1 [al:aeA .D.I=aul

K2 lal:aeA .D.I=1uva

K3 [al:a€A .D.a=anlI

K4 lal:aeA .D.a=1na

K5 |a]l:a€A .D.a=ana
[

K6 [abcl:a,b,ceA.D.an(buc)=(and)u(anc)
K7 |abcl:a, b,ceA.D.(buc)na=(bna)u(cna)

is a distributive lattice with I.

In [4], pp. 26-27, Croisot has shown that these axioms are mutually
independent, cf. [2], p. 139, problem 65, and, moreover, he has proved that
the axioms K1-K7 are inferentially equivalent to the axioms K1, K3, K5 and

L1 J[abcl:a, b,ceA.D.an(buc)=(cna)u(bna)

2 Theorem 1. Any algebraic system

a=<AynsU: 170>
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with two binary opervations N and U, and with two constants [€A and OeA
which satisfies the following four postulates

Al
A2
A3
A4

[a]:a€A . D . I=aul
[a]l:aeAd . D.a=anI
[¢]:aeA .D.a=au0
[abc]:a,b,ceA . D.an((dnb)uc)=(cna)u(dna)

is a distvibutive lattice with I and O.

Proof: Let us assume the formulas AI-A4. Then:

A5
PR

A6
PR

A7
PR

A8
PR

A9
PR

Alo
All
PR

Al2
Al3
PR

Al4
PR

Als

[ab]l:a,beA . D .a=(Ina)u(dna)

[ab]:a,beA . D .

a=anl=an((dbnd)ul)=(Ina)u(bna) [A2; A1; A4]
abcl:a,b,ceA . D.(bncju@nc)=cn((bua)u®ua))

labc)l ia,b,ceA . D.

@nc)uvl@nc)=cn((ana)ubd) [A4]
=cn((In(l@na)ud)u(In(ana)ud)) [A5]
=cn((dnDu(@nI)u((dnI)u(anl)) [A4]
=cn((dua)u (bua)) (a2]

[al:aeA . D . In(@@ua)=a

[a]:aed .D.

In(@aua)=In({((Ina)u(Ina))u((Ina)u(lna))) [A5]

=((Ina)nu({(Ina)nl) [A6]
=(Ina)u(Ina)=a [A2; A5]

[al:aeAd .D . Tua=1

[a]:aed .D.

ITua=(InDu(@n=In(@ana)ul)=InI=1 [A2; A4; AT]

[abl:a,bed .D.a=(Bna)u(lna)

[ab] :a, beA . D,

a=anl=an(Iub)=an((InI)udb)=(Bna)u(lna)
[A2, A8; A2; A4]

[ab]l:a,bed . D . (Ina)u(dna)=(bna)u(lna) [A5; A9]

avn@ua)=Un(ava) udn(aua) [47]
=(bn(ava)u(lnauva) [A10]
=(n@va)va [47]

In0=0 [A3; A7)

[a]:aed.D.0=an0

(an0) u(InO)=(an0)uO=an0 [A9; A12; A3]

InO=In(@nO)=In(an(0u0)) =In(an{(0ON0O)uO))
[A12;A13; A3; A13]
=In((0Onau(©na)=0na [A4; A7
[al:aeA.D.a=0va



POSTULATES FOR DISTRIBUTIVE LATTICES 121

PR [a]:aed .D.
a=av0=auv(On(aua)=0On(ava))ua=0ua
[A3; A14; A11; A14]
A16 [abl:a,beA.D.an(bnb)=bna
PR [ab]:a,bed .D.
an(bnd)=an((bnd)ud)=0Ona)u(bna) [A3; A4]
=ou(na)=bna [A14;A15]
A17 [al:a€A .D.Ina=a
PR [a]:aeA .D.
Ing=an(InI)=gnlI=aqa [A16;A2; A2]
Al18 [al:a€A .D.a=ana
PR [a]:aeA .D.
a=anl=In(ana)=ana [A2; A16;A17)
A19 labcl:a,b,c€eA.D.an(buc)=(cna)u(bna) [A18; A4]

Thus, since the axioms A1;A2;A3 and A4 imply A18 and A9, it has
been proved that {A1; A2; A3; A4 = {KI; K3; K5; L1}. Therefore, the proof
of Theorem 1 is complete. It should be remarked that in the axiom-system
discussed above the postulate A4 can be substituted by

A4* Jabcl:a,b,ceA .D.an(bul(cnc)=(cna)u(bna)

The proof that {AI; A2;A3; A4%} = {K1; K3; K5; L1} requires the use
of deductions entirely analogous to that which are given above.

3 For distributive lattices with I or O we have similar theorems. Namely:
Theorem 2. Any algebraic system
B = <A5 N, Y, [>

with two binarvy opervations N and v, and with one constant element Ie A
which satisfies the postulates A1, A2, A17 and A4 (see section 2 above) is a
distributive lattice with I.

and
Theorem 3. Any algebraic system
€ =(4,n,u,0

with two binary operations 0 and U, and one constant element Oe A which
satisfies the postulates

Cl [al:a€eA.D.a=av0
cz2 lal:aeA.D.a=0ua
C3 lal:aeAd.D.0=ano0
c4 labcl:a, b,ced.D.au ((bub)nc)=(cua)n (bua)

is a distrvibutive lattice with O.

Pyoof: We can prove Theorem 2 more easily than Theorem 1. Namely,
let us assume A1, A2, A17 and A4. Then:
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Bl [abl:a, b€A.D.a=auv(bna)
PR [ab]:a, beA.D .
a=anl=an((bnduvl)=UInau(bna)=avu(bna)
[A2;A1;A4; A17)
B2 [al:a€A .D.a=ava [B1; A17]
B3 [abl:a,beA .D.(@na)ub=bua
PR [abl:a,beA .D.
@na)ub=In(@ana)udb)=@GnI)u(@ul) [A17;A4]
=bua [Az2]
B4 [a]l:a€edA .D.(ana)=a
PR [a]:aeA .D.
(@na)=@na)u@na)=@na)va [B2; B3]
=In(@ava)na)=@nlu@nl)=ava=a
[A17;A4; A2; B2]
B5 [abcl:a,b,c€A.D.an(buc)=(cna)u(dna) [A¢; B4]

Since B4 and B5 are the consequences of AI, A2, A17 and A4, we have
{A1;A2; A17; A4} = {K1; K3; K5; L1}. Therefore, the proof is complete.
Similarly to the previous Theorem in the present axiomatization we can
substitute A4 by A £*.

A proof of Theorem 3 is omitted here, since it is self-evident that it is
a dual of the deductions which were used in order to obtain Theorem 2,
Croisot’s theorem, and finally the theorem of Birkhoffs.

4 The mutual independence of the axioms A1, A2, A3and A4 1t is obvious
that A3 does not follow from A1, A2 and A4, since in the field of distribu-
tive lattice with 7/ it is impossible to define the constant element O by the
means of N, u and I alone. On the other hand, the following matrices

NnNla I O vila I O

) ala a O ala a a
il Ija I O Ila a I
oOlo O O Ola I O

nta I O ula I O

] a | I I I a |l I a
2 {1 1 1I Ir\r r I
ol1r5 I 1 oI I O

Nnla I O vula I O

‘ aja a O all I a
3 I|I I O I\r 1 r
0]l]0 O O Ojla I O

which are the suitable modifications of Croisot’s examples E’,;,, E’; andE’,

respectively, cf. [4], p. 27, are such that
(a) Matrix Ml verifies A2, A3 and A4, but it falsifies A 1.
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(b) Matrix M2 verifies AI, A3 and A4, but it falsifies A2,
(c) Matrix M3 verifies AI, A2 and A3, but falsifies A4 for a/a, b/I and
c/I.

Thus, the axioms A1,A2, A3, A4 are mutually independent. Since the
axiom-systems given in section 3 above are almost banal and not especially
interesting, the mutual independence of the axioms belonging to them is not
discussed here.

5 Final remark. In the axiom-systems {A1;A2; A3; A4} and {AI1; A2;A17;
A4} A4 cannot be substituted by LI, since the following matrix

m|a B I O Ula B I O
ala a a O ala B I «a
;4 Bla a B O Bl B I B
Ila B I O 1 1 1 1T
o|l0O O O O Ola B I O

which is a modification of Croisot’s example E;, cf. [4], p. 26, verifies A1,
A2,A3,Al7 and L1, but falsifies A4 for a/I, b/B and c/a. Similarly, we
can prove that in {CI; C2; C3; C4} C4 cannot be substituted by the dual of
L1.

N.B. After this paper was composed, the author unexpectedly obtained a
stronger result which makes the deductions presented here obsolete.
Namely, it has been proved that the axioms AI, A2, and A4 imply
formula A17. For this reason this paper should be compared with [5].
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