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ATOMISTIC MEREOLOGY II

BOLESEAW SOBOCINSKI

4* In this section I will prove that which was mentioned at the beginning of
this paper, that the axiom-system in which functor ¢‘el’’ occurs as the
single primitive mereological notion of atomistic mereology, and which
contains only two axioms, namely:

A [AB]:.:Acel(B).=::BeB: :[Ta]: :[C].".CeT.=:[E]:Eca.D.Ecel(0):
[E]:Ecel(C) .D.[3FG].Fea.Geel(F).Geel(E) .. Beel(B) .Bea.
D.Agel(T)

and

V [A]: :AeA.D. . [3B].".Beel(A):[C]: Ceel(B).D.C=B

is inferentially equivalent to the following four axioms:

S1 [A]:Aeat(B).D.BeB

S2 [ABC]:Acat(B).Ceat(4).2.C=A

S3 [AB].".A€A.BeB:[C]:Ceat(4).=.Ceat(B):D.A=B

S4 [Aa)::Aea.D.".[3B].".[3E].Ecat(B):[C]: Ceat(B) .=.[3D].Ceat(D).
Dea

in which Rickey’s functor ‘‘at’’ occurs, as their single mereological term.

4.1 Let us assume the axioms A and V. Since A is the single axiom of
mereology, we have at our disposal all its consequences presented in
section 2. Then:

DI [A].".AeA:[B]:Beel(4).D.B=A:=.Acatm
DII[AB]:Aeatm.Acel(B) .=.Acat(B)

Cf. 3.3, points (A) and (B).

*The first part of this paper appeared in Notre Dame Journal of Formal Logic,
vol, XII (1971), pp. 89-103. An acquaintance with that part and the Bibliography given

therein is presupposed.

Received January 11, 1970
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[AB]:Acat(B).D. Be B [DIL; A1
[ABC]:Acat(B) . Ceat(4).D.C= A

[ABC]. . Hp(2) .D:
Ceel(4): [D11; 2]
[B]:Beel(4) .D.B=A: [DII; DI; 1]
C=A [4; 3]
[A]: Ae A.D.[3B]. Beat(A4) [V; A1, DI; DII; Cf. 3.5.1]
[Aa].".AcA:[B]:Bea.D.Beel(A):[B]:Beel(A) .D.[3EF].Eca
.Feel(E).Feel(B):=.AeKl(a) [Cf. 2.1]

[A]: A A.D. AeKl(at(A))
[DI; DII; A2; T1; VI; A4; DI; A6; AT; Cf. 3.5.3]
[AB].".A¢ A.Be B:[C]: Ceat(A4) .=.Ceat(B):D.A= B

[AB].".Hp(3) : D.
AeKl(at(4)). ' [V3; 1]
BeKl (at(B)) . [v3; 2]
BeKl(at(4)) . [E2;3; 5]
A=B [A3; 4; 6]
[ABC]:Acat(B).Beel(C) .D. Aeat(C) [D11; A2)
[ACa]:A€eKl(a).Ceat(A).D.[3D].Ceat(D).Dea
[A Ca]:Hp(2).D.
Ceel(4). [DL; 2]
Ceatm, [D11; 2]
[3E F].
Eca.
Feel(E). [DI1;1; 3]
Feel(0).
F=C. [D1; 4; 7]
Ceel(E). [6; 8]
[3D].Ceat(D).Dea [D1I; 4; 9; 5]
[ACDa]:AeKl(a).Ceat(D) .Dea.D.Ceat(A)
[ACDa]:Hp(3) ..
Deel(4). [DI1;1; 3]
Ceat(A) [Zz1; 2; 4]

[ABDa].".[CD]:Ceat(D).Dea.D.Ceat(A) :Bea.Deel(B) .D.[3F].
Feel(D).Feel(4)

[ABDa].". Hp(3) : 2.
[3F]-
F eat(D) [T1; vi; 3]
Feat(B). [Z1; 4; 3]
F gat(A) [1; 5; 2]
[3F].Feel(D).Feel(A) [D11; 4; 6]

[ABa].".[CD]:Ceat(D) .Dea.D.Ceat(A):Bea.D.Beel(A)

[T1; z4; A6)
[ABa].".[C]:Ceat(A).D.[3D].Ceat(D) . Dea:Beel(A) .D.[3E F].
Eca. Feel(E).Feel(B)
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PR [ABa].".Hp(2):D:

[3F]:
3. F eat(B) . [T1; vy 2]
4, Feat(4). [Z1; 3; 2]
[3E].
5. E).
6. ;2(:.( ) (15 4]
[3JEF].Eca.Feel(E). Feel(B) [p1I; 65 5; 3]

D1 [Aa].".AeA:[C):Ceat(A).=.[3D].Ceat(D).Dea:=.AcKl(a)
[z2; 23, T1; Z5; Z6; D1]
S4 [Aa]::Aga.D..[3B].".[3E].Ecat(B):[C]:Ceat(A).=.[3D].Ceat(D).

Dea

PR [Aa]: :Hp(1).D.".
[3B].".

2. BeKl(a): [A4;1]

3. [C]:Ceat(B).=.[3D].Ceat(D).Dea: [D1; 2]

[2E].

4, Ecat(B) .. [T1; V1; 2]
[3B]..[3E]E€at(B) : [C]: Ceat(B) .=.[3D].Ceat(D).
Dea [4; 3]

D2 [AB].".Ag¢A:[C]:Ceat(A).D.Ceat(B):=.Acel(B)
[V1; DII; Z1; T1; A6]
D3 [A]:Acat(4).=.Acatm [D1I; T1; A5]

Thus, S1,S2, S3, S4 and, also, D1, D2, D3 follow from A and V. Since,
cf. 4.2, in the field of {SI, S2, S3, S4} the formulas D1, D2 and D3 will be
the definitions of ‘*KI’?, ““el’’ and ‘‘atm’’ by ‘‘at’’ respectively, it had to be
proved here that they are the consequences of {A; V}. Although I found D1
doing research on the topic of this paper independently, it should be
noticed that R. E. Clay recollects that in 1961 C. Lejewski formulated a
similar formula during a casual discussion about mereological atoms.
Also, Dr. V. F. Rickey knew of D1 independently from Lejewski and me.
Concerning D2 c¢f. 3.3, point (B), and [18], p. 337, postulate . D3 is due
to Rickey. '

4.2 Now, let us assume S1, S2, S3 and S4. Then:

V1 [A]:AeA .D.[3B]. Beat(4)
PR [A]: :Hp(1).D.".

[gB].'.

2. [C]l:Ceat(B).=.[3D].Ceat(D).DeA:

[3E]: [S4; 1]
3. E sat(B) .

(3D].

4., .
5. 52‘2(,1)) [2; 3]
6. D=A.. [T2;5; 1]

[3B].B eat(A) [4; 6]
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[Aa].".AcA:[C]:Ceat(A) .=.[3D].Ceat(D).Dea:=.AcKl(a)

[Aa]:Aea.D.[3B].BeKl(a)
[Aa]: :Hp(1).D.".
[3B]

[C]:Ceat(B).=.[3D].Ceat(D) .Dea:

GE].

BeB. .
[3B].BeKl(a)
[ABa]:AeKl(a).BeKl(a).D.A =B

Ecat(B).

[AB]..AgA:[C]:Ceat(4) .D.Ceat(B) :=.Acel(B)

[AB]:Acel(B).D.BeB
[AB]:Hp(1).D.
[ac].
Ceat(4).
Ceat(B).
Be B
[ABC]:Acel(B) .Beel(C).D.Acel(C)
[A]:AeA.D.Acel(A)
[AB]:Acel(B). Beel(A) .D.A =B
[ABC]:Acat(B) .Beat(C).D.Acat(C)
[ABC]:Acat(B) .Beel(C) .D.Acat(C)
[AB]:Aeat(B).D.Acel(B)
[ABC]:Beat(4).Ceel(B).D.C =B
[ABC]:Hp(2).2.
[3P]-
Deat(C).
Deat(B).
D=B.
Ceel(D).
Deel(C).
C=D.
C=B

[A]: :AgA.D.".[3B].".Beel(4):[C]:Ceel(B) .D>.C = B

[ABa]:AeKl(a) .Bea.D.Beel(A)
[ABa].".Hp(2).D:

[C]:Ceat(B) .D.Ceat(A):

Beel(4)

[S4; 1]

[S1; 3]
[D1; 4; 2]
[D1; T1; S3]

[T1;v1; 1]
[D2; 1; 2]
[S1; 3]

[D2]

[D2]

[T1; D2; S3]
[s2]

[D2]

[T1; PI;D2]

[T1; VI; 2]
[P2; 3; 2]
[S2; 1; 4]

[2; 5]

[P3; 3]

[A7; 6; 7]
[8; 5]

[VI; P3; P4]

[D1; 1; 2]

[T1; D2; 2; 3]

P6 [ABa]:AcKl(a).Bcel(4) .D.[3EF].Eca.Feel(E).Feel(B)

PR

3.
4.

5.
6.

[ABa].".Hp(2) .D:
[3F]:
Feat(B).
Feat(A).

[E].

Feat(E).

Etca:

[3EF].Eca.Feel(E).Feel(B)

[T1; vI; 2]
[P2; 3; 2]

[D1; 1; 4]
[P3; 65 5; 3]
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P7 [ACDa].".[B]:Bea.D.Beel(A): Ceat(D) .Dea.D. Ceat(A4) [P2]

P8 [ACa].".[B]:Beel(A) .D.[3EF].Eca.Ecel(E).Feel(B):Ceat(4).D.
[3D].Ceat(D) . Dea

PR [ACa].".Hp(2):D:

[3E F]:
3. Eea.
4. Feel(E). [P3; 1; 2]
5. Feel(Q).
[3V]-
6. Veat(F) . [T1; VI; 4]
7. Veat(E) . [P2; 6; 4]
8. Veat(C). [P2; 6; 5]
9. V=_C: [S2; 2; 8]
[gD]-Ceat(D).Dea [7;9; 3]
DI [Aa]..AcA:[B]:Bea.D.Beel(A):[B]:Beel(A).D.[3EF].Eca.
Feel(E).Feel(B):=.AeKl(a) [P7; P8, D1; T1; P5; P6]
A8 [Ad]:Aea.DAcel(Kl(a))
PR [Aa]:Hp(1).D.
(3B].
2. BeKli(a). [A4; 1]
3. B=Kl(a). [T3; A3; 2]
4, Acel(B). [DI; 2; 1]
Acel(Kl(a)) [4; 3]
P9 [ABa].".Bea:[C]:Cea.D.Ceel(A):D.AcA [A1]

PIO[ABTa): :Acel(B).".[C].".CeT.=:[B]: Bea.D.Beel(C):[B]:
Beel(C) .D.[3EF]:Eca.Feel(E).Feel(B)..Bea.D.Acel(T)
PR [ABTa]: :Hp(3).".D.".

4. [C].".CeKl(a).=:[B]: Bea.D.Beel(C):
[B]: Beel(C) .D.[3EF].Eca.Fegel(E).
Feel(B). . [DI; PY; 3]
5. [C]: CeKl(a).=.CeT: [2; 4]
6. Beel(Kl(a). [AS; 3]
7. Beel(T). [E2; 5; 6]
Acel(T) [A2; 1; 7]

P11[AB]::BgB::[Ta]::[C].".CeT.=:[V]: Vea.D. Veel(C) :[V]:
Veel(C) .D.[3EF] .Eca.Feel(E).Feel(V).. Beel(B).Bea.D.
Acgel(T): :D.Acel(B)

PR [AB]:-:Hp (2)::D.%.

3. Beel(B): [45 1]
4. [C]: Ceel(B) .D.[gEF].Ecel(B) . Feel(E).
Feel(C): [T1; A5 3]
5. B=Kl(el(B).. [D1; A3; 1; 4]
6. [C].". CeKl(el(B).=:[v]: Veel(B).D. Veel(CO):

[V]: veel(C).D.[JEF]. Ecel(B).Feel(E).
Feel(V).". [D1; P9; Al; 3]
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7. Acel(Ki(el(B))). [2; 6; 3]
Acgel(B) [ET; 5; 7]

A [AB]::Acel(B).=::BeB::[Ta]::[C]..CeT.=:[B]:Bea.D.Beel
(C):[B]:Beel(C) :D.[gEF].Eca.Feel(E) . Feel(B) .. Beel(B) . Bea.
Acecel(D) [A1; P10; PII]

D3 [A]:Acat(4).=.Acatm
P12[AB]:Acatm.Beel(4) .D.B= A
PR [AB]:Hp(2).D>.

EP
3. Ceat(B). [T1; VI; 2]
4. Ceat(4). [P2; 3; 2]
5. C=A. [D3; S2; 1; 4]
6. Acel(B). [P3; 3; 5]
B=A [A7; 2; 6]

P13[A].".AcA:[B]:Beel(4) .D.B= A:D.Acatm
PR [A4].".Hp(2):D.
[3€]

3. Ceat(4). [V1; 1]
4, C=A. [P3; 2; 3]

Aecatm [D3; 3; 4]
DI [A]..AcA:[B]:Beel(A).DB=A:=.Acatm [T1; P12; P13]
DIl [AB]:Acatm.Acel(B).=.Acat(B) [D3; P2; V1; S2; P3]

Thus, A, V, DI, DI and DII follow from {S1, S2, S3, S4}. Since, cf. 4.1,
in the field of {A, V} the formulas DI, DI and DII are the definitions of
“KI??, ““atm’’ and ““at’’ by ‘‘el’’ respectively, it had to be proved here that
they are the consequences of {S1, S2, S3, S4}.

4.3 1t follows from 4.1 and 4.2 that {A, V, DI, DI, DI} = {SI, S2, S3, S4,
D1, D2, D3}. It shows that the systems {A, V} and {SI, S2, S3, S4} are
inferentially equivalent,

5. In this section it will be shown that 1) the system of atomistic mereology
is consistent, and that 2) in the axiom-systems {4, V} and {S1, S2, S3, S4} the
axioms belonging to one of these axiomatizations are mutually independent.

5.1 Below, in 5.3 and 5.4, in order to obtain the desired proofs we shall
have to use some systems. Namely:

System A: Lesniewski’s ontology extended by an additional axiom:
L Aew.BeB.~(A=92)

(where ““%’’ and ‘“®’* are the name constants), i.e., by an assumption that
there are at least two different objects.

System B: System {A, V} of atomistic mereology.

System C: System {A} of (general) mereology, cf. 2, extended by three
additional axioms. Namely, axiom L and
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K1 [A]:Ae A.D.[3B].Beatm
K2 [AB]:Acatm.Begatm.D>.A =B

Obviously, KI and K2 assume that if in mereology there is an object, then
in its field there is also one and only one object which is a mereological
atom. Concerning the formulation of K1 and K2 it should be remarked that
an expression ‘‘atm’’ is used merely as a convenient abbreviation. In K1
and K2 the formulas in which “‘atm’’ occurs can be substituted by the
formulas which do not contain this defined term, ¢f. DI in 4.1.

Concerning the systems A, B and C it should be noticed that 1) the
consistency of B will be proved in 5.2 below, and that 2) the systems A and
C are also consistent, but the easy proofs of their consistency are omitted
in this paper. Moreover, we have to notice that the rules of procedure of
every theory which is based on Le$niewski’s ontology are exactly the same
as the rules of the latter system. Hence, obtaining a needed interpretation
of a system under investigation in the field of A, B or C we can only be
concerned with the syntactical forms of the involved formulas.

5.2 The consistency of atomistic mereology. In [8] Lejewski has proved
that the system of (general) mereology is consistent, since its single axiom
A has an interpretation in LeSniewski’s protothetic. Using the same in-
terpretation and the same mode of reasoning which are given in [8] we shall
show that the proper axiom of atomistic mereology, viz. axiom V, possesses
the same property. Namely, let us understand the nominal variables of
mereology as propositional variables, ‘‘€’’—as the functor of conjunction,
and ‘‘el’’—as the functor of assertion, cf. [8], p. 326. Moreover, due to
definition Df1, cf.1, the ontological functor ‘‘="’ can also be interpreted as
the functor of conjunction. Then, the following definition and the theses
which are valid in the field of protothetic:

D1 [p].p=as(p)
z1 [p].p>p
zZ2 [qr]:r.as(q) .D.7.q

Z3 [fql:[r].f(r) .2. flg)
imply at once in protothetic:
vt [p]::p.p.D.  [39]. . q.as(p):[7]:7.as(q9) .D.7.q

Since in Lejewski’s interpretation V' corresponds to the axiom V and
the same interpretation verifies axiom A, the consistency of atomistic
mereology is proven. It should be remarked that in [5] Clay discusses
some other models for atomistic mereology.

5.3 The mutual independency of the axioms A and V. (a) Assume system
A and introduce the following definition:

Df A[AB]:AeB.=.Aeel(B)
in its field. Then, the following formula which corresponds to axiom V:

V" [A]::AeA.D..[3B].".Beel(4):[C]:Ceeh(B).D.C=B  [Dff; T2]
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is provable in the field of ontology. On the other hand formula:
Al' [AB]:Acely(B).D.BeB

fails in the field of system A. Namely, by Dfof, A1' is inferentially
equivalent to:

Z1 [AB]:AeB.D.B¢B
Hence, by L and Z1, we have:
zZ2 AUBeAUB
But, in the field of ontology Z2 implies at once:
Z3 [CD]:CeqUB.DeAUB.D.C=D
Whence,
Z4 4 =8 [L; 23]

which contradicts L. Since A1’ corresponds to Al which is a consequence
of A, the latter formula fails too in the field of system A. Therefore, A is
not a consequence of V. (b) Assume system C. Hence we have at our
disposal axiom A and all its consequences given in section 2. Moreover,
we can use the definitions DI and DII introduced in 4.1, Then:

Z1 [ABV]:AeA.Beatm.~(Beat(4)). Veel(B).D.~(Veel(4)) [DI; DII]
Z2 [ABC]:Beatm.Beex(A).Ceel(A). Ceatm.D. ~(Ceatm)

] [D1; K25 A14]
Z3 [AB]::AeA.Beatm.D..Beat(4).v:[C]: Ceel(4) .D. ~(Ceatm)

[T1; D3; Z1; Z22]
Z4 [BCDE]:Deex(B).Ecgat(D).Ceel(B) .D.~(Ceatm) [DI1; A13; Z2]
Z5 [AB]::AcA.BeB.~(Acel(B).D.".[3D].". De D:[K]:Keel(D).
D. ~(Keatm)

PR [AB]::Hp(3).D::

[3C]::
4, Ceex(B). . [A6; D3; 1; 2; 3]
P14 )

5. Veatm. . [T1; K1; DI; 4]
6. Veat(C).v:[K]:Keel(C).

D, ~(Keatm).’, [T1; z3; 4; 5]
7. [K]:Keel(B) .D.~(Keatm) :v:[K]:

Keel(C).D.~(Keatm) .. [6; Z4; 4]

[3D].. DeD:[K]: Keel(D) .D. ~(K eatm) [7; 2; 4]

Z6 [AB]::AcA.BeB.~(A=B).D.".[3D].". De D:[K]:Keel(D).
D. ~(Keatm) [A7; Z5]
Z7 [3D].". De D:[K]:Keel(D).D.[3N].Neel®).~(N=K) [T1; Z6;, L; DI]

Since Z7 is a negation of V and system C is consistent, it proves that
axiom A does not imply V. Hence, points (a) and (b) show that the axioms A
and V are mutually independent.
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5.4 The mutual independency of the axioms SI, S2, S3 and S4. (a) Assume
system A and introduce the following definition in its field:

Df 8 [AB]:AeB.=.Acaty(B)

Then, the formulas:

S2' [ABC]:Aceaty(B).Ceaty(4).D. C=A [Df 8; T2]
S3' [AB].".A€A.BeB:[C]:Ceaty(4).=.Ceaty(B):D.A =B [Df 8; T2]

S4! [Aa]: :ASa.D.'.[gB] ...[gE] .Eeaty(B) :[C] : Ceaty(B) .E.[aD] .
ceaty(D).Dea [Df 8; T1; T4]

which corresponds to the axioms S2, S3 and S4 respectively are provable
in ontology. On the other hand in the field of system A formula:

S1' [AB]:Aeaty(B).D.BeB

which corresponds to the axiom SI fails for exactly the same reason for
which formula AI' is rejected in 5.3, point (a). Hence, SI is not a con-
sequence of S2, S3 and S4. (b) Assume system B, i.e., the axioms 4 and V
of atomistic mereology. Hence, we have at our disposal all theorems given
in sections 2 and 4.1. Now, add the following definition:

Df ¢ [AB]:AcA . [gF].Feat(4).Feat(B).=.AcatyB)

to this system. Then:

S1' [AB]:Acaty(B).D.BeB [Df e; DII; A1)
Z1 [ABC]..[C]:Ceaty(A).D. Ceaty(B) : Deel(4) .D.[3F].Feel(D).
Feel(B)
PR [ABD].".Hp(2):D.
3. Deaty(4) . [T1; A1; v; D1; DII; A2; Df e; 2]
4, Deaty(B) . [1; 3]
[3F].F cel(D) .F eel(B) [Df e; D11; 4]
S3"' [AB].".AcA.BeB:[C]:Ceaty(A) .=.Cceaty(B):D.A =B [Z1; A6; A7)
z2 [A]:AgA.D.[3B].Beaty(A) [T1; V1; A5; DI; DII; Df €]

Z3 [BCa]:BeKl(a). Ceaty(B) .D.[3D].Ceaty(D).Dea

[T1; Df ¢; DII; D1;DI]
Z4 [BCDa]:BeKl(a).Ceaty(D).Dea.D.Ceaty(B)
PR [BCDa]: Hp(3).2.

4, Deel(B). [D1; 1; 3]

- [3F]. ©
. Feat(C). .

6. Feat(B). [2f ¢; 2]

1. Feat(B). [ DII; A2; 6; 4]

C eaty(B) [Df e; T1; 2; 5; 7]

S4' [Aa]: :Aea.D.’.[3B].".[3E]:Ecaty(B):[C]: Ceaty(B).=.[3D].
DeatyD).Dea [A4; T1; z2; Z23; Z4]

Thus, the formulas S1', S3' and S4’ which correspond to the axioms
S1, S3 and S4 respectively are provable in atomistic mereology. On the
other hand formula:
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S2! [ABC]:Aceaty(B).CeatyAd) . D.C=A

is not generally valid in the field of the latter system. Namely, in its field
we have:

Z5 [ABC]:Beex(C).Aceaty(B).CeatyAd).D.~(C = A)
PR [ABC].".Hp(3).>:

4 b7l F 1(4)

. eel(A). —

5. Feel(B). [Df ¢; DII; 2]

6. ~(Beex(4)): [T1; D3; 1; 2; 5; 4]

7. Beex(A).v.~(C=A): 1]
~(C = 4) [7; 6]

which proves that S2 is not a consequence of SI, S3 and S4.

(c) Assume system C. Hence, we have at our disposal axiom A and all its
consequences given in section 2, Additionally, we add the definitions
DI, DII and:

Dfd [AB]:Acatm.BeB.=.Acaty(B)

to this system. Then:

S1' [AB]:AcatyB) .D.BeB [DF 3]

S2' [ABC]:Acaty(B) .Ceatz(4) .D.C=A [DfD; K2]

S4'' [Aa)::Aea.D.".[3B].".[3E].E eat3(B) :[C]: Ceat3(B) .=.[3D].
Ceat3(D).Dea

PR [Aa]:-:Hp(1).D: :

[gB]I :
2. BeKl(a).". [A4; 1]
3. [C]:Ceat3(B).=.[3D].Ceatz(D).Dea.".
[T1; A5; Df D; DI; 2]
[3£].
4, Eeaty(B): : [T1; K1; Df ®; 2]
[gB] . [;E] .ESOt3(B) :[C] : CSGtg(B) L=, [E‘D] .
Ceat3(D).Dea [6; 3; 4]

Thus formulas S1', S2' and S4' which correspond to the axioms SI, S2
and S4 respectively are provable in C. On the other hand formula

S3' [AB].".A¢A.BeB:[C]:Ceat3(A).=.Ceaty(B):D.A = B

which corresponds to the axiom S3 fails in the field of system C, since we
have: )

Z1l %e¥%.BeB.D:[C]:Ceatz(A) .=.Ceatz(B): ~ (WU =B) [L; Df D]

Thus, S3 is not a consequence of SI, S2 and S4. I like to note here that
I owe to Professor R. E. Clay a suggestion concerning the proof presented
above.

(d) Assume system A and add the following definition



ATOMISTIC MEREOLOGY II 213

DfE [AB]:AcA.A = B.=.AcatyB)

to it. Then:
SI1' [AB]:AcatyB).D.BeB [T1; Df €; Df1]
S2" [ABC]:AcatyB).Ceaty4).D.C=A [Df €]

S3' [AB]).".A€A.BeB:[C]:CeatyA).=.CcatyB):D.A=B  [DfI; Df £]
which correspond to the axioms S, S2 and S3 respectively are provable in

A. But:

Z1 [ABK].".Ac¢A.BeB.~(A=B):[CD]:CeatyD).DeAUB.
D.Ceaty(K) :D. ~([CD]: Ceaty(D) . De AUB.D. CeatyK))
PR [ABK]. .Hp(4) :>.

5. AcatyA). [Df1; Df &; 1]
6. Beaty(B) . [Df1; Df €; 2]
7. A=K. [Df €; Df3; 1; 4; 5]
8. B=K. [Df €; Df3; 2; 4; 6]
9. A=B. [7; 8]

~([CD]: CeatyD) .De AUB.D. Ceaty(K)) [3; 9]

Z2 [AB]::Ac¢A.BgB.~(A=B).D.".[3Va].". Vea:[K]|:[3E].
Egaty(K).D.~([C]: CeatyK).=.[3D]. CeatyD).Dea)
PR [AB]: :Hp(3).2.".

4, AgAUB: [Df3; 1]
5. [K]:[3E]. EcatyK) .D. ~([C]: Ceaty(K) .=.[3D].
CeatyD) .DeAUB).". [21; 15 2; 3]
[gVa].. Vea:[K]:[3E]. EcatyK) .D.~([C]:
CeatyK).=.[3D]. Ceaty(D).Dca) [4; 5]
Z3 [3Aa].".Aca:[B]:[3E].EcatyB).D.~([C]: Ceaty(B) .=.[3D].
Ceaty(D) . D¢ a) [22; L]

Since Z3is a negation of S4, and system A is consistent, it proves that
S4 is not a consequence of SI, S2and S3.

The points (a)-(d) show that the axioms SI, §2, S3 and S4 are mutually
independent.
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