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ATOMISTIC MEREOLOGY II

BOLESLAW SOBOCINSKI

4* In this section I will prove that which was mentioned at the beginning of
this paper, that the axiom-system in which functor " e l " occurs as the
single primitive mereological notion of atomistic mereology, and which
contains only two axioms, namely:

A [AB]:.:Aεe\(B) . = : :BεB: :[Ta]: : [ C ] . ' . Cε T. = : [E] \Eεa .D.JBεe l (C) :

[E]: E εe\(C) .^ .[^F G]. F ε a. G εe\(F). G ε e\{E) .'.Bεe\(B) .Bεa.

D.Aεel(Γ)

and

V [A]: :AεA.=>.\[3£].\£εel(A):[C]:Cεel(J3) ,^.C = B

is inferentially equivalent to the following four axioms:

51 [A]:Aεa\(B) .^>.BεB
52 [A£C]:AεαtCB).Cεαt(A).=\C = A
53 [A B] .'.AεA . B ε B :[C]: C εat(A) . = . C εat(B) :^> .A = B
54 [A a]: : A ε a .=>.". [35] Λ [ 3 £ ] . E εσt(B): [C]: Cεot(B). = . [3Z>]. Cεat(D).

Dεa

in which Rickey's functor " a t " occurs, as their single mereological term.

4.1 Let us assume the axioms A and V. Since A is the single axiom of
mereology, we have at our disposal all its consequences presented in
section 2. Then:

Dl [A]/.AεA:[B]:Bεe\(A) .^.B = A: = .AεQtm
DII[AB]:Aεa\m.Aεe\(B) . = .Aεat(B)

Cf. 3.3, points (A) and (B).

*The first part of this paper appeared in Notre Dame Journal of Formal Logic,
vol. XII (1971)» PP 89-103. An acquaintance with that part and the Bibliography given
therein is presupposed.
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51 [AB]:Aεa\(B).o.BεB [Dll; Al]
52 [A5C]:Aεαt(5).Cεαt(A).D. C = A

PR [AJ3C].'.Hp(2).=>:
3. Cεel(A): [Dll; 2]
4. [£] :£εel(A).D.£ = A: [DII DI l ]

C = A [4; 3]

VI [A]:AεA.D.[ g£].£εαt(A) [V; Al; DT DU Cf. 3.5.1]
Dl [Aa].'.AεA:[B]:Bεa.^.Bεe\(A) :[B]:Bεel(A) .^.\^EF].Eεa .

.Fεe\(E) .Fεe\(B): = .AεK\(a) [Cf. 2.1]
V3 [A]:AεA.D.AεKI(αt(A))

[Dl Dll; A2; Tl; VI; A4; Dl; A6; AΊ; Cf. 3 .5.3]
53 [AB].' .AεA. Bε B:[C]: CεcΛ(A) . = . Cεat(B) :Ώ.A = B
PR [A£].\Hp(3):=).
4. AεKI(αt(A)). [V3;l]
5. BεK\(σt(B)). [V3;2]
6. 5εKI(αt(A)). [^2; 3; 5]

A^B [A5;4; 6]

ZI [AjBC]:Aεαt(5).5εel(C).=>.Aεαt(C) [DΠ; A2]
Z2 [A Cα]: A ε Kl (a). Cεαt(A). D. [ 3 D] . Cεαt(D). Z)ε α
PR [ACα]:Hp(2).=>.

3. Cεel(A). [DTI; 2]
4. Cεαtm. [DTI; 2]

5. £εα. ]
6. Fεel(iS). > [Dl; 1; 3]
7. Fεe\(C). )
8. F = C . [Dl; 4; 7]
9. CεelCE). [6; 8]

[3Z)].Cεαt(D).Dεα [Dll; 4; 9; 5]

Z3 [ACDa]:AεK\{a) .CεcX(D) .Dεa.^. Cεαt(A)
PR [ACZ>α]:Hp(3) . =>.
1. Dεel(A). •[/)!; 1; 3]

Cεαt(A) [Z2; 2; 4]

Z4 [A £ Z> α ] . ' . [C D]: C ε at (D). Z) ε a. D. C ε at (A): B ε a. Z> ε el (B). 3. [ 3 F].
Fεel(D).Fεel(A)

PR [AJ3Z)a]. .Hp(3):=).

4. jFεat(D) [Γl; W; 3]
5. Fεat(B). [Zl; 4; 3]

6. Fεat(A) [1;5;2]

[lF].Fεe\(D).Fεel(A) [DTI; 4; 6]

Z5 [ABa].'.[CD]:Cε at(D) . D ε a. 3 . C εat(A): J5 ε a . 3 .5 ε el(A)

[ΓI; Z4; A5]
Z5 [A5a].*.[C]:Cεat(A) .D.[3D].Cεat(D) .Dεa :.Bεel(A) , D . [ 3 £ F ] .

Eεa .FεeKE) .Fεel(B)
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PR [A5α].'.Hp(2):=>:

[3*1 =
3. FεσX(B) . [Tl; VI; 2]
4. Fεαt(A). [Zl; 3; 2]

[3^].
5. Fεot(E).)
6. £εα. ( L 1 > J

[^EF].Eεa.Fεe\(E).Fεe\(B) [Dll; 6; 5; 3]
D1 [Aa].m.AεA:[C]:Cεa\(A). = .[iD].CεcΛ(D).Dεa: = .AεK\(a)

[Z2; Z3\ Tl; Z5; Z6; Dl]
S4 [A a]: :A ε a . D . \ [gJ3].". [ g £ ] . EεoX(B) : [C]: C εαt(A). = . [gZ>]. C εαt(Z)).

Dεα
PR [Afl]: :Hp( l ) .3 .\

[ 3 5 ] / .
2. -BεKI(α): [A4; 1]
3. [C]:Cεαt(5).Ξ.[gz)].Cεαt(Z)).Z>εα: [DΊ; 2]

4. £εαt(5).. [ Γ i ; VI; 2]
[g5].". [ g £]£ εαt(5): [C]: C εαt(5). = . [3/)]. C εαt(D).
Dεa [4; 3]

D2 [A B].\A εA : [C]: C εαt(A). D. C εat(B): = . A ε el (5)
[72; £11; Z2; Γ2;A^]

D3 [A] :Aεαt(A). = .Aεαtm [DU;T1;A5]

Thus, S2, S2, S3, S4 and, also, D1, D2, D3 follow from A and 7. Since,
c/. 4.2, in the field of {SI, S2, S3, S4) the formulas Dl, D2 and D3 will be
the definitions of " K l " , " e l " and " α t m " by " a t " respectively, it had to be
proved here that they are the consequences of {A; 7}. Although I found DΊ
doing research on the topic of this paper independently, it should be
noticed that R. E. Clay recollects that in 1961 C. Lejewski formulated a
similar formula during a casual discussion about mereological atoms.
Also, Dr. V. F. Rickey knew of D1 independently from Lejewski and me.
Concerning D2 cf. 3.3, point (B), and [18], p. 337, postulate S)£. D3 is due
to Rickey.

4.2 Now, let us assume SI, S2} S3 and S4. Then:

VI [A]:A εA .=>.[ g£]. 5εαt(A)
PR [A]: :Hp(l).=>.\

[ 3 S]Λ
2. [C]:Cεat(B). = . [ g D ] . C εαt(£>) .DεA-Λ

[ 3£]: \[S4;1]
3. E εαt(J3). )

[3^1-
4. sεαt ίD). I f ,

6. D=A.\ [T2; 5; 1]
[ 3£].£εαt(A) [4; 6]



206 BOLESLAW SOBOCINSKI

D1 [A a] .'.A εA : [C]: C εαt(A). = . [3Z>]. Cεat(D) .D εa : = .A ε Kl {a)
A4 [Aa]:Aεa.^.[3B].BεK\(a)
PR [Aa]: :Hp( l ) .=>.\

[ 3 2 * ] . \
2. [ C ] : C εαt(JB). =. [ 3 D ] . C εαt(D) .Dεa:)

3. £ ε α t ( £ ) . )
4. BεB.\ [SI; 3]

[ 3 f i].5εKΪ(α) [Dl; 4; 2]
A5 [i45α]:AεKI(α).jBεKI(α).=>.i l=5 [DΊ; Γ2; S5]
D2 [AB].\AεA:[C]:Cεat(A).^.Cεat(B): = .Aεe\(B)
Al [AB]:Aεe\(B).^.BεB
PR [A5]:Hp(l).=).

[ 3 C ] .
2. Cεαt(A). [Γ2; Fi; 1]
3. Cεαt(5). [D2; 1; 2]

BεB [SI; 3]
A2 [ABC]:Aεe\(B) .Bεe\(C) .o>.Aεe\(C) [D2]
A5 [Λ]:AεΛ.=).Λεel(A) [D2]
A7 [AB]:Aεe\(B).Bεe\(A).^>.A=B [Tl; D2; S3]
PI [ABC]:A εαt(B).B εαt(C). =).A εαt(C) [S2]
P2 [A5C]:Aεαt(5).J5εel(C).D.Aεαt(C) [D2]
P3 [AB]:Aεat(B).^.Aεe\(B) [Tl; PI; D2]
P4 [AJ3C]:5εαt(A).Cεel(J5).D.C = 5
PR [AJ5C]:Hp(2).D.

3. DεaX(C). [Tl; VI; 2]
4. Dεαtί.B). [P^; 3; 2]
5. D = B. [S2; 1; 4]
6. Cεβl(D). [2; 5]
7. Dεel(C). [P5; 3]
8. C = D . [A7; 6; 7]

C = ̂  [8; 5]
F [A]: :AεA.D.\[ 3 JB].' .J3εel(A):[C]:Cεel(5).D.C = ̂  [F2; P3; P4]

P5 [ABa]:AεK\(a).Bεa.^>.Bεe\(A)
PR [A5α].\Hp(2).D:

3. [C]:Cεαt(-B).D.Cεαt(A): [Dl; 1; 2]
5εel(A) [Γ2; D2; 2; 3]

P(5 [ABa]:AεK\(a).Bεel(A).^.[^EF].Eεa.Fεel(E).Fεel(B)
PR [A5α].".Hp(2).3:

3. Fεσt(B). [Tl; VI; 2]
4. Fεαt(A). [P2; 3; 2]

[3£F].£εα.Fεel(£).Fεel(5) [P5; 6; 5; 3]
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P7 [ACDa].'.[B]:Bεa.Ί.Bεe\(A);Cεat(p) .2)ε α.=>. Cεαt(A) [P2]
P8 [ACa].\[B]:Bεe\(A).^.[iEF].Eεa.Eεel{E).Fεe\{B):Cεat(A).Ό.

[32)].Cε at (2)) .Dεα
PR μCα].' .Hp(2):D:

[ 3 * F ] :
3. £ ε α . ^
4. Fεel(£). V [P3; 1; 2]
5. Fεel(C). )

[3V]-
6. Fεαt(F) . [Γ2; F2; 4]
7. VεoΛ(E) . [P^; 6; 4]
8. Vεat(C). [P2; 6; 5]
9. F= C: [S2;.2; 8]

[gD].Cεαt(Z)).ί)εα [7; 9; 3]

2)2 [Aα].".AεA:[5]:5εα.=>.5εel(Λ):[B]:5εel(A).3.[ 3£F].JS:εα.
Fεel(E).Fεel(5):Ξ.AεKI.(α) [P7; P8; D1; Γ2; P5; P6]

AS [Aα]:Aεa.=>Aεel(KI(α))
PR [Aα]:Hp(l).3.

2. ^εKI(α). [A 4; 1]
3. B=Kl(a). [T3;A3;2]
4. Aεel(JB). [Di; 2; 1]

Aεel(KI.(α)) [4; 3]

P9 [ABa].'.Bεa:[C]:Cεa.^.Cεel(A):Ώ.AεA [Al]

P10[ABTa]ι :Aεe\(B) Λ[C].\ Cε T . = :[B]: Bεa.^. Bεel(C) :[B]:
Bεe\(C) ,Ί.[iEF]:Eεa.Fεe\(E) .Fεe\(B) .\Bεa.^.Aεe\(T)

PR [ABTa]: :Hp(3) .'.=).'.

4. [C]. '.CεKI(Λ).Ξ:[J5]:5εα.=>.5εel(C):
[JBJ BεelίC) .=>.[ 3 £F].Eεα.Fεel(E).
-Fεel(^)/. [D2; P^; 3]

5. [C]:CεKI(α). = . C ε Γ : [2; 4]
6. Bεe\(Kl(a)). [A8; 3]
7. Bεel(Γ). [££; 5; 6]

Aεel(Γ) [A2; 1; 7]
Pll[AB]:.:BεB: :[Tά\: :[C]. ' . Cε Γ . = :[V]: F ε α . 3 . Fεel(C):[y] :

Fεel(C) .=>.[3J5F] .£εα.Fεel( J E).Fεel(F). # . J Bεel(J5).Eεα.3.
Aεel(Γ): :=>.Aεel(JB)

PR [AJB]: :Hp (2): : D . \
3. 5εel(β): [A 5; 1]
4. [c] : Cεel(5) .=>. [ 3£.F]. £εel(£) .Fεel(E).

Fεel(C): [Γ2;A5;3]
5. B= Kl{e\(B)).\ [D1;A3; 1; 4]
6. [C].\CεKl(e\(B)). = :[v] : Fεel(J5). 3 . Fεel(c):

[y]: Fεel(c) . 3 . [ g EF]. JSεel(J5) .Fεe\(E).
Fεel(y)/. [2)2; P9; Al; 3]
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7. Aεθl(KI(βl(J3))). [2; 6; 3]
Acel(B) {El; 5; 7]

A [AB]: : A ε e \ ( B ) . = : : B ε B : : [ T a ] : : [ C ] . " . C ε T. = : [B] : £ ε α . = > . B ε e l
( C ) : [ £ ] : £ ε e l ( C ) : ^ , [ 3 £ F ] . £ ε α . F ε e l C E ) . F ε e l ( . β j ) . ' . B ε e l ( B ) . B ε a .
.Aεel(T) [Al .PIO; Pll]

D3 [A]:Aεαt(A).Ξ.Aεαtm
P12[AB]:Aεatm.Bεe\(A) .^.B = A
PR [AJ3]:Hp(2).=>.

[3C].
3. Cεαt(J3). [ΓI; F2; 2]
4. Cεαt(A). [P2; 3; 2]
5. C = A. [D3; S£; 1; 4]
6. AεelCB). [P3; 3; 5]

£ ^ A [A7; 2; 6]

P25[A]/.AεA:[J5]:5εel(A).D.J5 = A D.Aεαtm
PR [A]/.Hp(2):=>.

[3q
3. Cεαt(A). [72; 1]
4. C = A. [P3; 2; 3]

Aεαtm [D3; 3; 4]

Dl [A].'.AεA:[J3]:£εel(A) . ̂ B = A : = .Aεαtm [Γ2; Pi^; PZ5]
Z)II [A B]: A ε αtm . A ε el (B). = . A ε at(5) [D3; P2; 72; S2; P3]

Thus, A, F, Dl, Dl and £11 follow from {SI, S2, S3, S4}. Since, cf. 4.1,
in the field of {A, V} the formulas Dl, Dl and DΠ are the definitions of
" K l " , "αtm" and " a t " by " e l " respectively, it had to be proved here that
they are the consequences of {SI, S2, S3, S4}.

4.3 It follows from 4.1 and 4.2 that {A, V, Dl, Dl, DΉ] ^ {SI, S2, S3, S4,
D1,D2, D3}. It shows that the systems {A, V) and {SI, S2, S3, S4} are
inferentially equivalent.

5. In this section it will be shown that 1) the system of atomistic mereology
is consistent, and that 2) in the axiom-systems {A, V} and {SI, S2, S3, S4] the
axioms belonging to one of these axiom at izations are mutually independent.

5.1 Below, in 5.3 and 5.4, in order to obtain the desired proofs we shall
have to use some systems. Namely:

System A: Lesniewski's ontology extended by an additional axiom:

L %ε% .S3 εS3 . -(m = S3)

(where "51" and "S3" are the name constants), i.e., by an assumption that
there are at least two different objects.

System B: System {A, V) of atomistic mereology.

System C: System {A} of (general) mereology, cf% 2, extended by three
additional axioms. Namely, axiom L and
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Kl [A]: At A. D. [3£] .B εαtm
K2 [A J3]: A εαtm ..Bεαtm.=).A = 5

Obviously, ϋfi and #£ assume that if in mereology there is an object, then
in its field there is also one and only one object which is a mereological
atom. Concerning the formulation of Kl and K2 it should be remarked that
an expression "αtm" is used merely as a convenient abbreviation. In Kl
and K2 the formulas in which "αtm" occurs can be substituted by the
formulas which do not contain this defined term, cf. Dl in 4.1.

Concerning the systems A, B and C it should be noticed that 1) the
consistency of B will be proved in 5.2 below, and that 2) the systems A and
C are also consistent, but the easy proofs of their consistency are omitted
in this paper. Moreover, we have to notice that the rules of procedure of
every theory which is based on Le^niewski's ontology are exactly the same
as the rules of the latter system. Hence, obtaining a needed interpretation
of a system under investigation in the field of A, B or C we can only be
concerned with the syntactical forms of the involved formulas.

5.2 The consistency of atomistic mereology. In [8] Lejewski has proved
that the system of (general) mereology is consistent, since its single axiom
A has an interpretation in Lesniewski's protothetic. Using the same in-
terpretation and the same mode of reasoning which are given in [8] we shall
show that the proper axiom of atomistic mereology, viz. axiom V, possesses
the same property. Namely, let us understand the nominal variables of
mereology as propositional variables, "ε"—as the functor of conjunction,
and "el"—as the functor of assertion, cf. [8], p. 326. Moreover, due to
definition Dfl, cf. 1, the ontological functor " = " can also be interpreted as
the functor of conjunction. Then, the following definition and the theses
which are valid in the field of protothetic:

Dl [p].ρ^σs(p)
Zl [P] P^P
Z2 [qr];r.σs(q) .^>.r.q

Z3 lfq]:[r].f(r).^.f(q)

imply at once in protothetic:

V [p]: :p.p.'D.\[1q]:.q.Qs(p):[r]:rmQs(q).^.r.q

Since in Lejewski's interpretation V1 corresponds to the axiom Fand
the same interpretation verifies axiom A, the consistency of atomistic
mereology is proven. It should be remarked that in [5] Clay discusses
some other models for atomistic mereology.

5.3 The mutual independency of the axioms A and V. (a) Assume system
A and introduce the following definition:

Dfc4[AB]:AεB.=.Aεe\}{B)

in its field. Then, the following formula which corresponds to axiom V:

V" [A]: :AεA.=>.".[ 3 5]. ' . jBεel i(A):[C]:Cεel 1 (J3).D β C = 5 [DfJ; T2]
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is provable in the field of ontology. On the other hand formula:

AV [AB]:Aεe\}(B) .^.BεB

fails in the field of system A. Namely, by Ώf<A> AV is inferentially
equivalent to:

Zl [AB]:AεB.^.BεB

Hence, by L and Zl, we have:

Z2 *U8ε9lUSB

But, in the field of ontology Z2 implies at once:

Z3 [CD]:Cε%Ό%.Dε% U8.^>.C = D

Whence,

Z4 % = 8 [L; Z3]

which contradicts Z. Since AV corresponds to A1 which is a consequence
of A, the latter formula fails too in the field of system A. Therefore, A is
not a consequence of V. (b) Assume system C. Hence we have at our
disposal axiom A and all its consequences given in section 2. Moreover,
we can use the definitions Dl and DLL introduced in 4.1. Then:

Zl [ABV]:AεA.Bεσtm.~{Bεa\{A)). Vεe\(B) . D . ~(Vεe\{A)) p i ; Dll]
Z2 [ABC]:Bεatm.Bεex(A) .Cεel(A). Cεαtm .=>. ~(Cεαtm)

\DL; K2; A14]
Z3 [AB]: : A ε A . 5 ε α t m . ^ . .^εαt(A).v : ίc] :CεelU) .=>. -(Cεαtm)

[Tl; D3; Zl; Z2]
Z4 [BCDE]:Dεex(B) .Eεat(D) .Cεe\(B).^. -(Cεαtm) [DLL; A13; Z2]
Z5 [AB]: :AεA.BεB.~(Aεe\(B)).Ώ.\[qD].\DεD:[κ]:Kεe\(D).

3.~(ϋCεαtm)
PR [A5]: :Hp(3).D: :

[ 3 C ] : :
4. Cεex(B).'. [A6; D3; 1; 2; 3]

[3*1 Λ
5. yεαtm/. [Tl; Kl; DL; 4]
6. Vεat(C) .v:[K]:Kεe\(C).

3.~(ΛΓεαtm).\ [Tl; Z3; 4; 5]
7. [UΓ] : Xε el(5). =>. - (/Cεαtm): v : [K]:

/Cεel(C).=>.~(/iΓεαtm).. [6; Z4; 4]
[32)]/.Z)εi):[A']:Jβ:εel(i)) .=>.-(ίCεαtm) [7; 2; 4]

Z6 [A-B]: :AεA.BεB.~{A = B) .^/.[1D].\Dε D:[K]:Kεe\(D).
D.-(/Γεαtm) [A7; Z5]

Z7 [iD].\DεD:[K];Kεe\(D).^.[iN].Nεe\(K).~(N=:K) [Tl; Z6; L; DL]

Since Z7 is a negation of V and system C is consistent, it proves that
axiom A does not imply V. Hence, points (a) and (b) show that the axioms A
and V are mutually independent.
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5.4 The mutual independency of the axioms S2, S2, S3 and S4. (a) Assume
system A and introduce the following definition in its field:

Df B [AB]:AεB. = .Aεatλ(B)

Then, the formulas:

S2' [A£C]:AεαtiCB).Cεαti(A).=>. C=A \Df £; T2]

S3' [AB].'.AεA .BεB:[C]: CεcΛ\(A) . = . Cεat}(B) :^.A = B \Df B\ T2]
S4' [A a]: :Aεα.3." .[ 3 £] Λ[ 3 E] .E εoXλ{B) :[C]: Cεat}(B) . = . [3D].

CεoXλ{D).Dεa [Df S; Tl; T4]

which corresponds to the axioms S2> S3 and S4 respectively are provable
in ontology. On the other hand in the field of system A formula:

Slr [AB];Aεσt](B) .^>.BεB

which corresponds to the axiom SI fails for exactly the same reason for
which formula AV is rejected in 5.3, point (a). Hence, SI is not a con-
sequence of S2y S3 and S4. (b) Assume system B, i.e., the axioms A and V
of atomistic mereology. Hence, we have at our disposal all theorems given
in sections 2 and 4.1. Now, add the following definition:

Df β [AB]:A εA . [3JF] . F εat(A).F εat(B). = .A εat2(
B)

to this system. Then:

Sl f [AB]:Aεa\2(B) ,-D.BεB [Df S DU Al]

Zl [A BC].'. [C]: C εαt2(A) . 3 . Cεαt2(£): D ε el (A). =>. [ 3 F]. F ε e\(D).
Fεe\{B)

PR [A-BD].'.Hp(2):3.
3. jDεαt2(A) . [Tl; Al; V; Dl; DTL; A2; Df β\ 2]
4. Dεat2(B). [1;3]

[^F].Fεel(D).Fεe\(B) [Df e; DH; 4]

S3' [AB] .'.AεA . BεB: [C]: Cεαt2(A) . = .C εoΛ2(B): =>.A = B [Zl; A6; A7]
Z2 [A]:AεA.=>.[3jB].£εαt2(A) [Tl; VI; A5; Dl; DII; Df e]
Z3 [BCa]:Bε Kl (a). Cεot2(B). D. [gZ>]. C εαt2(Z)). i) ε a

[Tl; Df e DU Dl DI]
Z4 [BCDa]:BεK\(a) .Cεαt2(D) .Dεa.^.Cεat2(B)
PR [BCDα]: Hp(3).3.
4. Dεel(E). [i)2; 1; 3]

5. Fεcx\(C).\ [nf<"2λ
6. Fεαt(5) .( We92]
7. Fεαt(i3). [Z>II; A^; 6; 4]

Cεαt2(J5) [Df β; Tl; 2; 5; 7]

S4' [Aa]: :Aεa. =).".[3J5] . '. [ 3 £ ] : £ ε α t 2 ( 5 ) : [ C ] : C ε α t 2 ( B ) . = . [gZ>].

i) εαt2CD) . D ε a [A4; Tl; Z2; Z3; Z4]

Thus, the formulas Slr, S3r and S4* which correspond to the axioms
SI, S3 and S4 respectively are provable in atomistic mereology. On the
other hand formula:
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S2r [ABC]:Aεa\2(B) .CεθLt2(A) .^.C =A

is not generally valid in the field of the latter system. Namely, in its field
we have:

Z5 [AB C]: B ε ex(C) .A εat2(B). C εαt2(A). =>. ~(C = A)
PR [A5C].\Hp(3) =>:

6. ~(£εex(A)): [Γί; Z)3; 1; 2; 5; 4]
7 0 £εex(A).v.~(C =A): μj

~(C=A) [7; 6]

which proves that S2 is not a consequence of SI, S3 and S4.

(c) Assume system C. Hence, we have at our disposal axiom A and all its
consequences given in section 2. Additionally, we add the definitions
DI, £11 and:

DfJb [AB]:AtQXm.BεB,= .Aεa\3(B)

to this system. Then:

S I ' [AB]:AεoΛ3(B) .Ώ.BεB [Df$]
S2f [ABC]:Aε αt3(-B). C εαt3(A) .^).C =A [DfΛ K2]
S4"[Aa]::Aεa. D / . [35] /. [ 3£]. £ εαt3(5): [C]: C εαt3(5). s . [3i>].

Cεαt3(D) .ΰεα
PR [Aα]:.:Hp(l).D: :

[ 3 5 ] : :
2. BεK\(a) .'. [A4; 1]
3. [ C ] : CεaX3{B). =. [32>]. Cεαt3(2>) .Dεa.\

[Tl;A5;DfΛ;Dl; 2]
[a*]-

4. E ε α t 3 ( 5 ) : : [Γ2; ϋίl; D/J6; 2]
[3-B] •'• [3^] Eεat3(B): [C]: C εαt3(£). s . [3z>].
Cεαt3(-D).2>ε« [5; 3; 4]

Thus formulas SI', S2* and S4' which correspond to the axioms Si, S2
and S4 respectively are provable in C. On the other hand formula

S3' [AB].'.AεA.BεB: [C]: C εαt3(A). = . C ε αt3(J3): =). A = 5

which corresponds to the axiom S3 fails in the field of system C, since we
have:

Zl % ε * . 8 ε 8 . :>. [C]: C εαt3(«). = . C εαt3(»): - (« = 8) [L; Z>/Λ]

Thus, S3 is not a consequence of SI, S2 and S4. I like to note here that
I owe to Professor R. E. Clay a suggestion concerning the proof presented
above.

(d) Assume system A and add the following definition
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Dfί [AB]:AεA.A = B. = .AεcΛ4(B)

to it. Then:

SΓ [AB]:AεcR4(B) .^.BεB [Tl; Df i; Dfl]

S2r [ABC]:Aεat4(B) .Cεa\4(A) .Ώ.C = A [Df C]
S3' [AB].\AεA.BεB.:[C]:Cεat4(A). = .CεQt4(B):^.A = B [Dfl; Df C]

which correspond to the axioms SI, S2 and S3 respectively are provable in
A. But:

Zl [ABK].'.AεA.BεB.~(A = B) :[CD]: Cεat4(D) .DεAΌB.

^.Cεat4(lQ:o.~([CD]:Cεat4(D).DεA\JB.^>.Cεat4(K))
PR [A£tf].\Hp(4):D.
5. Aεαt4(A). [Dfl; Df €; 1]
6. Bεat4(B) . [Dfl; Df ί; 2]

7. A = K. [zy£;D/3;l;4;5]
8. 5 = ϋΓ. [Dfi;Df3; 2; 4; 6]
9. A = 5 . [7; 8]

~([CZ)]::Cεαt4CD) .ZίεAu.B.^. Cεat4(K)) [3; 9]

Z2 [A 5 ] : ;AεA.BεB.~(A = B) . D . # . [ 3Fα] Λ Fε α: [ϋC]: [g£].
Eεαt4(X). =>. ~([C]: C εαt4(/ί). Ξ . [3z>]. Cεαt4(Z>) .Dεa)

PR [A5]: :Hp(3).=>.'.
4. A ε A u £ : [Z>/3; 1]

5. [/sΓ]:[3£].£εαt4αΠ.D.~([C]:Cεαt4(/i0. = . [3^] .
Cεαt4(D) .DεAUE) . ' . [Zl; 1; 2; 3]
[37α].'.^εfl:[ϋC]:[3£].-Eεαt4(K').=>.-([C]:
Cεαt4(/iΓ).Ξ.[3Z>]. Cεαt4(Z))..Dε<2) [4; 5]

Z3 [iAa].' .A εa:[B]:[iE]. E εa\4(B) . ^ . - ( [ C ] : Cεat4(B) , = .[^D],

Cεσt4(D) .Dεά) [Z2; L]

Since Z3 is a negation of S4, and system A is consistent, it proves that
S4 is not a consequence of SI, S2and S3.

The points (a)-(d) show that the axioms SI, S2, S3 and S4 are mutually
independent.
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