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REMARKS ON THE W. C. NEMITZ'S PAPER
"SEMI-BOOLEAN LATTICES"

TIBOR KATRINAK

In his paper [9] W. C. Nemitz considers the semi-Boolean lattices. We
will show in this note that the classes of all semi-Boolean lattices and of
all relative Stone lattices with a greatest element are equal. At the end we
shall consider some equalities concerning the Brouwerian lattices.

We will start with some preliminaries. A Brouwerian (or implicative)
lattice is a lattice L in which, for any given elements a and b, the set of all
xeL such that aΠx^b contains a greatest element α*δ, the relative
pseudo-complement of β in 5. It is known (see [2]) that any Brouwerian
lattice is distributive and contains a greatest element 1. A lattice L with a
least element 0 is called pseudo-complemented if for every element xeL
there exists a relative pseudo-complement x * 0 which is denoted by #**. A
pseudo-complemented lattice need not be distributive but it always contains
a greatest element 1. A Stone lattice is a distributive pseudo-complemented
lattice which satisfies the equality

(1) Λ;*U*** = 1 for all xeL.

A lattice is called relative Stone if all its (closed) intervals are Stone
lattices.

In [1] or, more generally, in [5] the following statements were proved

Lemma 1. A lattice L is a Brouwerian lattice if and only if the follow-

ing conditions are satisfied.

(i) L is a distributive lattice with 1;
(ii) All (closed) intervals of L are pseudo-complemented.

Lemma 2. A lattice L with 1 is a relative Stone lattice if and only if it
is a Brouwerian lattice which satisfies the following equality

(2) (x * 3;)U (3;*x) = 1 for all x, ye L.

A Brouwerian lattice L is called semi-Boolean (see [9]) if for all x, ye L
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(3) xΌy = ((x*y)*y)Γ\((y*x)*x)

holds.
The following statement was proved in [7],

Lemma 3. A universal algebra (L; U, Π, *), where U, Π and * are binary
operations on A,, is a Brouwerian lattice if and only if the following condi-
tions are satisfied:

(i) (L; U, Π) is a lattice;
(ii) xCλ[(xC\y)* z] = xd(y*z) for all x, y, ze L;

(iii) xΠ [(yΠz) * z] = x for all x, y, ze L;
(iv) xCι(x*y) = xCλy for all x, ye L.1

The universal algebra (L; U, Π, *) from Lemma 3 will be called a
Brouwerian algebra. A relative Stone {semi-Boolean) algebra is a
Brouwerian algebra which satisfies the equality (2) ((3)). It is clear that the
classes of Brouwerian, relative Stone and semi-Boolean algebras are
equationally definable.

First of all we will characterize the subdirectly irreducible
Brouwerian and relative Stone algebras. To this we need some results
about the congruence relations of Brouwerian algebras, which can be found
in [8].

Let FΘ denote the set {xeL; x = l(Θ)} for a congruence relation Θof a
Brouwerian algebra L. It is clear that F$ forms a filter of L.

Lemma 4. Let L be a Brouwerian algebra. If Θ is a congruence rela-
tion of L then

x =y(Θ) if and only ifχ(Λd =y Π dfor a suitable deFθ.

If F is a filter of L, then the binary relation Θ(F) defined as follows:

x=y(Θ(F)) if and only if x(λd = yddfor a suitable de F is a congruence
relation of L.

Lemma 5. A non-trivial2 Brouwerian algebra is subdirectly irre-
ducible if and only if the set {x e L; x ^ 1} has a greatest element.

Proof\ Suppose (L; U, Π, *> is a non-trivial subdirectly irreducible
Brouwerian algebra. Then the system of all non-identical congruence rela-
tions of L contains a least element θm. If aeL, then [a) denotes the set
bceL; x ^a}. [a) is a filter of L generated by a. L contains the greatest
element 1. For x ^1 it is clear that θ([x)) ^ Θm >0 = β([D). By Lemma 4
Θm = Θ[F] for a suitable filter F of L. Hence [#)2 F for each x ^ 1.
Further, Θ(F) ̂  β([l)) implies F^ [l). There exists a element c Φ 1 of the
filter F. Since [c) Q F therefore must be θ([c)) ^ θ(F). However,

([c)) ̂  θCF), hence θ([c)) = θ(F). Then [c) = F and c is the greatest ele-
ment of the set {xeL; x ^ l}. The proof of the converse is trivial.

1. Another system of postulates for Brouwerian lattices is due to A. A. Monteiro
(see [2, II, §11]).

2. Containing more than one element.
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Lemma 6. A non-trivial relative Stone algebra L is sub directly irre-
ducible if and only if L forms a chain with a dual atom.3

Proof. Let (L; U, Π, *) be a non-trivial subdirectly irreducible relative
Stone algebra. According to Lemma 5 {xeL; x ί 1} contains a greatest ele-
ment c. Moreover, L satisfies the identity

(x*y)u(y*x) = 1.

Hence x *y ^ c or y*x ^c which is equivalent to x *y = 1 or y*x = 1. Thus
x ^y or y^x where "^" is the partial order determined by the lattice
structure on L, which was to be proved. The proof of the converse is easy.

Lemma 7. Any relative Stone algebra is a semi-Boolean algebra.

Proof. At first we will prove that any subdirect irreducible relative
Stone algebra is semi-Boolean. Suppose <L; U, Π, *) is a subdirectly irre-
ducible relative Stone algebra. By Lemma 6 L i s a chain with a dual atom.
Let x,yeL. Then x^y or y ^x. If x ^y then (x * y) *y = y and (y*x) *x= 1.
Analogically, we can examine y^x. Thus L satisfies the equality (3) and
hence L is a semi-Boolean algebra.

Since the class of all semi-Boolean algebras is equationally definable,
therefore it contains with any system of algebras the subdirect product of
these. Every relative Stone algebra is a subdirect product of suitable sys-
tem of subdirect irreducible relative Stone algebras, because the class of
all relative Stone algebras is also equationally definable. Therefore the
class of all semi-Boolean algebras contains any relative Stone algebra. By
Lemmas 2, 3 and 7 we can conclude

Lemma 8. Any relative Stone lattice with 1 is semi-Boolean.

For the next statement we will need some conceptions.
A element x of a pseudo-complemented lattice L is called closed if

x = x**. The set of all closed elements will be denoted by B(£). It is known
that if (L U, Π, *> is a pseudo-complemented lattice then (Biz,); V, (Ί, *, 0, 1 )
forms a Boolean algebra where for a, b e B(L) it holds:

avb = (a* Πδ*)*.

The following statement characterizes Stone lattices.

Lemma 9 (see [4]). A distributive pseudo-complemented lattice L is a
Stone lattice if and only if the Boolean algebra B(L) of closed elements
forms a sublattice of the lattice L.

It is easy to prove

Lemma 10 (see [4]). Any interval [0, a] of a Stone lattice is itself a
Stone lattice.

Now we can prove

3. An element c in a lattice with 1 is called dual atom if c < 1 and c < x < 1 imply
thatc = l.
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Lemma 11. Any semi-Boolean lattice is a relative Stone lattice with 1.

Proof. Let L be a semi-Boolean lattice. Then L i s a Brouwerian lat-
tice by definition. By Lemma 1 and definition of a relative Stone lattice we
will prove that the each interval [a, b] (a, beL) is a Stone lattice. Accord-
ing to Lemma 10 it is sufficient to choose b = 1 for the greatest element 1 of
L. By Lemma 1 any interval [a, 1] is pseudo-complemented and it is easy
to prove that for x e [a, 1] x *a is a pseudo-complement of x in this interval.
Therefore we have B([α, 1])= {x*a; xe[a, 1]}. We shall show that B([<z, 1] )
is a sublattice of the interval \a, 1]. It is enough to prove that the opera-
tions "v" and " I T are equal on b([a, 1]). For any#, ye b([a, 1]) we have

xv y ^ x\Jy.

If x, y e B([<2, 1]) there exist such elements xl9 yιβ[a9 1] that x =x±*a and
y =y!*a. Since x and y are closed elements in [a, 1] therefore by [8]
(x*y)*y and (y*x)*x are closed elements in [a, 1], too. But B([α, 1]) is a
sublattice of the lattice [a, 1] therefore the element

((x* y)*y)n((y*x)*x)

belongs to B([α, 1]). Hence by (4) we getxΌye B([α, 1]). Then it holds that

#v;y = xUy.

B ([«, 1]) is a sublattice of the interval [a, 1] and by Lemma 9 and the defini-
tion of a relative Stone lattice L is relative Stone.

By Lemmas 8 and 11 we can conclude

Theorem 1. The classes of all semi-Boolean lattices and of all rela-
tive Stone lattices with 1 are equal.

We can say now, by Theorem 1, that [9, Theorem 3] states the same as
[3, Theorem 1] or [5, Theorem 5.16] and [6, Theorem 1] in a general
formulation for Π-semi-lattices.

We will mention now some remarks concerning the class of dual gen-
eralized Boolean lattices. It is easy to see that any Boolean lattice is a
relative Stone lattice with a greatest element. Moreover, the same is true
for any distributive relatively complemented lattice with 1. Such a lattice
will be called a dual generalized Boolean lattice. Since any relative Stone
lattice with 1 is a Brouwerian one, therefore the dual generalized Boolean
lattice is a Brouwerian one as well. It is easy to see that a Brouwerian
lattice L is a dual generalized Boolean one if and only if any interval [a, 1]
is a Boolean lattice. We obtain another characterization from

Lemma 12. The Brouwerian lattice L is a dual generalized Boolean
one if and only if the following equality is satisfied:

(4) xl)(x * y) = 1 for all x, y eL.

Proof. The necessity is trivial. Suppose now Lis a Brouwerian lattice
satisfying (4). Let xe[a, 1] for aeL. ThenxΠ(?c*a) =a and xΌ(x*a) = 1.
Since L is distributive therefore [α, 1] is a Boolean lattice, which was to be
proved.
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Now we shall consider the following identities:

(4f) xU(x*y) = x*x (=1);
(5) xΌy = (x* y)*y;
(6) (x*y)*z = (xUz)Π(y*z)

and the classes of all Brouwerian algebras satisfying these identities. Let
Ki(l ^i^3) be classes of the Brouwerian algebras defined by (or satisfying)
(4'), (5) and (6) respectively. It is easy to see that (6) implies (5). There-
fore K2^K3. Further, by Theorem 1, K2 is a subclass of the class of all
relative Stone algebras.

Now assume that (L; U, Π, *) is a non-trivial subdirectly irreducible
algebra belonging to K2. By Lemma 6 I is a chain with a dual atom. We
will show that L is a two-element chain. Suppose on the contrary there
exist elements x, yeL such that 1 >x >y. Since L is a chain, therefore
x *y - y and hence (x*y)*y = 1 -x = xUy, which is a contradiction. Thus
L is a two-element set. By an easy computation we see that a two-element
Brouwerian algebra (= a subdirectly irreducible algebra satisfying (5)) be-
longs to the class K3. Therefore K2QK3 and hence K2 = K3.

Analogously we can obtain that any non-trivial subdirectly irreducible
algebra L of the class K1 is a two-element chain. Thus we conclude

Lemma 13. The classes of algebras Kl9 K2 and K3 are equal. The
class K (= Kλ= K2 = K3) is a proper subclass of the class of all relative
Stone algebras.

By Lemmas 12 and 13 we have

Theorem 2. A Brouwerian lattice L is a dual generalized Boolean one
if and only if L satisfies any of the identities (4f), (5) and (6).
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