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AFFINE GEOMETRY WITH S. DOWDY'S ','TRAPEZOID"
AS PRIMITIVE

ROBERT E. CLAY

In [l] S. Dowdy introduces an axiom system for aίfine geometry based
on the primitive X(ABCD) which intuitively means that A, B, C, D are the
vertices of a trapezoid. In this paper the system is first simplified and
then altered slightly so that the defined terms which appear in the axioms
can be eliminated and still produce a "reasonable" looking system. A
system in which c{ΛBC), A, B, C are collinear, is the only relation which
appears is then given.

The system T which appears in this paper is Dowdy's A* in [1],
System T' is derived from T by the following simplifications: Two
disjuncts are removed from D2, one conjunct is removed from the last
disjunct of D3, A3 is eliminated, the equivalence in A4 is replaced by an
implication, A5 is replaced by a shorter simpler axiom, and a conjunct is
removed from the antecedent of A8. System T " is obtained from T' by
shortening and at the same time strengthening the definition of collinearity
so that A5\ the transitivity of collinearity, follows from A6, the transitivity
of parallelism. The theses prefixed with an L are to be found in [1],
pp. 245-255.

1. SYSTEM T

Dl [A]: Aεa .=. [^BCD]. t(ABCD)
D2 [AB] .\r(AB) .=: [1CD]:X{ABCD) ,v.\(ACBD) .vΛ(CBAD)
D3 [ABC].\c{ABC).=:r{BC):A = B.v.A=C .v.[3XY].t(BCXY) Λ(BAXY).

t(CAXY)

Al [iABCD]Λ(ABCD)
A2 [ABCD\'Λ(ABCD).Ώ.A*B

A3a [ABCD]'Λ{ABCD) .o.t(DCAB)
A3b [ABCD]'Λ(ABCD) ,^Λ(ABDC)
A4 [ABC] ::Aza.Bza.C&a.Z).'.~c{CAB) :=: [3D]Λ(ABCD) .V.A=B

A5 [ABCMN]:A*B.c(AMN).c(BMN) .C(CMN) . D . C ( C A B )

A6 [ABCDEFG]'Λ{ABCD) Λ(ABEF) Λ(CDEG) .DΛ(CDEF)
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A7 [ABCD]Λ \{ABCD) .=: r (AB). r{CD): [M] : c(MAB) .=>. ~c(MCD)
A8 [ABCDEFGHX]: \{ABCD). X(BEDF). t(AECG). \{AEFH). c(XAC).

c(XBD). c(XEF) .D. \{AECF)

2. SYSTEM T

£2 [A]:Aεa.=. [1BCD].t(ABCD)
D2' [AB]: r f(AB) . Ξ . [gCZ>]. \{ABCD)
D3r [ABC].\cr(ABC).=:r'(BC):A=B.v.A=C.v.[iXY].t(BCXY).

\{BAXY)

Al [iABCD].t(ABCD)
A2 [ABCD]'Λ{ABCD).i.A*B
A3 [ABCD] :t(ABCD).Z)Λ(ABDC)
A4' [ABC]:Aεa . Bεa . Cεa . ~c'(CAB). A *B .3. [3D]. \{ABCD)
A5r [ABMN]:A±B.cr(AMN).cr(BMN).^.c'(MAB)
A6 [ABCDEFG]: t(ABCD) Λ(ABEF). t(CDEG) .=>. t(CDEF)
A7' [ABCD}: Λ(ABCD) .=:r\AB) .r'{CD):[M}'.c'{MAB).-D.~Q'{MCD)
A8' [ABCDEFGX] :t(ABCD) Λ(BEDF)Λ(AECG),c'(XAC).cf(XBD).

c'(X£.F).=\t(AEC.F)

2.1 Equivalence of systems T and T'

2.1.1 System T implies system T'
ZO [ABCD] :t(ABCD) .^.Aεa . Bεa . Cεa . Dεa [LI, L2, L3, Dl]
Zl [AB] :r'(AB).Z). r(AB) [D2, D2'\
L22a [ABC]:AΦB.C(ACB).Z).C(CAB) [L22]
Z2 [ABCD] :\(ACBD).=). [ 3E]. X(ABCE)
PF [ABOD]:Hyp(l).D.

2) -c(5AC). U4, ZO, 1]
3) -c(5CΛ). [Z^5, 2]
4) A*C. [A2, 1]
5) ~c(CBA). [L22a, 3, 4]
6) ~c(CAB). [L23, 5]
7) A*B. [L14, 1]

[3£].t(A5C£) U4, ZO, 1, 6, 7]
Z5 [AB]:r(AB).=>.r'(A5)
PF U^].'.Hyp(l).D:

2) [3CD].t(AJBCZ)).v.t(AC5Z>).v.t(C£!A2>): [l)2, l]
3) [3CJD].t(AJBCZ>).v.t(ACJBZ)).v.t(Ai)^C): [£5, 2]
4) [^CDEF].X(ABCD).vΛ(ABCE).vΛ(ABDF): [3, Z2]

r'(A.B) [Z)^f, 4]
Z4 U5]:r(AJ5).Ξ.rf(i45) [Zl, Z3]
Z5 [ABC]: c{ABC).Z).c'{ABC) [D3, D3', Z4]
Z6 [BC]:c(BBC).=. C'(BBC) [D3, D3\ Z4]
Z7 [BC]:c(CBC).=.c'lcBC) [D3, D3\ Z4]
Z8 [ABC]:C'{ABC).A*B.AΨC.-D.C(ABC)

PF [ABC]ΛHyp(3).i>:
llXYh
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5) X(BAXY). \ W3> l> 2 ? όϊ

6) \QCYBC). [L5, 4]
7) t(XYΛB): [L2, 5]
8) t(J3CAJB).vj£].~t(J3CAZ>): [A6, 6, 7]
9) [Z)].~ttBCAZ>). [ZJG, 8]

10) £ * C . [A2, 4]
c(ABC) [A4, ZO, 4, 5, 10, 9]

Z9 [ABC]:c'(ABC).Z).c(ABC) [Z8, Z6, Z7]
Z10 [ABC]:c'(ABC).=.c(ABC) [Z5, Z9]
Zll [ABMN] :A*B. C(AMN) .C(BMN) .D. C(MAB)

PF [ABMN]: Hyp (3).=).
4) r(ΛflV). [Z)5, 3]
5) c(MMN). [D3, 4]

c(MAB) [A5, 1, 2, 3, 5]
ZI2 [A.BCZ)£FGX]:t(A5CZ)).t(5£:i)F).t(AECG).c(XAC).c(X5D).

c(XEF). [H]. -t(AEF/ί) .D. [3i7]. t(AEFH)
PF [ABCDEFGX]: Hyp(7) .=).

8) A ^ £ . [A2, 2]
9) c(FAE). [A4, ZO, 1, 2, 7, 8]

10) £*F. [L17, 2]
11) c(AF£). [L22α, 9, 10]
12) cίA.E^). [£25, 11]
13) t(A5DC). U56, 1]
14) ~c(DAB). [A4, ZO, 1, 13]
15) A ^ B . [A2, 1]
16) ~z(ADB). [L22a, 15]
17) ~c{ABD). [L23, 16]
18) Z^A. [17, 5]
19) c(EAX). [Zll, 18, 12, 6]
20) c(XCA). [L23, 4]
21) c(CX4). [122, 20, 18]
22) c(CAX). [L23, 21]
23) £ ^ C . [£i5, 3]
24) c(ACE). [Zll, 23, 22, 19]
25) c(CAE). [L22a, 24, 8]
26) ~c(CAE). [A4, ZO, 3]

[3^].t(A£F/f) [25, 26]
Zi3 [ABCDEFGX]: \{ABCD) Λ(BEDF)Λ{AECG). c(XAC). c(XBD).

c{XEF).-DΛ{AECF) [A8, Z12]
A4r [ABC]:Aεa.Bεa.Cεa.~c'(CAB).A*B.Z).[iD]Λ(ABCD) [A4, Zio]
A5f [ABMN]:A*B.cr(AMN).cr(BMN).Z).cr(MAB) [Zll, Zio]
A7r [ABCD].' Λ{ABCD) .=: γ'(AB). r'(CD):[M]: c'{MAB) .D. ~c'(MCD)

[A7, Z4, ZIO]
A8' [ABCDEFGX] :t(ABCD). t(BEDF). t(AECG). c'QCAC). c'(XBD).

Cr(XEF).^Λ(AECF) [Z13, Zlθ]

Therefore T implies T\
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2.1.2 System T' implies system T

L14 [ABCD] :\(ABCD).Ώ.A*C. (New proof)
PF [ABCZ>]ΛHyp(l).D:

2) v{AB). )
3) r(CD): > [A7, l ]
4) [M]:c(MAB).^.~c(MCD): )
5) z{AAB). [D3, 2]
6) c(CCD). [D3, 3]
7) ~c{ACD). [4, 5]

AΨC [β, 7]
L20 [ABC]: c(ABC).^.Aε a.Bεa.Cεa (New proof)
PF UfiC].\Hyp(l).=>:

2) r(BC): ) r ,
3) A=J5.v.A = C.v.[3-X'F].t(A4JX'F): ) L ' J

4) A=J5.v.A = C.v.[3A'F].t(AfiX'F): [JL4, 3]

5 ) B ε α ' ( [LIP 21
6) Cεa. \ VL19> 2 J

7) Aεa. [4, 5, 6, Dl]
Aεa.Bεa.Cεa [δ, 6, 7]

Substituting the two above proofs for the originals, LI through L20 are
now valid in T', if c and r are replaced by c ' and r f respectively in both
statements and proofs and any axiom used as a reason is replaced by the
corresponding primed axiom.

Z'2 [ABCD] :t(ABCD).^.~cr(CAB)
PF [ABCD].\Hyp.^:

2) X(CDAB). [L5, 1]
3 ) r'{CD): I \A7> 21
4) [M]:c'(MCD).^.~c'(MAB): \ l ' ' Δ1

5) c'(CCD). [D3'9 3]
~c'(CAB) [4, 5]

Zf3 [ABC]:c'(ABC).^.c'(ACB)
PF [ABC]:Ryp(l).o.

2) r'(BC). [D3f, l ]
3) B*C. [L19, 2]
4) [D].~t(BCAD). [Z'2, l ]
5) [D].~t(CBAD). [L4, 4]

cYΛC-B) [A4f, £ ^ , 1, 3, 5]
Z'4 U5C]:c f (A5C).Λ^B.A^C.D.c f (C£!A) [/)5f]
Z f 5 [Λ5C]:c f(ABC).A^B.D.c f(CJBA) [Z f4]
Z f5 [ABC]:c'{ABC).A*C .Ό.c'(BAC) [Z'3, Z'5, Z'3]

ZO through Z7 are now valid in T' if c is replaced by c ' in the proof of
Z2y and the theses given as reasons are replaced by their analogs in T',
e.g. A4 is replaced by Z'2 in the proof of Z2.

Zr7 [ABCDMN]:t(ABCD). cr(ABM). c'(NBM). A*N.^. ~cr(NCD)
PF [ABCDMN].". Hyp(4) .=).
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5) c'(BAN). [A5r, 4, 2, 3]
6) A*B. [A2, 1]
7) c'(NAB): [Z'5, 5, 6]
8) [P]:c'(PAB).o.~c'(PCD): [A7'9 l ]

~c'{NCD) [8, 7]
Z'8 [ABCD]: t(ABCD) .3. ~c'{ACD)
PF U5C2)]. ' .Hyp(l).D:

2) r'(A5): I r ,
3) [Af]:c f(ΛM5).D.-c f(MCZ}): ( L ' J

4) c'(ΛAB). [Zλ?f, 2]
~c'(ACZ>) [3, 4]

Z '9 [ABCDMN]: \{ABCD). c '(ABM) .=>. t(BMCD)
PF [ABCDMN].'. Hyp. (2) .=):

3) r'(CD). [A 7', 1]
4) r'(BM): [D3f, 2]
5) [iSΓl c'ίiSΓ^Mj.D.-c'ίiSΓCZ)): [^'7, 1, 2, Z'8, l]

t(BMCD) [A7', 4, 3, 5]
Z'Jd? U 5 C ] : c f ( A 5 C ) . i l ^ C . D . c ( A 5 C )
P F [A5C]: Hyp. (2) .D.

3) c f(fiAC). [Z'5, 1, 2]
4) o'(BCA). [Z'3, 3]
5) r'{BC). [D3f, 1]

7) t(BAXY). \ W3 > 1 J

8) t(CAXY). [Z'9, 6, 4]
c(ABC) [D3, Z4, 5, 6, 7, 8]

Z ' ϋ U J 5 C ] : C / ( Λ J B C ) . Ξ . C ( A 5 C ) [ZfIί?, Z7, Z5]

ZΊ2 [ABC]:Aεa.Bεa.Cεa.A=B.Ώ.~c'(CAB) [ll9, D3']
A4 [ABC] ::Aεa.Bεa. Cεa.Ό.\ ~c(CAB).=: [3Z>]. t(ABCD).v. A =B

[ZΊl, A4r; ZΊ1, Z'12, Z'2]
ZΊ3 [ABMN] :A*B.C'(AMN).C'(BMN).Ό.C'(AAB).C'(BAB)

PF [ABMN] :Hyp(3).=).
4) Aεa. [L20, 2]
5) Bεa. [L20, 3]

7) r '(ΛA). ί [ L 1 9 > 4' 5' 1 ]

8) c'iAAB). [D3r, 6]
9) c'(BBA). [D3r, 7]

10) cf(-BAJ3). [L23, 9]
cf(AAJ3).cf(JBAB) [8, 10]

Z f i 4 Uj5CiV]:A^5. JB^C.c f(jBAΛΓ).c f(CA^).D.c f(CA5)
P F [AJ5CiV]:Hyp(4).D.

5) c'(ACB). [A5r, 2, 4, 3]
c'(CAB) [L22a, 5, l]

Z Ί 5 [ABCMN]:A*B.A*C.BΨC.A*M.Q'(AMN).C'(BMN).C'(CMN)

.Z).c'(CAB)
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PF [ABCMN] :Hyp(7).3.
8) c'(MBA). [A5', 1, 6, 5]
9) c'(MCA). [A5'9 2, 7, 5]

10) c'(BMA). [L22a, 8, 4]
11) c'(CMA). [L22a, 9, 4]
12) c'CBAM). [jL23, 10]
13) c'(CAM). [125, 11]
14) c'WCJB). U 5 ' , 3, 13, 12]

c'(CAB) [L22a, 14, l]
A5 [ABCMN] :A*B.c(AMN).c(BMN).c(CMN).D.c(CAB)

[ZΊi, Z'15, Z'23, Z'24]
A7 U^CD].'. t(A5CD) .=: r(AB). r(CD): [M] : c(MAB) .D. ~c(MCD)

[A7r, Z4, ZΊl]
A8 [ABCDEFGHX]: t(ABCD). t(BEDF). \(AECG). \{AEFH). cQCAC).

c(XBD).c(XEF).^).X(AECF) [A8r, ZΊl]

Therefore Tf implies T. So the two systems are equivalent.

In Tr, Dl and D2! may easily be eliminated, thus leaving D3r as the
only important definition. We can strengthen D3' so that transitivity is part
of the definition. This will enable us to eliminate A5r entirely. The new
definition of collinearity is also one atom shorter than D31. These
simplifications will make it possible to introduce a fairly natural system in
which only the primitive (V appears.

3. SYSTEM T"

Dl [A] :Aεa .=. [^BCD]Λ{ABCD)

D2r [AB] :r'(AB).=. [1CD]Λ{ABCD)
D3" [ABC]: :c"(ABC).=/.r'(BC).\A=B.v:[XY]:t(BCXY).^.t(BAXY)

Al [iABCD].t(ABCD)
A2 [ABCD]:\(ABCD].Z).AΨB

A3 [ABCD] :t(ABCD] .Z).t(ABDC)
A4" [ABC] lAεa.Bεa.Cεa. ~c"(CAB) .AΨB.-D. [3Z>]. X(ABCD)
A6 [ABCDEFG]:\{ABCD]. t(ABEF).t(CDEG) .^.t(CDEF)
A7" [ABCD].'Λ(ABCD).=: rr(AB). r'(CD): [M] :C"(MAB).^.C"{MCD)
A8" [ABCDEFGX]:t(ABCD)Λ(BEDF)Λ(AECG). c"(XAC).c"(XBD).

c"(XEF).^Λ{AECF)

3.1 Equivalence of systems T' and system T"

3.1.1 System Tr implies system T"

ZΊ6 [BC]:c"(BBC).=. C'(BBC) [US', D3"]

ZΊ7 [BC]:c"(CBC).=.c'(CBC) [D3r, D3")
ZΊ8 [ABC]:Z"{ABC).A*B. D. C'(ABC)

PF [A£C].'.Hyp(2).=):
3 ) r'{BC): I \D3" 1 21
4) [XY]:\{BCXY). DΛ{BAXY): \ l ό ' i ? Δ]

[iDE].
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5) \{BCDE). [D2'9 3]
6) \{BADE). [4, 5]

c'(ABC) [D3r, 3, 5, 6]
Z'19 [ABC]\c"(ABC).^.cr{ABC) [ZΊ6, Z'17, Z'18]
Z'20 [ABC]: c'(ABC).A*B.X(BCXY).=). t(BAXY)
PF UJBC] :Hyp(3).=>.

4) t(CBXY). [L4, 3]
5) c'(ACB). [Z'3, 1]
6) c'(CAB). [Z'6, 5, 2]
7) c'(CBA). [Z'3, 6]

X(BAXY) [z'9, 4, 7]

Z'21 [ABC] .'.c'(ABC) .AΦBJD; [XY]: t(BCXY) .=). t(BAXY) [Z'2θ]
Z'22 [ABC]\Z'{ABC).AΦB.-D.C'XABC) [D3", D3f, Z'2l]

Z'23 [ABC]:c'{ABC).-D.c"{ABC) [Z'22, ZΊβ]
Z'24 [ABC]:cf(ABC).=.cn(ABC) [Zf19, Z'23]

A4", A7n, and A8" now follow immediately from Z'24 and A4f', A7f, and

A8 f. Therefore Tf implies T".

3.1.2 System T" implies sytem T'

In Trr, LI through L19 hold with c' replaced by c" in both theorems and
proofs and with D3' replaced by D3" in the reasons; Z"16 through Z'19 and
ZO hold as they stand. L20 holds with c replaced by c".

Z"l [ABC]:c"{ABC) .'D.Aza. Bza .Cza [L20, Zr19]

Z'2 and Z'3 are now valid for c" (with the obvious replacements).

Z"2 [ABC] :c"(ABC). AΦB.Z). C"{CBA)

PF [A£C]. .Hyp(2).=):
3) r'(BC): i f .
4) [χy]:t(JBCXy).D.t(fiAXF): [ L ' ' J

5) X(BCDE). [D2',4]
6) t(£ADJS;). [5, 6]
7) XφECB). [L2, 5]
8) XφEBA): [L5, 6]
9) t(£AOB).v. [jP].~t(J3ACF): U^, 7, 8]

10) [F].~\(BACF). [L16, 9]
crf(C5A) [A4r', Z6>, 5, 6, 2, 10]

Z"3 U^MiV]:A^5.A^M.5^M.c f f(AMiV).c f f(5M^).l).c' r(MΛ^)
PF [A.BMiV].'. Hyp(5) .=):

6) r'(MAΓ): [i)5'r

? 4]
7) [XY]:t(MNXY).o.t(MAXY): [D3", 4, 2]
8) [XY]:t(MNXY).z>Λ(MBXY): [D3", 5, 3]

[3^].
9) X{MNDE). [D2\ 6]

10) \(MADE). [7, 9]
11) X(MBDE). [8, 9]
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12) t(DEAM). [L2, 10]
13) t(DEBM): [L2, 11]
14) X(AMBM).V.[F].~X(AMBF): [A6, 12, 13]

15) [F].~X(AMBF). [L17, 14]

16) c"{BAM). [A4", ZO, 10, 11, 1, 15]
17) c"(MAB) [Z'% 16, 1]

Z"4 [ABMN] :A*B.C"{AMN).C"{BMN).D.Z"{AAB).C"{BAB)

[Z"l, L19, D3"]
Z"5 [ABMN]:AΨB.c"{AMN).c"{BMN).-D.c"{MAB) [Zrt3, Z"4]
Z"6 [ABC]: c'(ABC) .A* B .A* C .=>. c"{ABC)
PF [ABC].\Hyp(3).D:

4) rf{BC). [D3f, l]
5) BΨC: [D2',4,A2]

kXYh
6) t(BCXY). j r ,

8) t(XΎJ3C). [15, 6]
9) t(XYAB): [L2, 7]

10) t(£CA£).v.[Z)].~t(JBCAD) [AG, 8, 9]
11) [D\.~\(BCAD) [L16, 10]
12) cr/(A^C) |Λ4", Z26>, 1, 5, 11]

Z"7 [ABC]:c'(ABC).Ώ.c"(ABC) [Z"6, ZΊ6, Z'17]
Z"8 [ABC]:c'{ABC).=.c"(ABC) [Z"7, Z'19]

A4', A4r, A7'9 and A8r now follow immediately from Z"8 and A4", Z"5,
A7", and A8". Therefore T" implies Tr. So T" is equivalent to T f.

4. SYSTEM T +

We now list a system in which t is the only relation which appears.

T+l [1ABCD].\(ABCD)
T+2 [ABCD]:\(ABCD) JD.A* B

T+3 [ABCD] :\{ABCD)^Λ{ABDC)

T+4 [ABCEFGHIJKLM] /Λ(AEFG). X(BHIJ). X(CKLM). [D] . ~\{ABCD).
AΨB.Ό: [3NO]. t(ABNO) :A=C.v: [XY]: t(ABXY) . 3 . t(ACXY)

T+6 [ABCDEFG]: t{ABCD). t(ABEF). X(CDEG) .=>. t(CDEF)
T+7 [ABCD]:'Λ{ABCD).=:.[1EFGH]Λ{ABEF)Λ{CDGH):.[M\:.

A=M.v: [ I F ] : t(ABXY) .D. t(AMYy) :^>.M*C. [3/j]. t(CDIJ).
-t(CM/J)

Γ+δ U^CDEFGX]:: t(ABOD). t(BEDF). t(AECG).'. [#/] / . t(AC^/) .=).
t(ΛXiJ/): X(BDHI) .=>.X(BXHI): X(EFHI).^. X(EXHI).\^>. X(AECF)

T+l, T+2, T+3, T+6 are identical with axioms of T". Γ+4 is merely
A4n with substitutions from J9I, Z)^f, and i)5rf. The first two conditions to
the right of the equivalence sign in T+7 are substitutions from D2f. They
eliminate the necessity of using rf(AB) and rf(CD) when the substitutions
from D3n are made in the third condition to the right of the equivalence
sign. The proof which follows shows that T+8 is equivalent to A8rr in the
system T f from which A8" has been deleted.
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4.1 Equivalence of systems T" and T+

Z"9 [ABCDX]:: \{ABCD). c"(X8Z>) .=>/. C"(XAC).=: [FG]: \{ACFG).=).
\{AXFG)

PF [ABCDX]: :Hyp(2).D.\
3) \{ABDC). [A3, 1]
4) ~c"{DAB). [Z'2, 3]
5) AΨB. [A2, 1]

6) ~c"(AD5). [Z'G, 4, 5]
7) ~c"(ABD). [L23, 6]
8) X*A. [2, 7]
9) A * C . [L14, 1]

10) r f(AC).'. [£2S, ZO, 1, 9]
cf/(X4C).^:[JPG]:t(ACFG).=).t(AXFG) [Z)5;r, 10, 5]

Zr76> [52>JEFJSΓ] : : t(BEDF): [Hi]: t(BDHI) . 3 . t(BXHI) . o / . c"(XEF) .= : [JK] :

PF |>Zλ£F.X']:: Hyp (2).D.#.

3) 5 ^ D . [£24, 1]
4) r f (5i)) . [£25>, ZO, 1, 3]
5) c"(XBD). [D3", 4, 2]
6) t(EBFD).'. [L7, 1]

crf(X£F) .Ξ: [JK] : t(EFJK) .D. t(EXJK) [Z"9, 6, 5]

Z"22 i δ " . Ξ . Γ+5 [Zrf5>, Z'f.9, Zff2θ]

Therefore T r f is equivalent to T+.

A slight variation of T + can be made by replacing Γ+4 with

T+4a [ABDEFGHI]:X{ADEF).t(BGHI).AΨB.'D. [3JK"].^AR/flΓ)

and

T+4b [ABCEFXY]: t(AC£.P). t{ABXY). t(ACXF) .=). [ 3 D]. t(A5Ci)).

The equivalence is easily proved.

5. SYSTEM C

We now give an axiom system in which collinearity is the sole
primitive.

Cla [iAB].c(AAB)

Clb [ABC]: c(ABC).D. [^DE]. c(EED). ~c(DBC)
C2 [ABC]:c(ABC).^).B±C.
C3 [ABC]: c(ABC).D. c(ACB)
C4 [ABCEFGHIJ]:: c(EFA).c(GHB).c(IJC).~c(CAB).A*B.=>.\

c(AAB).'.[lD]-'.c(CCD):c(MAB).o.~c(MCD)
C5 [ABMN] :A*B. C(AMN) . c(BMN) .=). c(MAB)
C6 [ABCDEFN].'.c(AAB).c{CCD).c{EEF): [M] :c(MAB).D. ~c(MCD).

~c{MEF): ~c{ECD).c{NCD).Z). ~c(NEF)
C8 [ABCDEFNX]:: c(AAB). c(CCi)). c(BBE). c(DDF).'. [M].\

C(MAB).Ό.~C(MCD):C(MBE).Ό.~C(MDF).\~C(CAE).CQCAC).

c(XBD).c(XEF).c(NAE).'.^.~c(NCF)
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5.1 Equivalence of systems T" and C

To prove the equivalence of C to T" we introduce the following
definitions.

DCl [A]:Aεa .=. ίiBC].c(BCA)
DC2 [AB]\r{AB).=.c{AAB)
DC3 [ABCD] :.\{ABCD).=: r(AB). r(CD): [M] : c(MAB).D. ~c(MCD)

C9 [ABC]:C(CAB).^.[IDE]Λ(ABDE)

PF [ABC].\Hyp(l).=>:
2) c(CBA). [C3, 1]
3) A ΨB\ [C2, 1]

4 ) C{EED) ! \cib ll
5) ~c(DAB). \ L C I 6 > 1 J

6) [iF].t(ABDF) [C4, 2, 1, 4, 5, 3, DC3, DC2]
[3DE].t(ABDE) [6]

CIO [A] :Aεa ,D, [3BCD].\{ABCD)
PF U].\Hyp(l).D:

[3BC]:
2) c(BCA). [DCl, l]
3) c(BAC). [C3, 1]
4) [3DE]. X(ACDE). [C9, 3]

[3BCD].t(ABCD) [4]
CI1 [A5CZ)]:t(A5CZ>).D.Aεα
PF [ABCD]:Ήyp(l).z>.

2) r(A5). [Z>C5, 1]
3) c(AAB). [DC2, 2]
4) c(A&4). [C5, 3]

Aεα [DCl, 4]
CI2 U]:Λεα.Ξ.[3jBC2)].t(A5C2>) [CIO, CJl]
C25 [A5]: r ( ^ ) . Ξ . [3CD]. \{ABCD) [DC2, C9, DC3]
C14 [AB]:A εa . Bεa ,A± B .~c(AAB) .Z).c(AAB) [C4, C/A, DCl]
C15 [AB] :Aεa.Bεa.A*B.Ώ.c(AAB) [C14]
C16 [ABC]:c(CAB).^.c(AAB)
PF [ABC]:Hyp(l).=>.

2) c(CBA). [C39 1]
3) A*B. [C2, 1]

z{AAB) [C15, DCl, 1, 2, 3]
C17 [AB]:c(AAB).^.Aεa.Bza.A*B [DCl, C3, C2]
C18 [AB]\r{AB).=.Aεa.Bεoί.AψB [C15, C17, DC2~\
C19 [AB]: c(AAB).=. c(BBA) [C18, DC2]
C20 [AB]: r(AB).=. r{BA) [C19, DC2]
C21 [ABC]:c(ABC).A*C .Z).c(BAC)
PF [ABC] :Hyp(l).=).

3) c(ACB). [C3, 1]
4) c(CCB). [C16, 3]
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5) c(CBC). [C3, 4]
C(BAC) [C5, 2, 1, 5]

C22 [ABC]:c(ABC).^.Bεa.Cεa.Aεa
PF [A£C].'.Hyp(l).D:

2) c(ACB): [C3, l]
3) AϊC.^.c(BAC): [C21, l]
4) AϊC.o.c(BCA): [C3, 3]

£εα.Cεα.Aεα IDCI, 2, 1, 4]

C23 UJ5CXF]:c(ASC).A*5.t(J5CXr).c(MBA).M*C.D.~c(ΛίX'r)
PF [ABCXF].".Hyp(5).=>:

6) [iV]:c{NBC).=>.~c(NXY): [Z>C5, 3]
7) c(ACB). [C3, 1]
8) c(CAB). [C^J, 7, 2]
9) c(CBA). [C3, 8]

10) c ( M C ) . [C5, 5, 4, 9]
11) BΨC. [C2, 1]
12) c(MBC). [C21, 10, 11]

-c(MJF) [6, 12]
C24 [BCXY] :\(BCXY).Z). ~C(CXY)
PF [BCXY] .'.Hyp(l).=):

2) c ( ^ C ) : I r -,
3) [M]:c(M5C).D.-c(MIF): [ WC3> DC2> 1 J

4) c(CCB). [C19, 2]
5) c(C5C). [C3, 4]

- c ( c x r ) [3, 5]
C25 [A5C].'.c(Λ5C).Λ*5.t(J5CA'7).D:[M]:c(MJ2A).D.'-c(MX'r)

Ĉ 5 [ABC]:c{ABC) .AΨ B Λ{BCXY) .^Λ{BAXY)
PF U^C].#.Hyp(3).D:

4 ) A ε α ί \C22 ll
5) J5εα.j IC^, 1J
6) v{BA). [C18, 5, 4, 2]
7) r(XY): [DC3, 3]
8) [M]:C(MJBA).D.-C(MXF): [C25, 1, 2, 3]

t(i3AXF) [DC5, 6, 7, 8]
C27 [ΛJ5C]::c(AJBC).D/.r(J5C)/.A=£.v:[jSΓF]:t(5CA'F).D.t(£AXF)
Pi^ [ABC]::Hyp(l).D.\

2) r(^C)/. [i)C^, C15, l]
3) A=B.v:[XY]:t(BCXY).θΛ(BAXY).\ [C26, l]

r(BC).'.A=B.v:[XY]:t(BCXY).Z)Λ(BAXY) [2, 3]
C Ŝ [A5CD]: t(ABCD) .D. -c(CAB)
PF U^CZ>]/.Hyp(l).=):

2) KCZ)): ί r ,
3) [M]:c(MA5).D.-c(MCZ»: ( L C ^ J ? 1 J

4) [M]:C(MCD).Ώ.~C(MAB): [3]

5) c(CCD). [DC2, 2]
-c(CAJB) [4, 5]
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C29 [ABC]:Aεa.Bεa.Cεa.~c(CAB).A*B.^. [qD].X(ABCD)
[C4, DC1, DC3, DC2)

C30 [ABC] :.γ{BC): [XY]:X(BCXY).3. t(BAXY): ~c(ABC):D. A
PF [ABC].\Hyp(3).=>:

4) t(BCDE). [C13, 1]
5) t(BADE). [4, 2]
6) r(BA). [DC3, 5]
7) Aεa. [C18, 6]
8) r(i4£). [C20, 6]
9) c(A4.B). [DC2, 8]

10) C(AJ5A). [C3, 9]

[ 3 F ] .
11) X(BCAF). [C29, C18, 1, 7, 3]
12) tCBAAF). [2, 11]
13) ~c(ABA). [C28, 12]

Λ [10, 13]
C31 [ABC]: :r(BC):.A=B.v:[XY]:t{BCXY).^.\(BAXY).'.^.c{ABC)

[DC2, C3θ]
C32 [ABC]::c(ABC).=.'.r(BC).'.A=B.v:[XY]:t(BCXY).o.t(BAXY)

[C27, C3l]
C33 [3 ABCD ]. t (ABCD)
PF iiAB].\

1) c(AAB): [Cla]
llCD]:

2) c(CCD). I rΓ1h ,
3) ^c(DA5). ί [ C i 5 ' 1 ]

4) Dεa. [C22, 2]
5) [3E].t(ABDE).\ [C29, C17, 1, 4, 3]

[g^L.BC.Dΐ.tίA^CZ)) [5]
C34 [A.BCZ)]:t(AJ5Ci)).=).A^JB [DC3, C18]
C35 [ABCD]:X(ABCD).Ώ.X{ABDC) [DC3, C20, C3]

C36 [ABCD] :X(ABCD)Λ{ABEF)Λ{CDEG).Z).X(CDEF)
PF [ABCD]. \Hyp(3).=>:

4) r(AB). )
5) r(CD): [ [DC3, l]
6) [M]: c(MAB) .D. -c(MCD): )

8) [M]:c(MAB).o.~c(MEF): \ l J' ^
9) [M]:c(MAB).Z).~c(MCD).~c(MEF): [β, 8]

10) ~c(ECD): [C28, 3]
11) [iSΓ]:c(iSΓCZ)).D.'-c(iV£JF): [C6, DC^, 4, 5, 7, 9, 10]

X(CDEF) [DC3, 5, 7, 11]
C37 U ^ C i ) ] : X{ABCD) .D. t(CDA^) [JDCJ]
C35 [AβCZλEFGyi r tW^CDj.t^^^jPj . t^ECGj.cCXACj.cίX^i)) .

c(XEF).3.t(AECF)
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PF [ABCDEFGX] Λ Hyp(6) .D:
7) r{AB). )
8) r(CD): > [DC3, l]
9) [M]:c(MAB).Z).~c(MCD): )

10) r(BE). )
11) r(DF): V [DC3, 2]
12) [M]:c(M££).=\~c(MZλF): )
13) ~c(CAE): [C28, 3]
14) [N]:c(NAE).Z). ~C(NCF):

[C8, DC2, 7, 8, 10, 11, 9, 12, 13, 4, 5, 6]
15) AΨE. [C34, 3]
16) r(AE). [C18, C18, 7, 10, 15]
17) CΨD. [C34, 1]
18) c(BCD). [C24, 1]
19) o(CBD). [C21, 17, 18]
20) X * C . [19, 5]
21) c(AXC). [C21, 4, 20]
22) c(ACX): [C3, 21]
23) C=F.=).c(£XC): [C2I, 6, 20]
24) C = J P . D . C ( E C X ) : [C5, 23]

25) C=F.Z).c(CAE): [C5, 15, 22, 24]
26) C*F. [25, 13]
27) r(CF). [C18, C18, 8, 11, 26]

t(AECF) [DC3, 16, 27, 14]

If one now corresponds c to c " and r to r', then Cl^, C13, C32, C33, C34,
C29, C36, DC3, C38 correspond to the definitions and axioms of T".
Therefore C implies T". To prove that T" implies C we have all the
theorems of T, T', and T" at our disposal. Since in the T systems r and
rf, and c, c', c " are equivalent we shall use r and c in what follows instead
of r ' and c".

Tl [A]: Aε a . 3 . [3J5C]. c(J5CA)
P F U]:Hyp(l) .D.

2) v{AB). [Dl, 1, Z)2f]
3) r(BA). [L19, 2]
4) c(BBA). [D3"9 3]

[ 35C].c(5Ci4) [4]
Γ2 UJ5C]:c(jBCA).D.Aεα
P F [AJ5C]:Hyp(l).D.

2) r(CA). [i)5 ;r, 1]
3) r(AC). [IIP, 2]

Aε a [D2r, 3, Dl]
T3 [A]:Aεa.=.[iBC].c(BCA) [Tl, T2]
T4 [AB]:r(AB).=.c{AAB) [D3fr]
T5 l^AB] .c(AAB) [Al, A7'\ D3"\
T6 [ABC]: c(ABC) . 3 . [ 3 D£]. c(EED). ~c(DBC)
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PF [ABC]:Hyp(l).=>.
2) r(BC). [D3", 1]

hDE\.
3) \{BCDE) [D2T, 2]
4) rφE). [A7"9 3]
5) r(ED). UlP, 4]
6) c{EED). [D3", 5]
7) ~c(DBC). [Zr2, 3]

[3ZλE].c(££Z)).~c(ZλBC) [6, 7]
Γ7 [ABC]:c(A£C).3.£*C [iλ?", £19]
Γδ U-BCEJPG^/J] : : c(£FA). c(G#J3). c(IJC). ~c(CAB). A * B.D.\

c(AA5).'. [3Z>] Λ c(CCD): [M] : c{MAB) .=>. ~c(MCZ))
P F UtfC&FGff/J]:: Hyp(5) .=>.*.

6) Aεa.Bεa.Cεa. [T3, 1, 2, 3]
7) c(AAB).'. [L19, 6, 5, r/j

8) t(A5C2)). [A4ff, 6, 4, 5]
9) KC2)): / r ,

10) [Af]:c(MAB).D.-c(AfCZ>): ( l 7 ' b J

11) c(CCD). [T4, 9]
c(AAJ5).'. [3Z>] .*. c(CCD): [Λf]: c(MA^) . 3 . ~c(Λ/OD)

[7, 11, 10]
T9 [ABCDEFN].\c(AAB).c(CCD).c(EEF): [M] :c(M45).=).-c(MCZ)).

-c(M£.F): ~c(ECD). c(iSΓCZ)) :D. ~c(NEF)
PF [ABCDEFN] Λ Hyp(6).D:

7) t(ABCZ>). U7", Γ4, 1, 2, 4]
8) t(ABEF). [A7", T4, 1, 3, 4]
9) [3G].t(CZ)£G). [A4", T4, L19, 2, 3, 5]

10) t(CDEF): [A6, 7, 8, 9]
11) [M]:c(MCD).Z).~c(MEF): [A7rr, 10]

~c(NEF) [11, 6]
ΓiO [A£CZλEFJVX]::c(AAJ5).c(CCD).c(J55E).c(DDF).\ [M] . '.

c(M45) .=). ~c(MCD) :c(MBE).Ό. ~c(MDF).'. ~c(CAE). c(XAC).
c(XBD).c(XEF). c(NAE).\θ. ~c(NCF)

PF [ABCDEFNX]:: Hyp(10).D:
11) t(ABCD). [A7", T4, 1, 2, 5]
12) t(BEDF). [A7", T4, 3, 4, 5]
13) AΨE. [T7, 10]
14) [gG].t(A£CG). [A4", L2O, 1, 2, 3, 6, 13]
15) t(AECF): [A4", 11, 12, 14, 7, 8, 9]
16) [M]:c(MA£).3.-c(MCF): [A7", 15]

~c(NCF) [16, 10]

Γ5, Γ6, Γ7, ^ ' 5 , Γ5, Z"5, Γ9, Γ26>, Γ5, Γ4, Zλ?" are just the axioms
and auxilliary definitions of C. Therefore T" implies C. Therefore C is

equivalent to T'\
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