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THE SHORTEST AXIOMS OF THE IMPLICATIONAL CALCULUS

RICHARD TURSMAN

Jan ZLukasiewicz has proved that all theses of the Implicational
Calculus of Propositions are derivable from the axiom

(1) CCCpqrCCrpCsp

and has outlined a proof to the effect that (I) is the shortest single axiom
from which all theses are derivable.' Whether or not there are 13 letter
axioms other than (I) which could serve as single axioms of the Calculus,
Lukasiewicz noted,” is not known.

In this article it is proved that (I) is the only 13 letter single axiom
with the possible exception of

(II) CCrpCCCpgrCsp.

This article leaves unanswered the question of whether or not (II) does
serve as a single axiom. If it does, then there are a total of two 13 letter
single axioms; if it does not, then (I) is the only 13 letter single axiom.

Since there are 132 forms of punctuation for these 13 letter wff’s, and
since there are 877 unique combinations and permutations of seven vari-
ables, there are 115,764 unique 13 letter wff’s. Each of these which is
analytic is, initially, a candidate for single axiom status. The first
practical problem is to determine the analytic wif’s without writing out
115,764 128 row truth tables.

The easiest way to determine the analytic wff’s is to use three charts:

Chart I is a list of the 132 forms of punctuation.

Chart II is a list of the 877 unique combinations and permutations of seven
variables.

Chart III is a list of which of these 877 unique combinations and permuta-
tions can be assigned to each of 64 symmetrical couplets. (These couplets
result from reducing 128 standard assignments of two values, involving
seven variables, to 64; the second member of each couplet is superfluous,
since anything ending in a ‘1’ is analytic.) (What follows is only part of
Chart II1.)
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CxCxCxCxCxCxx
CxCxCxCxCCxxx
CxCxCxCCxxCxx
CxCxCxCCxCxxx
CxCxCxCCCxxxx
CxCxCCxxCxCxx
CxCxCCxxCCxxx
CxCxCCxCxxCxx
CxCxCCCxxxCxx
CxCxCCxCxCxxx

. CxCxCCxCCxxxx
. CxCxCCCxxCxxx
. CxCxCCCxCxxxx
. CxCxCCCCxxxxx
. CxCCxxCxCxCxx
. CxCCxxCxCCxxx
. CxCCxxCCxxCxx
. CxCCxxCCxCxxx
. CxCCxxCCCxxxx
. CxCCxCxxCxCxx
. CxCCxCxxCCxxx
. CxCCCxxxCxCxx
. CxCCCxxxCCxxx
. CxCCxCxCxxCxx
. CxCCxCCxxxCxx
. CxCCCxxCxxCxx
. CxCCCxCxxxCxx
. CxCCCCxxxxCxx
. CxCCxCxCxCxxx
. CxCCxCxCCxxxx
. CxCCxCCxxCxxx
. CxCCxCCxCxxxx
. CxCCxCCCxxxxx
. CxCCCxxCxCxxx
. CxCCCxxCCxxxx
. CxCCCxCxxCxxx
. CxCCCCxxxCxxx
. CxCCCxCxCxxxx
. CxCCCxCCxxxxx
. CxCCCCxxCxxx%
. CxCCCCxCxxxxx
. CxCCCCCxxxxxx
. CCxxCxCxCxCxx
. CCxxCxCxCCxxx

popppOP
pbbPPDY

4. ppppvDp
5. pppvppp
6. pprpppp
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45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
57.
58.
59.
. CCxCxxCCxCxxx
61.
62.
63.
64.
65.
66.
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.
.
78.
79.
80.
81.
82.
83.
84.
85.
86.
817.
88.

CHART 1

CCxxCxCCxxCxx
CCxxCxCCxCxxx
CCxxCxCCCxxxx
CCxxCCxxCxCxx
CCxxCCxxCCxxx
CCxxCCxCxxCxx
CCxxCCCxxxCxx
CCxxCCxCxCxxx
CCxxCCxCCxxxx
CCxxCCCxxCxxx
CCxxCCCxCxxxx
CCxxCCCCxxxxx
CCxCxxCxCxCxx
CCxCxxCxCCxxx
CCxCxxCCxxCxx

CCxCxxCCCxxxx
CCCxxxCxCxCxx
CCCxxxCxCCxxx
CCCxxxCCxxCxx
CCCxxxCCxCxxx
CCCxxxCCCxxxx
CCxCxCxxCxCxx
CCxCxCxxCCxxx
CCxCCxxxCxCxx
CCxCCxxxCCxxx
CCCxxCxxCxCxx
CCCxxCxxCCxxx
CCCxCxxxCxCxx
CCCxCxxxCCxxx
CCCCxxxxCxCxx
CCCCxxxxCCxxx
CCxCxCxCxxCxx
CCxCxCCxxxCxx
CCxCCxxCxxCxx
CCxCCxCxxxCxx
CCxCCCxxxxCxx
CCCxxCxCxxCxx
CCCxxCCxxxCxx
CCCxCxxCxxCxx
CCCCxxxCxxCxx
CCCxCxCxxxCxx
CCCxCCxxxxCxx
CCCCxxCxxxCxx

CHART II

1. pvopppp
8. vbppppp
9. poppprY

89.
90.
91.

92.
93.
94,

95.
96.

-

101.

102.
103.
104.
105.
106.
107.
108.
109.
110.
111.
112.
113.
114.
115.
116.

117.

118.
119.
120.
121.
122.
123.
124.
125.
126.
127.
128.
129.
130.
131.
132.

10. pppprpr
11. pppprvd
12. ppprppr

CCCCxCxxxxCxx
CCCCCxxxxxCxx
CCxCxCxCxCxxx
CCxCxCxCCxxxx
CCxCxCCxxCxxx
CCxCxCCxCxxxx
CCxCxCCCxxxxx
CCxCCxxCxCxxx

. CCxCCxxCCxxxx
98.
99.

100.

CCxCCxCxxCxxx
CCxCCCxxxCxxx
CCxCCxCxCxxxx
CCxCCxCCxxxxx
CCxCCCxxCxxxx
CCxCCCxCxxxxx
CCxCCCCxxxxxx
CCCxxCxCxCxxx
CCCxxCxCCxxxx
CCCxxCCxxCxxx
CCCxxCCxCxxxx
CCCxxCCCxxxxx
CCCxCxxCxCxxx
CCCxCxxCCxxxx
CCCCxxxCxCxxx
CCCCxxxCCxxxx
CCCxCxCxxCxxx
CCCxCCxxxCxxx
CCCCxxCxxCxxx
CCCCxCxxxCxxx
CCCCCxxxxCxxx
CCCxCxCxCxxxx
CCCxCxCCxxxxx
CCCxCCxxCxxxx
CCCxCCxCxxxxx
CCCxCCCxxxxxx
CCCCxxCxCxxxx
CCCCxxCCxxxxx
CCCCxCxxCxxxx
CCCCCxxxCxxxx
CCCCxCxCxxxx%
CCCCxCCxxxxxx
CCCCCxxCxxxxx
CCCCCxCxxxxxx
CCCCCCxxxxxxx

13. pppvprp
14. ppprvpp
15. pprpppr



16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.
43.
44.
45.
46.
47.
48.
49.
50.
51.
52.
53.
54.
55.
56.
517.
58.
59.
60.
61.
62.
63.
64.
65.
66.
67.

povbpYD
poYOTPp
ppvvppp
propppr
propprp
pvppvpp
pvpvppp
prvpppp
voppppY
vppppvp
vppprpp
vpprppp
vbvpppp
vvppppp
ppppvry
ppprpry
ppprrpr
ppprvvp
pprpprr
pprprpr
porpvrp
pprrppr
porrpYp
ppvvvpp
proppry
pvpprpr
propyvp
prpvppr
prpvprd
pvprvpp
prvpppr
prvpprp
prvprpp
prvrppp
vppppry
vpppvpr
vppprvp
vpprppy
vpprprp
vppvvpp
vprpppr
vprpprp
vprpvpp
vorvppp
rvppppY
rvppprp
rvpprpp
rvpvppp
rrvpppp
ppopbTY
ppbDYPY
pppprap

68.
69.
70.
71.
72.
73.
74.
75.
76.
1.
78.
79.
80.
81.
82.
83.
84.
85.
86.
81.
88.
89.
90.
91.
92.
93.
94.
95.
96.
97.
98.
99.
100.
101.
102.
103.
104.
105.
106.
107.
108.
109.
110.
111.
112.
113.
114.
115.
116.
117.
118.
119.

THE SHORTEST AXIOMS

ppprbbg
ppprpap
ppprapp
pprbppg
ppropgd
porbapp
ppvappp
proppbg
proppap
prbpapp
prpgppp
prapppp
vpppppg
vppppgp
vpppapp
rppappp
rpapppp
rqppppp
ppppYYq
pboprav
ppppgrv
bppvpry
pppvpgr
bpprvdg
ppprvap
ppprapr
pppravp
pppgprr
pbpgvdr
pppgrvp
pproprg
ppvbpar
pprovdg
pprpvap
pprpapr
pbvoavp
pprrbpg
pprrbgp
pprvapp
pbrappr
ppraprp
pbravpp
pbappvy
bpapvdv
bbgpvvp
pbavppr
pbavprp
pbqvrpp
prpppre
proppar
propvpg
proprap

120.
121.
122.
123.
124.
125.
126.
127.
128.
129.
130.
131.
132.
133.
134.
135.
136.
137.
138.
139.
140.
141.
142.
143.
144.
145.
146.
147.
148.
149.
150.
151.
152.
153.
154.
155.
156.
157.
158.
159.
160.
161.
162.
163.
164.
165.
166.
16T7.
168.
169.
170.
171.

propapr
brbpavp
provppg
prpvbap
prpvapp
prpgppr
prpaprp
prpgvpp
prvbbpg
prvopgp
prvogpp
prrvqppp
prapppr
prapprp
praprpp
pravopp
papppry
papprpr
papprrp
papvopr
papvprp
paprvop
bavoppr
bavpprp
bavprpp
pqrrppp
rppppry
rppppav
rppprhg
rppprap
rpppapr
rpppgrp
vpprppg
rpprpgp
rpprqpp
vppappr
vppapvp
rppqvpp
rprpppq
rprppgp
vprpgpp
vprqppp
rpgpppr
rpgppvp
rpqpvpp
rpqvppp
rrppppq
rvpppap
rrppgpp
rvpgppp
rrqpppp
rqppppr

172.
173.
174.
175.
176.
177.
178.
179.
180.
181.
182.
183.
184.
185.
186.
187.
188.
189.
190.
191.
192.
193.
194.
195.
" 196.
197.
198.
199.
200.
201.
202.
203.
204.
205.
206.
207.
208.
209.
210.
211.
212.
213.
214.
215.
216.
217.
218.
219.
220.
221.
222.
223.

rqpppvp
rqppvpp
rqprppp
rqvpppp
qpppprr
qppprov
qppprrvp
qppvopr
qpprpvp
qpprrpp
qprpppr
qprpprd
qprpvpp
qprvppp
qrppppr
qrppprp
qrppvpp
qrpvppp
qrvpppp
ppprvvg
ppprvgy
ppprarr
pppgrvy
pprprvg
bprovey
pprpgrv
pprvovg
pprvpgr
pprrvdg
pprvrap
pprvapr
pprvavp
poraprv
ppvarpr
ppvarvp
bpgprvv
ppgvprr
pbgrvpr
ppgrrvp
proprrg
prpprey
proparr
prprprg
prprpgv
prprvpq
prorrgp
provapr
prprqvp
pvpgprr
pvbgvpr
prpgvrp
prvoprg

224.
225.
226.
22T7.
228.
229.
230.
231.
232.
233.
234.
235.
236.
2317.
238.
239.
240.
241.
242.
243.
244.
245.
246.
247.
248.
249.
250.
251.
252.
253.
254.
255.
256.
25T7.
258.
259.
260.
261.
262.
263.
264.
265.
266.
267.
268.
269.
2170.
271.
272.
2173.
274.
275.
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prrppgr
prrprpg
prvpvap
prvbgpr
prvpgrp
prvvopg
prrvpgp
prrrgpp
prvappr
prvqprp
prrqrpp
prapprv
prapvpr
prapvvp
prqrppr
prarprp
prqrvpp
papprvy
paprprr
paprvor
pgprrrvp
parpprv
pgrpvpr
pqvprrp
parvppr
parrprp
parrvpp
qppprvr
qppvprr
qppvvpr
qpprrvp
qproprr
qprprpr
qprpvrp
qprrppr
qprvpvp
qprvrpp
ppprraq
pppravy
pppraqr
ppvpraq
pbrpgrq
pprbgqr
pprvpgq
pprvapq
pprraqp
ppraprq
pprapgr
pprqrbq
pprarap
ppraqpr
ppraqvp
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276.
2717.
2178.
279.
280.
281.
282.
283.
284.
285.
286.
2817.
288.
289.
290.
291.
292.
293.
294.
295.
296.
297.
298.
299.
300.
301.
302.
303.
304.
305.
306.
307.
308.
309.
310.
311.
312.
313.
314.
315.
316.
317.
318.
319.
320.
321.
322.
323.
324.
325.
326.
3217.

propraq
prbparq
propagy
provpgq
provapg
prpvaqp
prbgprg
prbgpar
prbavpq
prpgrqp
brbgqpr
prbaqrp
prvbpaq
prrbgby
prrbgqp
prvappg
prrqpqp
prrqqpp
prapprq
prqppar
braprpg
praprqp
prapapr
prapgrp
pravopq
prqvpgp
prqrqpp
praqppr
praqprp
praqrpp
vpppraq
rpppary
rpppaqr
vpprbaq
vpprabq
rppryqp
rppaprq
rppapqr

¥bpavbq

vpparqp
rbpaqpr
rppaqrp
vprppaq
vpYpapq
rprpgqp
vprappq
rprqpgp
vprqqpp
rpgpprq
vbappqr
vpaprpq
vpqaprqp

328.
329.
330.
331.
332.
333.
334.
335.
336.
3317.
338.
339.
340.
341.
342.
343.
344.
345.
346.
347.
348.
349.
350.
351.
352.
353.
354.
355.
356.
357.
358.
359.
360.
361.
362.
363.
364.
365.
366.
367.
368.
369.
370.
371.
372.
373.
374.
375.
376.
3717.
378.
379.

rpapgpr
rpapqrp
vparppq
rpqrpgp
vpqrqpp
rpaqppr
vpaqprp
rpaqrpp
rrpppgq
rvppapq
rvppaqp
rvpappq
rvpqpqp
rvpaqpp
rvqpppq
rrqppqp
rrqpqpp
rvqqppp
rqppprq
rqpppar
rqppvpq
rqpprqp
rqppapv
rqppgvp
rqprbpq
vqprpgp
rqprqpp
rqpqppv
vqpqprp
rqpqrpp
rqvpppq
rqvppap
rqvpqpp
rqvqppp
rqqpppr
rqqpprp
rqqpvpp
rqqvppp
ppppYYs
ppbrpgs
pppraps
pppresp
pprbpgs
pprpgps
pprbgsp
pprapps
pprapsp
pprqspp
provpgs
propaps
propgsp
prbgpps

RICHARD TURSMAN

380.
381.
382.
383.
384.
385.
386.
3817.
388.
389.
390.
391.
392.
393.
394.
395.
396.
397.
398.
399.
400.
401.
402.
403.
404.
405.
406.
407.
408.
409.
410.
411.
412.
413.
414.
415.
416.
417.
418.
419.
420.
421.
422.
423.
424.
425.
426.
427.
428.
429.
430.
431.

prbgpsp
prbgspp
prappps
brappsp
prapspp
prqsppp
rppppas
vpppaps
vpppasp
vppapps
vppapsp
rppgspp
vpqppps
vpgppsp
vpgpspp
vpqsppp
rqpppps
rqpppsp
rqppspp
rqpsppp
vqspppp
ppprrgs
pbprars
ppprgsr
pbpgrys
bbpgrsr
popgsrr
pprpves
povogrs
pprbgsr
pprvpgs
pprrgps
pbrvgsp
ppraprs
pbrapsr
pprqrps
pprarsp
pprqspr
pprasrp
pbaprrs
bbqprsr
bpapsrr
bbgvprs
ppgrpsr
pbgrvps
pbgrrsp
pbqrspr
pbgrsrp
ppgsprr
ppgsrpr
pbgsrrp
prbpras

432.
433.
434.
435.
436.
4317.
438.
439.
440.
441,
442.
443.
444.
445,
446.
447.
448.
449.
450.
451.
452.
453.
454.
455.
456.
457.
458.
459.
460.
461.
462.
463.
464.
465.
466.
467.
468.
469.
470.
471.
472.
473.
474.
475.
476.
4717,
478,
479.
480.
481.
482.
483.

propgrs
propgsr
pvorbgs
prpraps
prpvesp
prbgprs
prbapsr
prpqrvps
prbgvsp
progspr
brbgsrp
prvbpgs
prvbgps
prvpgsp
prrqpps
prrgpsp
prrqspp
prqpprs
prappsr
prqprps
praprsp
prapspr
prapsvp
prqvpps
prqvpsp
prqvspp
prqsppr
prqsprp
prqsvpp
papprrs
bapprsr
pgppsrr
paprprs
paprpsr
paprvps
paprrsp
paprspr
baprsrp
bapsprv
papsvpr
papsrvp
parpprs
parppsr
parprps
pqrprsp
pqrpspr
pqrpsrp
bavvpps
pqrvpsp
bqrvspp
parsppr
pqrsprp

484.
485.
486.
487.
488.
489.
490.
491.
492.
493.
494,
495.
496.
497.
498.
499.
500.
501.
502.
503.
504.
505.
506.
507.
508.
509.
510.
511.
512.
513.
514.
515.
516.
517.
518.
519.
520.
521.
522.
523.
524.
525.
526.
5217.
528.
529.
530.
531.
532.
533.
534.
535.

parsrpp
bgsppry
pgspvpr
pgsprrp
pgsvppr
pgsvprp
bgsvvpp
rpppras
vpppars
vpppgsr
rpprpgs
rppraps
rpprqsp
rppaprs
vppgpsv
rppavps
Yppqrsp
rppgspr
rppgsvp
rprppgs
rprpgps
rprpgsp
rprqpps
vprqpsp
rprqspp
vpgpprs
rpgppsr
rpaprps
rpqprsp
rpapspr
rpapsrp
rpqrpps
rpqrpsp
rpqrspp
rpasppr
rpgsprp
vpqsvpp
rrpppgs
rrppaps
rrppgsp
rypapps
rvpgpsp
rvpqspp
rrqppps
rvqppsp
rrqpspp
rrqsppp
rqppprs
rqpppsr
rqpprps
rqpprsp
rqppspr



536.
537.
538.
539.
540.
541.
542.
543.
544.
545.
546.
547.
548.
549.
550.
551.
552.
553.
554.
555.
556.
557.
558.
559.
560.
561.
562.
563.
564.
565.
566.
567.
568.
569.
570.
571.
572.
573.
574.
575.
576.
5717.
578.
579.
580.
581.
582.
583.
584.
585.
586.
587.

rqppsrp
rqpvpps
rqprpsp
rqpvspp
rqpsppv
rqpsprp
rqpsvpp
rqrppps
rqrppsp
rqvpspp
rqvsppp
rqspppr
rqspprp
rqspvpp
rqsvppp
qppprrs
qppprsr
qpppsrr
qpprprs
qpprpsr
qpprrps
qpprrsp
qpprspr
qpprsrp
qppsprr
qppsvpr
qppsvrp
qprpprs
qprppsr
qprprps
qprprsp
qprpspr
qprpsrp
qprvpps
qprvpsp
qprrspp
qprsppr
qpvsprp
qprsvpp
qpspprr
qpspvpr
qpsprrp
qpsrppr
qpsrprp
qpsvvpp
qrppprs
qvpppsr
qrpprps
qrpprsp
qrppspr
qrppsvp
qrprpps

588.
589.
590.
591.
592.
593.
594.
595.
596.
597.
598.
599.
600.
601.
602.
603.
604.
605.
606.
6049.
608.
609.
610.
611.
612.
613.
614.
615.
616.
617.
618.
619.
620.
621.
622.
623.
624.
625.
626.
627.
628.
629.
630.
631.
632.
633.
634.
635.
636.
637.
638.
639.
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qrprpsp
qrprspp
qrpsppr
qrpsprp
qrpsrpp
qryppps
qrvppsp
qrvpspp
qryvsppp
qrspppr
qvspprp
qrsprpp
qrsvppp
qspppry
qsppvpr
qspprrp
qsprppr
qsprprp
qsprvpp
qsrpppr
qsvpprp
qsvpvpp
qsvrppp
pprraqs
pprrysq
pprvsqq
pprqrgs
ppravsq
pbraqrs
ppragqsr
pprgsrq
pprgsqr
bprsrqq
pprsqrq
pprsqqr
ppsrrqq
ppsrqrq
pbsraqr
provags
prprgsq
provsqq
bprbgrgs
prpgrsq
prbgqrs
prbgqsv
prbgsrq
prpgsqr
prpsrqq
prosqrq
prpsqqr
prrbgqs
prrpgsq

640.
641.
642.
643.
644.
645.
646.
647.
648.
649.
650.
651.
652.
653.
654.
655.
656.
657.
658.
659.
660.
661.
662.
663.
664.
665.
666.
667.
668.
669.
670.
671.
672.
673.
674.
675.
676.
677.
678.
679.
680.
681.
682.
683.
684.
685.
686.
687.
688.
689.
690.
291.

prrpsqq
prvapgs
prvabsq
brvaqps
prrqqsp
prrvgspq
prrvgsqp
prvspgq
prrsqpq
prvsqqp
prqprgs
praprsq
prapqrs
prapgsr
prgpsvq
prapsqv
prqvpgs
prqrpsq
pravqps
prqrgsp
bravspq
prqrsqp
brqqprs
brqqpsv
prqqrps
praqrsp
pragspr
pragsrp
prgsprq
praspqr
prgsvpq
prqsrqp
brgsqpr
prqsqrp
brsprqq
prspqrq
brspqqr
brsrbgq
prsrapq
prsrqqp
prsqprq
brsqpgr
prsqrpq
prsqrqp
brsqqpr
prsqqrp
bsprrqq
psprqrq
pspraqr
bsvprqq
psrbgrq
psrpqqr

692.
693.
694.
695.
696.
697.
698.
699.
700.
701.
702.
703.
704.
705.
706.
707.
708.
709.
710.
711.
712.
713.
714.
715.
716.
717.
718.
719.
720.
721.
722.
723.
724.
725.
726.
727.
728.
729.
730.
731.
732.
733.
734.
735.
736.
731.
738.
739.
740.
T741.
742.
743.

psrvbgq
psrrapq
psrrqqp
psraprq
psrqpgr
psrqrpq
psrqvqp
psrqqpr
psrqqrp
spprrqq
spprqry
sppraqv
sprprqq
sprpgrq
sprpgqr
sprrpaq
sprrapq
sprrqqp
spraprq
sprqpgr
sprqvpq
sprqvqp
sprqqpr
spraqrp
ppprgst
pprpgst
pprgpst
pprgspt
pprqstp
prppgst
prbgpst
prpgspt
prpgstp
prqppst
prqpspt
prapstp
prasppt
prgsptp
prgstpp
rpppgst
rppgpst
rppgspt
rppgstp
rpqppst
rpqpspt
rpgpstp
vpgsppt
rpgsptp
rpgstpp
rqpppst
rqppspt
rqppstp

744.
745.
746.
747.
748.
749.
750.
751.
752.
753.
754.
755.
756.
757.
758.
759.
760.
761.
762.
763.
764.
765.
766.
767.
768.
769.
770.
771.
772.
773.
T74.
775.
776.
777,
778.
779.
780.
781.
782.
783.
784.
785.
786.
787.
788.
789.
790.
791.
792.
793.
794.
795.
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rqpsppt
rqpsptp
rqpsipp
rqspppt
rqspptp
rqsptpp
rqstppp
pprrgst
pprqrst
pprgsvt
pprgstr
ppgrrst
ppgrsrt
ppgrstr
ppgsrrt
pbgsrtr
ppgstry
prprgst
prpgrst
prpgsrt
prpgstr
prrpgst
prrgpst
prrvqspt
prvgstp
prqgprst
prqpsrit
prapstr
prqvpst
pravspt
prqvstp
prqsprt
prasptr
prqsrpt
prgsvip
prqstpr
prgstrp
pgprrst
paprsrt
pgprstyr
papsrrt
pgpsrir
pgpstry
parprst
pgrpsvit
parpstr
parvpst
parvspt
pgrvstp
pqvsprit
pgrsptr
parsvpt
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796.
797.
798.
799.
800.
801.
802.
803.
804.
805.
806.
807.
808.
809.
810.
811.

Couplet number 2

1

35.

64.

parsvitp
pgrsitpr
parstrp
pasprvt
paspriv
pasptry
pasvprt
pasrptr
pgsrrpt
pasrvip
pgsripr
pgsvivp
pgstprr
pgstrpr
pgstryvp
qpprvst

1111112
2222221

2111212
1222121

2222222
1111111

812.
813.
814.
815.
816.
817.
818.
819.
820.
821.
822.
823.
824.
825.
826.
827.

qpprsvt
qpprstr
qppsrrt
qppsrity
qppstrr
qprprst
qprpsrt
qprpstr
qprvpst
qprrspt
qprvstp
qprspri
qprsptr
qprsvpt
qprsvtp
qprstpr

2, 65, 66, 68, 71, 75, 80, 86,

122,
214,
377,
408,
437,
475,
511,
556,
629,
717,
735,
758,
777,
804,
834,
865,

128,
216,
379,
410,
439,
479,
515,
563,
631,
718,
736,
761,
781,
811,
841,
867,

146,
223,
382,
411,
443,
491,
521,
565,
638,
719,
738,
762,
782,
812,
844,
868,

828.
829.
830.
831.
832.
833.
834.
835.
836.
837.
838.
839.
840.
841.
842.
843.

qprstrp
qpsprrt
qpspriv
gpsptry
qpsvpri
gpsvpty
qpsrrpt
qpsrrip
qpsvipr
gpsrivp
gpstpry
qpstrpr
gpstrrp
qspprrt
qsppriv
qspptrr

CHART III

148,
225,
386,
413,
444,
492,
522,
569,
641,
721,
741,
763,
784,
814,
846,
869,

152,
229,
387,
415,
446,
494,
524,
581,
643,
722,
742,
765,
787,
817,
856,
871,

158,
366,
389,
419,
449,
495,
527,
583,
650,
723,
744,
766,
788,
818,
857,
8172,
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844.
845.
846.
847.
848.
849.
850.
851.
852.
853.
854.
855.
856.
857.
858.
859.
860.

qsprpri
qsprptr
qsprvpt
gsprrip
qspripr
qsprivp
qspipry
gsplrvpr
gsptrvp
qstpprr
qstprpy
gstprrp
pprqgstu
prpgstu
prapstu
prgsptu
prqstpu

861.
862,
863.
864.
865.
866.
867.
868.
869.
870.
871.
872.
873.
874.
875.
876.
877.

prgstup
rppgstu
rpgpstu
rpgsptu
rpgstpu
rpgstup
rqppstu
rqpspiu
rqpstpu
rqpstup
vqspptu
vqspipu
rqsptup
rqstppu
rqstpup
vqstupp
prgstuv

89, 91, 98, 100, 104, 116, 118,

166,
367,
392,
422,
451,
497,
531,
587,
652,
725,
747,
761,
790,
820,
858,
874,

191,
368,
396,
424,
455,
499,
533,
593,
656,
726,
751,
769,
791,
821,
859,
877.

195,
370,
401,
431,
461,
503,
537,
611,
658,
728,
752,
770,
793,
823,
860,

198,
371,
402,
432,
464,
504,
543,
614,
662,
731,
753,
772,
795,
825,
862,

200,
373,
404,
434,
466,
506,
551,
616,
664,
732,
755,
773,
799,
829,
863,

211,
376,
407,
435,
473,
509,
554,
626,
716,
733,
756,
7175,
802,
832,
864,

51, 148, 150, 177, 230, 233, 239, 249, 292, 301, 304, 387,

447, 456,
533, 535,
702, 705,
775, 1780,
830, 839,
872, 875,

1-877.

459,
552,
708,
790,
842,
871.

480, 483, 489, 491, 493, 499, 501,
602, 641, 646, 656,
733, 736, T42, 766,
798, 802, 807, 812,
859, 861, 862, 863,

561,
729,
792,
851,

576,
731,
793,
854,

511,
662,
772,
818,
867,

661,
768,
815,
865,

513,
667,
774,
821,
869,
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The process of isolating the analytic wff’s is this: making every
variable unique, a single 128 row two-valued tt is constructed for each
punctuation (using ‘1’ as analytic, ‘2’ as non-analytic, the standard initial
assignment of values to variables, and the standard definition of the
implication operator). Wherever a ‘2’ occurs in a final column, noting the
couplet number of the corresponding initial assignment of 1’s and 2’s gives
by means of CHART III, the non-analytic wif’s.

To illustrate this process, consider the very first punctuation. Where
every variable is made unique, a tt is constructed for CpCzCqCsCtCuv. If
p is assigned 64 1’s followed by 64 2’s, » assigned 32 1’s followed by
32 2’s, etc., the result is that this wif (call it 1.877) is non-analytic under
and only under the assignment 1111112. It follows, obviously, that 1.2, 1.65,
1.66, ... 1.587, ... etc., (see CHART III, Couplet Number 1.) are all non-
analytic.

The total number of 13 letter analytic wff’s turns out to be 28,495. By
identifying variables, the number of single axiom candidates reduces to
T741. Of course, in any case where one of these 741 cannot be eliminated
later, wff’s, originally cancelled through it by identifying variables, must
be re-instated as single axiom candidates. Fortunately, as it turns out,
there are only two of these (see below, numbers 51.224 and 64.230).

In order to eliminate as many of the 741 single axiom candidates as
possible, matrices must be found under which the candidate is analytic and
the known single axiom non-analytic. Since %ukasiewicz’s axiom is
complete, a matrix showing its independence from a wiff eliminates that wff
as a candidate for single axiom status. The necessary matrices are as
follows: (an asterisk denotes selected, analytic, values; and to the right of
each matrix are given the values under which Lukasiewicz’s single axiom
is non-analytic)

I 11
cCl1 2 3 4
*1(1 2 3 3

b2 2(1 1 3 3 b=?
3 3|1 2 11 o1
7] 41111 1
v
Cl1 2 3 4 5
11 2 4 4 4
=2 2l 1444 P70
i 31 2 1 2 2 .
I 4ft 1111 170
- 5/1 2 3 3 3 -
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v VI
Clt 23 45
#1011 1 4 4
211444 273 b-?
11144 77 "
4t 1111 170 .
511 1 1 1 1 - -

When matrices I, II, and III (those used by Lukasiewicz in his original
paper) are applied to our 741 candidates, the three matrices eliminate all
except these:

(1) 47.453 CCprCqCCCpspr
(2) 47.514 CCrpCqCCCpsrp
(3) 51.438 CCprCCCpgpCsr
(4) 51.500 CCrpCCCpgqrCsp
(5) 55.453 CCprCCCqCpspr
(6) 55.514 CCrpCCCqCpsrp
(7) 63.484 CCCpgrCsCCrpp
(8) 64.462 CCCpgpCCprCsr
(9) 64.480 CCCpgqrCCrpCsp
(10) 74.575 CCCqCpspCCprr
(11) 74.580 CCCqCpsrCCrpp

Matrix IV eliminates 47.453, 51.438, 55.453, 64.462, and 74.575. Matrix V
eliminates 47.514, 55.514, 63.483, and 74.580. Of the 741, the only two
wif’s remaining are 51.500 and 64.480, the latter being the known single
axiom. When variables were identified, 51.224, CCpr»CCCrppCqvr, was set
aside by 51.500 and 64.230, CCCprrCCrvpCqp, was set aside by 64.480. But
these two candidates are re-instated only temporarily and readily, then,
eliminated by Matrix VI.
Thus the only possible single axiom other than

(I) 64.480 CCCpgrCCrpCsp is (II) 51.500 CCrpCCCpqrCsp.

NOTES

1. Lukasiewicz, Jan, ‘“The Shortest Axiom of the Implicational Calculus of Proposi-
tions,’’ Proceedings of the Royal Ivish Academy, vol. 52, sect. A ((I) was
originally discovered by fukasiewicz in 1936.)

2. Ibid., p. 33.
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