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SINGLE AXIOMS FOR ATOMISTIC AND ATOMLESS MEREOLOGY

ROBERT E. CLAY

It is part of the folk-lore of the subject, that Lesniewski's mereology
is neutral with respect to the existence of atoms. It has long been known
that one could have a system of atomless mereology by adding the following
axiom or its equivalent to any mereological axiom system.

[A] :A tA .=>. [3B]. B ε pr(A).

Similarly one could have a system of atomistic (completely atomic)
mereology by adding

[A]::AεA.^:.[3B]:.Bεe\(A):[C]:Cεe\(B) .=>. C= B.

If we define the name "αtm" by

[J3].\ JSεαtm .=: BεB:[c]: Cεe\{B) .=>. C = B

this simplifies to

[A]:AεΛ .3. [3B].Bεe\(A) .Bεcftm.

Rickey, cf. [4], p. 90, introduced the functor " a t " defined by

[AB]:BεcΛ(A) .=. Bεe\(A) .£εatm

which further reduces the characteristic axiom of atomistic mereology to

[A]:AεA .=>. [3B]. Bεσt(A).

Using Rickey's functor " a t " Sobociήski axiomatized atomistic mereology in
[4]. Lejewski gave the first single axioms for atomistic and atomless
mereology in [2]. In this paper we shall give shorter single axioms for
both systems.

Lejewski's single axiom for atomistic mereology is

LI [AB] y.Aεat(B) .=::BtB::[CDa]::[E].\EεC .=: [F]:Fε<A(E).
=. [3G].Fε<Λ(G).Gεa:.DεtA{B) .£εα.\=). at (A) εA .Aεat(C).

This contains ten occurrences of ε. We shall show that the shorter (nine
occurrences of ε) proposition

Received May 6, 1974



346 ROBERT E. CLAY

Cl [AB]: :Aε<Λ(B) .=:: B εB ::[CDa]::[E].\ EεC .=: [F] :Fε<Λ(E).
=.[3G].Fε αt(G). G ε a :. D ε at (5) .Bεa:.^. at(A) ε at(C)

is also a single axiom for atomistic mereology.

In Ll it is easy to derive that if A is an atom of something then A is
identical with αt(A). In Cl it is easy to derive that if A is an atom of
something then at (A) is an individual, but the difficulty arises in proving
that that individual is in fact the individual, A.

We begin with Ll and derive Cl.

L2 [AB]:AεoΛ(B) .i>. BεB [Ll]
L3 [B]:BεB .3. [3D].Dεat(B) [Ll, by contradiction]
DL [Aa]:.AεK\(a) .=: AεA :[F] :Fε<Λ(A) .=. [3G] .FεcΛ(G). Gεa
L4 [ABa]:.Bεa;[F]:FεcΛ(A) .=. [3G].F εat(G) .Gεa :=λ Aε A
PR [ABa]:.Kv(2) o .

[3D].
3. DεaX(B). [L3; 1]
4. Dεcxt(A). [2; 3; 1]

AεA [L2;4]
L5 [Ba]::Bεa .=>.% [A]:.A εK\(a) .=: [F]:FεaX(A) .=. [3G] .FεaX(G).

Gεa [DL;L4]
L6 [ABa];Aεat(B).Bεa .3. αt(A) εA .A εαt(KI(α)) [Li, C/K!(α); L5]
L7 [Bα]:^ε« .3. K\(a)εK\{a)
PR [5β]:Hp(l) .=).

[3D].
2. Z)εαt(£) . [L5; 1]
3. Z)εαt(KI(α)). [L6; 2; 1]

KI(α)εKI(α) [L^ 3]
LS [A5] :A ε <Λ(B) . 3 . αt(A) εA
PR [AB]:Hp(l) . D .
2. BεB. [L2; 1]

αt(A)εA [L^; 1; 2]
L9 [A] :A εA .3. A ε K\(A) [DL]
L10 [AC]:αt(A)εαt(C) .D. αt(A) εA .Λεαt(C)
PR U c ] . .Hp(l).=):
2. <Λ(A)ε<Λ(A). [1]
3. AεA. [L^; 2]
4. αt(αt(A)) ε αt(Λ). [L8, A/at(A); B/A; 2]
5. αt(αt(A)) = aX(A): [4; 2]
6. [F]:FεcΛ{A) .=. Fε<Λ(<ft(A)): [5]
7. [V]:Fεαt(αt(A)) .=. [3G].FεcΛ{G). Gεαt(A): [2]
8. [F]:Fεαt(A) .=. [3G] .Fεαt(G). Gεat(A): [6; 7]
9. AεKI(αt(A)). [DL; 3; 8]

10. αt(A)εKI(αt(A)). [L9; 2]
11. KI(αt(A))εKI(αt(A)). [Z.Z; 2]
12. αt(A) = A. [10; 9; 11]
13. αt(A)εA. [12]
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14. Aεαt(C). [1; 12]
(rt(A)εA.Aεαt(C) [13; 14]

Lll [AC] :αt(A)ε at(C) .=. at (A) εA .A εαt(C) [Llθ]
L12 [= Cl] [LI; Lll]

Next we derive LI from Cl.

C2 [AB]:AεaX(B) .3. BεB [Cl]

C3 [B]:BzB . D.[3D\.Dε<A(B) [Cl]
DC [Aa]:.AεK\(a) .=: AεA :[F]:FεcΛ(A) .=. [3G] .Fεαt(G) . Gεa
C4 [ABa]:.Bεa:[F]:FεoX(A) .Ξ. [3G] .Fεαt(G). Gεa :3 . A εA [C3; C2]
C5 [Ba]::Bεa.^;. [A]:.AtK\(a) .=: [F]:Fε<A(A) .=. [3G]. Fεat(G). Gεa

[DC;C4]
C6 [ABa]:AεaX(B). Bεa .^.at{A)ε<Λ(K\(a)) [Cl, C/K\(a); C5]
C7 [Ba]:Bεa .3 . K\(a)εK\(a) [C6; C3; C2]

Note: For proofs of C4 and C7 see L4 and L7.

C8 [AB]: A ε at(B) .=>. <A(A) ε at (A)
PR [AB]: Hp(l) .3.
2. £ε£. [C2; 1]
3. at(A)εat(KI(-B)). [C6; 1; 2]

at(A)εat(Λ) [3]
C5 [A]:AεΛ .3. AεKI(Λ) [DC]
CJί? [A]: at(atCA)) = at (A) .3. at (A) = A
PR [A] Λ Hp(l) .3:

2. [F]:Fεat(A) .=. Fεat(at(A)): [1]
3. at(A)εat(A). [1]
4. [F]:FεaX(aX{A)) .=. [3G] .Fε<Λ(G). Gεat(A): [3]
5. [F]:FεcΛ(A) .=. [3G] .FεcA(G). Gεat(Λ): [2; 4]
6. AεA. [L2',3]
7. AεKI(atμ)). [DC; 6; 5]
8. at(A)εKI(at(A)). [CS; 3]
9. KI(at(A))εKI(at(A)). [C7; 3]

at(A)=Λ [8; 7; 9]
CiJ [AC]:at(Λ)εat(C) .3. at(A)εA .Aεat(C)
PR [AB]: Hp(l) .3.
2. <Λ(A)εcΛ(A). [1]
3. at(at(A)) εat(at(A)). [C8, A/<Λ(A), B/C; 1]
4. at(at(at(Λ)))εat(KI(at(A))). [C5, A/at (at (A)), B/<A(A), a/at (A); 3; 2]
5. KI(at(A))εKI(at(A)). [C7; 2]
6. at(A)εKI(at(A)). [C9; 2]
7. at(A) = KI(at(A)). [5; 6]
8. at(at(at(A))) ε at (at (A)). [4; 7]
9. at(at(at(A))) = at(at(A)). [8; 3]

10. at(at(A)) = at(A). [CIO; A/at (A); 9]
11. at(A)=A. [CIO; 10]
12. at(A)εA. [11]
13. Aεat(C). [1; 11]

at(A)εA.Aεat(C) [12; 13]
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C12 [AC] :αt(A)ε at(C) .=. aX(A) εA .A εαt(C) [Cll]
C13 (= LΪ) [Cl; C12]

Since the only definition used, namely that of "Kl", is the same in both
derivations, the two systems are inter derivable. Therefore, Cl is a single
axiom for atomistic mereology.

We now turn to atomless mereology. Lejewski gave the following
single axiom for atomless mereology in [2]:

[AB]ϊAεpt(B). = \i BεB . ~{Bεpt(A)):A[CDa] ::[E] X EεC .=:: [F]:.
Fεa .=>: EεF .v. Fεpt(E) ::[F] :Fεpt{E) .3. [3GH]. Gεa.Hεpt(F).
Hεpr(G) ::Dεpt(B) .Bεa::^. Aεpt(C).

This axiom uses part, "pt" , as primitive and has fourteen occurrences of

ε.

The new axiom, namely,

El [AB]::Aεex(B) .=>: [/] : :[Ca]:: Cεf{a) .=/. Cε C:.[D].\ Dεex(C) .=:
[E]:Eεa .^.Dεex(E) ::D:: [F]::AεF.v.BεF.v.\['Bb];.Aεb.v.Bεb:
[d]:Ftd.^.~(f(b)εf(d))

uses exterior, "ex", as primitive. It is shorter (twelve occurrences
of ε), but it has the added complexity of requiring quantification over a
semantical category of functors in addition to quantification over names.
El is a modification of the shortest known single axiom for mereology,
which is due to Lejewski [1] and appears as XI in the following axiom
system for atomless mereology.

XI [AB]Y:Aεex(B) .=>: [f]:-:[Ca]::Cεf{a) .=:. CεC.\[D].\ Dεex(C) .=:
[E]:Eεa .=>. Dεex(E) ::D:: [F]::[Bb]:.Aεb.v.Bεb:[d]:Fεd .=>•
~(f(b)εf(d))

DX2 [AB].\Aεe\(B) .=:AεA.BεB:[D]:Dεex(B).Ώ.Dεex(A)
X15 [A]:AεA .3. [3F] .Fεe\(A). ~(AεF)

This rather curious numbering is designed to facilitate the second half
of the proof of the equivalence of the two systems.

First we shall derive XI, DX2, and X15 from El.

E2 [A].~(Λεex(A)) [|>].~<Λεα>]

E3 [A]: A ε ex (A) Ξ A ε ex (A) [XAJ>] ~ < Λ ε b)]
E4 [A]. ~<A ε ex(A)> [E2; E3]
DEI [Aa]::AεK\(a) .ΞΛ A εA Λ [J5] Λ Dε ex(A) .=: [ £ ] : £ ε β .^. Z>εex(£)
£5 [/] :•: [Cβ]:: C ε /(α) .=/. CεC. . [D] Λ D ε ex(C) .=: [£] : J5 εα .=>.

Dεex(E)::^./ ° Kl
PR [/]xHp(l) ::D:
2. [Ca]:Ce/(fl) .s. CeKI(α): [/>£i; 1]
3. [β]./(fl)°KI(fl). [2]

/oKI [3]
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E6 [AB]y.Aεex(B) .=:: [F] ::A εF .v. BεF . v .\ [ 3 6 ] Λ Aεb .v. Bε b :

[d\:Fεd.Ώ. ~<KI(6)εKI(d)> [El; ZλEi; £5]
£7 [A£]y.~<Aεex(£)> .=::[BF]::~(AεF).~(BtF):.[b].\Atb.vBtb:

3. [3d].Fεrf.KI(6)εKI(d) [EG]
£5 [A] Λ [3F] Λ -(A εF): [6]: A ε 6 .D. [3rf]. F ε d. Kl(6) ε K\{d)

[E7, B/A; E4]
E9 [Aa]:Aεa .Z). KI(α)εKI(α)
PR [Aa] :Ep(l) .3.

\βd].
2. K\(a)εK\(d). [E8, b/a; 1]

KI(α)εKI(α) [2]
DE2 [AJ5]ΛAεel(5) .=: AεA .BεB:[D] :Dεex(B) .3. Dεex(A)
£16> [ACDa]:AεK\{a) .Dεa.Cεex(A) .3. Cεex(D)
PR [ACDa] Λ Hp(3) .=>:
4. [E]:Eε« .D. Cεex(E): [.DEI; 1; 3]

Cεex(D). [4; 2]
Ell [ADa]:AεK\(a).Dεa .3. Z>εel(A)
PR [ADa] Λ Hp(2) .=>:
3. [C]:Cεex(A) .D. Cεex(D): [EIO; 1; 2]

Dεel(A) [DJB2; 2; 1; 3]
EI^ [A]:AεA .D. AεKI(A) [DEI]

EI5 [Λ-B] ^εA.J5εE:[2)]:Z)εex(A) .=. Dεex(E):D.A = 5
PR [AB].\Hp(3) .o.
4. AεKI(A). [E12; 1]
5. J3εKI(A). [DEI; 2; 3]
6. KI(A)εKI(A). [E9; 1]

A = B [4; 5; 6]
EI4 [A£]:Aεel(£).£εel(A) .Ό. A = B
PR [A^] ' Hp(2) . 3 :
3. [D]:Dεex{B) .3 . Dεex(A): [DE2; 1]
4. [2>] :I>εex(A) .3. Dεex(B): [DE2; 2]
5. [2)]:Z)εex(A) .=. Dεex(B): [3; 4]

A = 5 [£15; 1; 2; 5]
E15 [A): AεA .D. [3F]. Fεel(A). ~<AεF>
PR [A]:Hp(l) .3.

[3Fd].
2. -(AεF). I
3. Fεd. \ [E8; 1]
4. KI(A)εKI(d). )
5. AεKI(d). [E12;l;4]
6. Eεel(A). [EJi; 5; 3]

[3F].Fεel(A).-(AεF) [6; 2]
E16 [DFGά\:.[E]:Eεa .3 . Dεex(E) :Fεa . G εel(F) :=> [E]:Eεα U G .

D. Dεex(E)

PR [DFGα] Λ Hp(3) :3 :
4. Dεex(F). [1; 2]
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5. Dεex(G): [DE2; 3; 4]
[E]:Eεau G .=>. Dεex(E): [1; 5; 3]

E17 [FGa]:Fεa.Gεe\(F) .=>. KI(α)oKI(αu G) [DEI; £16]
£1S [AF].\AεA:[δ]:Aεδ .=λ [3d] . F ε d . Kl(ό) ε Kl(d) :^.Fεe\(A)
PR [AF].\Hp(2) :D.

[3d].

3. F ε d . 1 r lλ

4. KI(A)εKI(d). I L ' J

5. AεK\(d). [E12; 1; 4]
Fεel(A) [Ell; 5; 3]

E19 [ABF]y.AεA.BεB:.[b]:.Aεb.v.Bεb o . [3^] .Fεd. Kl(b) ε K\(d) ::=)

::[3G]:: - U ε G>. ~<Bε G) Λ [6] Λ A ε b .v. 5ε b :=>. [3d]. Gε d.

KI(6)εKI(d)
PR [A5F] :•: Hp(3) : :^::
4. F ε e i μ ) . [£Ίδ; 1; 3]
5. Fεel(B):. [E18;3;2]

[3G]Λ

7. -<FεG>/J L J J

8. ΛεG.v.jBεG :3: A= G.v.5= GΛ [6]
9. AεG.v.^εG :3.jPεel(G). . [8; 4; 5]

10. AεG.v.BεG :^. F= GΛ [-BI4; 9; 6]
11. ~CAεG.v.5εG>.\ [10; 7]
12. [6]:.Aεδ.v.5εδ :=). [3d] .i^εd. Kl(6) ε Kl(du G) Λ [3; 6; JSI7]
13. [b].:Aεb.v.Bεb :=>. [3d].GεdU G. Kl(δ) εKI(dU G) Λ [12; 6]
14. [b].\Aεb.v.Bεb :D. [3d]. Gεd. Kl(6) ε Kl(d) Λ [13]

[3G]::-(ΛεG>.~{5εG>Λ[δ]ΛΛεδ.v.5εδ o . [3d].Gεd.
KI(δ)εKI(d) [11; 14]

E20 [AB]y.~ζAεA).BεB .=):: [3G]:: -(Aε G). -<J5εG> Λ [6]Λ Aε δ.
v .ΰεδ :D. [3d].Gεd.KI(δ)εKI(d)

PR [AJ3] x Hp(2) .3: :
[3G]::

3. Gεel(B).} ΓFT/Ϊ. 91

4. ~(BεG).\ [E15>2]

5. -(AεG). . [1]
6. [b]:.Aεb.v.Bεb :D. 5εδ.KI(6)εKI(δ)Λ [E5; 1]
7. [δ]:.Aε6.v.ΰεδ :D. GεδU G KI(6)εKI(6 u G) Λ [6; El 7; 3]

[3G]:: ~<A ε G). ~{Bε G):. [b] :.Aεb.v.Bεb :z>. [3d].
Gεd.KI(δ)εKI(d) [5; 4; 7]

E21 [AB]:: -<A ε A). ~(BεB) .DΛ -(A ε Λ). ~<β ε Λ> Λ [6] :.Aεb.v.Bεb :D.
ΛεΛ.KI(δ)εKI(Λ) [Ontology]

E22 [A5]χ[3^]. .[6]ΛAε6.v.jBε6 :=). [3d] . F ε d . Kl(δ) εKI(d) ::=::[3F]::
-<AεF).-(BεF)Λ[δ]. .Aεδ.v.J5εδ :D. [3d]. Fεd. K\(b) εKI(d)

[EI9; E ^ ; E ^ ; E^l]
E^5 [AJ5]χ-<Aεex(.B)) .=:: [3F].\[b]:.Aεb.v.Bεb :=). [3d].Fεd.

KI(δ)εKI(d) [E7; E22]
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E24 [AB]y.Aεex{B) .=:: [F] Λ [3b] :.A ε b .v. Bε b :[d] :Fε d . D .
~<KI(δ)εKI(<2)> [£25]

£25 (= XI) [£24; E5]

E25, DE2, E15 are XI, DX2, X15 respectively. Therefore atomless
mereology is derivable from El.

Next we derive El from XI, DX2, X15. The proof closely parallels the
one we have just completed. Let X2 through X25be identical to E2 through
E25 with the following modifications:

X6 [AB]::Aεex(B) .=.:[F]:.[3b]:.Aεb.v.Bεb:[d]:Fεd .=>.

~<KI(6)εKI(d)>

X7 [AB]::~(Aεex(B)) .=:. [3F];.[b]:.Aεb.v.Bεb :=>. [3d].Fεd.
K\(b)εK\(d)

X8 [A]:.[3F]:[b]:Aεb .3. [3d].Fεd.K\(b)εK\(d)
X23 [AB] >: -(Aεex(J3)) .=: : [3F]:: ~ ( Λ ε F ) . ~ < £ ε £ ) Λ [b]:.Aεb.v.Bεb:=>.

[3r f j .Fεr f .KI(δ)εKI( ί ί )
X24 [AB] xΛ ε ex(B) .=: : [F] ::AεF.v. BεF.v;. [3b] :.Aεb.v.Bεb: [d]:

Fεd .D. -(KΙ(δ)εKI(^))
Z25 (= £1).

Replacement of £ theses by the corresponding X theses yields proofs
of X2 through X25 except for XI5 which is an axiom and so has no need of
proof. The definitions used in both systems are identical so £1 is derivable
from atomless mereology and the two systems are inter derivable. There-
fore £1 is a single axiom for atomless mereology.
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