141

Notre Dame Journal of Formal Logic
Volume XVI, Number 1, January 1975
NDJFAM

A SHORT POSTULATE-SYSTEM FOR ORTHOLATTICES

BOLESLAW SOBOCINSKI

By definition, cf., [1], p. 52, an ortholattice is a lattice with universal
bounds and a unary operation ! satisfying:

L1 [a]l:aeA.D.ana*'=0
L2 [al:aeA.D.aUa'=1
L3 [ab]:a,beA.D.(aubd) =a' Nb*
L4 [abl:a,beA.D.@nb) =a"ud
L5 [al:aeAd.D.a=(a")"

In this note it will be proved that:
(A) Any algebraic system
A=(A,U,N,"*)
wheve U and N ave two binary operations and * is a unavy opevation defined

on the carvier set A, is an ortholattice, if it satisfies the following four
mutually independent postulates:

Bl [abl:a,beA.D.aUb=bUa

B2 [abl:a,beA.D.a=an (@uUb)

B3 . [ab):a,beA.D.a=au (bNb

B4 [abcl:a,b,ce A.D. (@Ub)Uc = ((c*NbdY) ﬂa*)l

Proof:

1 Since it is self-evident that formulas BI-B<4 hold in the field of any
ortholattice, only a converse should be proved. Hence, let us assume
B1-B4. Then:

B5 [abl:a,beA.D.anNa*=b0Nb"
[B3, a/a 0 a; B1, a/a N a*, b/b Nb*; B3, a/b N b, b/al

D1 [al:aeA.D.ana*=0 [B5]
B6 |al:aed.D.a=aU0 [B3; D1, a/b]
B7 lal:aeA.D.a=ana [B2, b/0; B6]
B8 [al:aeA.D.a=0Ua [Bs6; B1, b/0]

1. Of course, in this postulate-system, the operations U, N, and ! are not mutually in-
dependent.
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l[a):aeA.D.0=0Nna [B2, a/0, b/a; B8]
0= (0%
0=0U0=(UO)UO [B6, a/0; B6, a/0 U 0)
= ((0*n oY n oYt (B4, a/0, b/0, c/0]
= (0* N 0Y* = (0H* [B7, a/0*; B7, a/0"]
0t=1 [D1; B5]
=0 [D2; B10]
[@]:aeA.D.av1=1
[a]:Hp(1) ..
aUl=(@uUo)uls=((1'noY)na’ [1; B6; B4, b/0, c/1]
= ((0n oY) na') = (0 Nna*)* [B11; B9, a/0"]
=(0) =1 [BY, a/a*;D2]
[a]l:aeA.D.a=an1 [B2, b/1; B12]

[ab]:a,beA.D.aub = (b Na")*
[d] : Hp(1) 2.

aub=0OuUa)ub=(d'Nna")noH* [1; B8; B4, a/0, b/a, c/b]
=((d*na") N1 = Na) [D2z; B13, a/b* Na']

[@]:aeA.D.a= @)

[a]:Hp(@).D.

a=0Ua= (@ NoY =@ nIt= (@) ‘
. [1; B8; B14,a/0, b/a; D2; B13, a/a‘]
[al:aeA.D.aua'=1

[]:Hp(1) . 2.

ava'= (@) na) = (@ nNa*) [1; B14; b/a*; B15]
=0'=1 [p1; D2]

[a):aeA.D.a=ava

[a]:Hp(1).D.

a=@Y =@ na)Y=ava [1; B15; B7, a/a*; B14, b/a]

[ab]l:a,beA.D.(@Ub) =aNb*

[ad] : Hp(1) . >.

(@U ) = (bUa) = (@ noboYH* [1; B1; B14, a/b, b/a]
=a'Nnd* [B15, a/a* N b*]

[ab):a,beA.D.anNb=bNa

[ab] : Hp(1) . 2.

anb=(a) ndY = (@ ub) [1; B15; B15, a/b; B18, a/a*, b/b']
= (b ua')t = (Y N @)t [B1, a/a*, b/b*; B18, a/b", b/a‘]
=bNa [B15, a/b; B15]

[ab]:a,beA.D. (@ Nb) =a' U bt

[ad]:Hp(1) . 2.

(@nbd) = (b Na)t = (Y N @)Y [1; B19; B15, a/b; B15]

=a'ubt [B14, a/a*, b/b"]

[abl:a,beA.D.a=a U (@nb)

[ab] :Hp(1).D.

a = (@) = (@ n @ ud) [1; B15; B2, a/a*, b/b']
= @) U @ ubH)t [B20, a/a*, b/a* U b']
=a v (@) n@Y)=auU (@nd)[B15; BI8, a/a*, b/b*; B15; B15,a/b]

[adc):a,b,ceA.D.@ub)Uc=au(duc)
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PR [abc]:Hp(1).D.

(@Ubd)Uc=(cnd)na)* [1; B4]
= @ n(ctnbd)t [B19, a/ct N b, b/a']
= (@) U (¢t N bY* [B20, a/a*, b/c* N b']
=au(buUc) [B15; B14, a/b, b/c]

B23 [abcl:a,b,ceA.D. (@nb)Nc=an(dnc)
PR [abc]:Hp(1).D.

(@nd)nec=((land) el [1; B15,a/(@a N b) Nc]
= ((@ N d)* U cHt [B20,a/anb, b/c]
= (@ ubd)ucht [B20]
= (@t U (bt U ¢Y)* [B22, a/a, b/b*, c/c']
= (@)t 0 (bt u eyt [B18, a/a', b/b* U ']
=an (B9 N (cHY [B15; B18, a/b*, b/c"]
=anN®nNc) [B15, a/b; B15, a/c]

Since it has been proved above that formulas B17, B7, B1, B22, B23,
B21, B2, D1, B16, B18, B20, and B15 are the consequences of the postulates
B1-B4, we know that system 2 is an ortholattice.

2 The mutual indepehdence of axioms BI-B4 is established by using the
following algebraic tables:

ula B8 N|a x | %t
;M ala a ala B _a—-_B
BB B Bla B Bl a
Ula Nla B8 x | xt
M2 ala B a a a|B
B|B a Bla B Bl a
Ulae B vy Nla B v x| x*
3 aly vy vy ala a a al| B
; Bly v Bls B B 8y
Y1y v v YiIv Y v Y Y
ula B vy Nja B vy x| xt
ala B a ala a vy Y
e sls 8 8 Bla B v By
yiae B vy yly v v Y|y
Namely:

(a) M1 verifies B2, B3, and B4, but falsifies BI for a/a and b/B: (i) ¢ U B =
a, (ii) BUa=B.

(b) M2 verifies BI, B3, and B4, but falsifies B2 for a/a and b/a: (i) a = a,
(ii)an(avua)=anNa=4. '

(c) M3 verifies B1, B2, and B4, but falsifies B3 for a/a and b/a: (i) a = a,
@f)av@nae)=au@np)=aUa=y.
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(d) M4 verifies B1, B2, and B3, but falsifies B4 for a/a, b/a, and c/a:
() @ua)Uua=aua=a, (i) (@ Na)Na) =y Ny) Ny)'=(yNy)=y'=y.

Thus, the proof of (A) is complete.
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