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A SHORT POSTULATE-SYSTEM FOR ORTHOLATTICES

BOLESLAW SOBOCINSKI

By definition, cf., [l], p. 52, an ortholattice is a lattice with universal
bounds and a unary operation λ satisfying:

LI [a]:aeA .^.a Π a1 = 0
L2 [a]:aeA.^.a U a1 = 1
L3 [ab]:a,beA.Ό. (a u b)1 = a1 Π b1

L4 [ab]:a,beA.=>. (a Π b)1 = a1 u b1

L5 [a]:aeA.^>. a = (α1)1

In this note it will be proved that:

(A) Any algebraic system

% = {A,Ό, n,1)
where u and Π are two binary operations and λ is a unary operation defined
on the carrier set A, is an ortholattice, if it satisfies the following four
mutually independent postulates:

Bl [ab] :a,beA . 3 . β u b = b \J a
B2 [ab]:a,beA.^>. a = a Π (a U b)
B3 [ab]:a,beA.^>. a = av (b nbι)
B4 [abc]:a,b,ceA.^. (a U b) u c = ((c1 Π b1) Da1)11

Proof:

1 Since it is self-evident that formulas B1-B4 hold in the field of any
ortholattice, only a converse should be proved. Hence, let us assume
B1-B4. Then:

B5 [ab]:a,beA.^>. a Π a1 = b Π b1

[B3, a/a Π a1; Bl, a/a Π a\ b/b Π b1; B3, a/b Π b\ b/a]
Dl [a]:aeA.^. a Π a1 = 0 [B5]
B6 [a]:ae A . 3 . a = a U 0 [B3; Dl,a/b]
B7 [a]:aeA.^>. a = a Πα [B2, b/0; B6]
B8 [a]:aeA.^.a = OUa [B6; Bl, b/θ]

1. Of course, in this postulate-system, the operations U, Π, and λ are not mutually in-
dependent.
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B9 [a]:aeA.^>. 0 = OΠa [B2, a/o, b/a; B8]
BIO 0= (01)1

PR O=O\jO=(O\JO)\jO [B6, a/0; B6, a/0 U 0]
= ((01 Π 01) Π 01)1 [B4, a/o, b/0, c/θ]
= (01 Π 01)1 = (01)1 [B7, a/01; B7, a/o1]

D2 0λ=l [D1;B5]
Bll I1 = 0 [D2; Blθ]
B12 [a]:aeA.^>. αU i = 1
PR [α]:Hp(l).3.

aΌl=(aΌ0)Όl = ((I1 Π 0L) Π α 1 ) 1 [1; 55; 54, δ/o, c/i]
= ((0 (Ί 01) Π a1)1 = (0Γ\ a1)1 [Bll; B9, a/01]
= (0)1 = 1 [B9, a/aι;D2]

B13 [a]:aeA.^.a = a dl [B2,b/l;B12]
B14 [ab]:a,beA.o>.aub = (b1 Π a1)1

PR [αδ]:Hp(l).=).
α U b = (0 U a) U δ = ((6 1 Π α 1 ) Π (91)1 [1; B8; B4, a/o, b/a, c/b]

= ({b1 Π α 1 ) Π l)1 = (&1 Π α 1 ) 1 [D2; B13, a/b1 Π α1]
J5i5 H αeA.^.fl = (α1)1

PR [α]:Hp(l).^.
a = Ol)a= (alri0Y= (a1 Π i) 1 = (a1)1

[1;B8; B14, a/o, b/a; D2; B13, a/a1]
B16 [a] :aeA .^.aua1 = 1
PR [α] :Hp(l) .3 .

a U α1 = ((α1)1 Π α1)1 = (a Π α1)1 [1; 5 i 4 ; δ/α1; 515]
= 0λ = l [D1;D2]

B17 [a]:aeA .^>. a =aΌa
PR [β] :Hp(l) .3 .

α = (a1)1 = (α1 Πα1)1 =cUfl [1; 5 i 5 ; 57, α/α1; B14, b/a]
B18 [ab]:a,beA.^.(a U b)1 =a1Γ\b1

PR [α6]:Hp(l).=>.
(α U b)1 = (6 U α)1 = ((a1 Π 61)1)1 [1; 5 i ; 5 i4 , α/δ, 6/β]

= α1 Π b1 [B15, a/a1 Π b1]
B19 [ab]:a,beA.^>. a nb = bna

PR |Wj:Hp(l).3.
α Π 6 = (α 1 ) 1 Π (δ 1 ) 1 = (a1 u δ 1 ) 1 [1; B15; B15, a/b; B18, a/a1, b/b1]

= (b1 U a1)1 = (ό1)1 Π (αy [Bl, a/a1, b/b1; B18, a/b\ b/a1]
= bΠa [B15,a/b;B15]

B20 [ab]:a,beA.^>. (a Π b)1 = α1 u 61

PR [«δ]:Hp(l) .3.
(« Π b)1 = (6 Πα)1 = ((δ1)1 Π (a1)1)1 [I ; 5 i 5 ; B15, a/b; B15]

= a1ub1 [B14, a/a1, b/b1]
B21 [ab] :a,beA . D. a -a U (α Πδ)
PR [αδ]:Hp(l) .3.

α = (αψ = (β1 n (α1 U b1))1 [1; 5 i 5 ; 52, a/a1, b/b1]
= (α 1 ) 1 U (α1 U b1)1 [B20, a/a1, b/a1 u b1]
= flU ((α1)1 Π (δ1)1) = f l ϋ ( α Π δ ) [5i5; 5 i 5 , α/α1, δ/δ1; B15; B15, a/b]

B22 [abc]:a,b,ceA . o. {a u δ) U c = « U (δ U c)
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PR [αδc]:Hp(l).3.
( c U δ ) U c = ((c1 Π b1) Π a1)1 [1; B4]

= (a1 n (c1 Π δ1))1 [B19, a/c1 Π b\ b/a1]
= (α1)1 u (c1 Π δ1)1 [520, α/α1, b/cι Π 61]
= α u ( δ ϋ c ) [£i5; £i4, tf/δ, δ/c]

£23 [abc]:a,b,ceA .=>. (f lΠδ)nc = fln(δίlc)
PR [αδc]:Hp(l).=>.

( β Π 5 ) Π c = (((a Π b ) n c ) 1 ) 1 [1; .Bi5, α/(α Π δ ) n c ]
= ((β Π b)x u c1)1 [52^, a/aΠb, b/c]
= ((α1 U O U c 1 ) 1

 [ J B ^ ]

= (α1 U (δ1 U c 1)) 1 [B22, a/a\ b/b\ c/c1]
= (α1)1 Π (δ1 u c 1) 1 [B18,a/a\ b/b1 u c1]
= flΠ ((b1)1 Π (c1)1) [.Bi5; 5 i5 , a/b1, b/cL]
= aΠ(b Πc) [B15, a/b; B15, a/c\

Since it has been proved above that formulas B17, B7, Bl, B22, B23,
B21, B2, Dl, B16, B18, B20, and B15 are the consequences of the postulates
B1-B4, we know that system 51 is an ortholattice.

2 The mutual independence of axioms B1-B4 is established by using the
following algebraic tables:

U a β Π a β xx1

βl a a a a a β a β

β β β β. a β β a

u a β n a β x x1

βZ α α ? | 3 a β a a β
β β a β a β β a

U a β γ Π a β γ xx1

3 a γ γ γ a a a a a β

* β γ γ γ β β β β β γ

γ γ γ γ γ γ γ γ γ γ

u a β γ n a β γ x • x1

MA a a β a a a a γ a γ
μ β β β β β a β γ β γ

γ a β γ γ γ γ γ γ γ

Namely:

(a) βl verifies B2, B3, and B4, but falsifies Bl for a/a and b/β: (i) a U β =
a, (ii) j3 U a = β.
(b) βZ verifies Bl, B3, and B4, but falsifies B2 for a/a and b/a: (i) a = a,
(ii) a n (a u a) = en n α = β.
(c) £K3 verifies Bl, B2, and J54, but falsifies B3 for α/α and b/a: (i) α = α,
(ii) au (a D a1) = a Ό {a Γ\ β) = aV a = γ.
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(d) β& verifies Bl, B2, and B3, but falsifies B4 for a/a, b/a, and c/a:
(i) (a u a) u α = α u α = α, (ii) ((a1 n αx) n α1)1 = ( ( y n y ) n y ) ^ ( y n γγ = / = y .

Thus, the proof of (A) is complete.
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