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TRANSLATION OF THE SIMPLE THEORY OF TYPES
INTO A FIRST ORDER LANGUAGE

H. JULIAN WADLEIGH

1 Introduction 1In this paper we formulate (1) a simple theory of types,
Sw, (2) a first order language with postulates, (f), and (3) a set of rules
for translating Jw into §(¢). We prove that a wif of Fw is a theorem of Fw
if and only if its translation is a theorem of $(¢).

The set of postulates of &(f) is a modification of the set of formulas
D,,-D, in Hintikka’s [4],' the main difference being that Hintikka’s Dg, which
contains a quantified predicate, is replaced by a series of postulates
without quantified predicates. Thus we reduce type theory to a first order
language where Hintikka’s reduction was to a second order language. There
is also a difference in approach, this paper being concerned exclusively
with syntax, while Hintikka gives considerable attention to model theory.

§(#) can be used to talk about the individuals and predicates of type
theory in much the same way as we talk about sets in axiomatic set theory.
The postulates of J(f), which in their intended interpretation assert the
existence of the individuals and predicates of &w and describe their
relations to each other, are roughly analogous to the axioms of set theory.
We do not suggest that §(f) be used to prove results that can be proved in
type theory. In doing so one would lose the simplicity and directness of
type theory and its capacity to reproduce the structure of intuitive
mathematical thinking—a virtue not possessed by any of the popular brands
of axiomatic set theory. More promising is the use of F(¢#) to talk about the
symbols and syntax of §w. For this purpose one could extend §(¢) by intro-
ducing predicate variables (including those of higher types) and applying
quantifiers to such variables. Such an extension of F(#) would be a formal-
ized metalanguage of type theory. But this is beyond the scope of the pres-
ent paper, which is to exhibit a reduction of type theory to a first order
language.

1. [4], p. 84.
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2 A simple theory of types The system Fw discussed here is essentially
the same as the Jw of [5]. Considerations of convenience, however, have
led to some changes in the notation and in the way the primitive basis is
presented. The logical constants of the system are Sheffer’s stroke, |, and
the universal quantifier, V. Formulas containing other logical constants
are to be regarded as abbreviations. For certain metatheoretical deduc-
tions it is convenient to assume that all wffs are written in unabbreviated
form. Scopes of logical constants are shown by dots.

Variables of §w are of the form é, where the superscript £ is a
syntactical expression that stands for a type symbol. The type symbols are
composed of iotas and parentheses, where the iota . denotes the type of
individuals and all other type symbols are constructed from the iota by one
or more applications of the rule: if ¢, ..., ¢ are type symbols, then
(¢y...%,) is a type symbol. The atomic wffs of §w have the form

(treeety) 1y ty
a (@i, ...,an,n=1. The lettersa, b, ¢, . . . will be used as syntactical

expressions to represent variables of arbitrary type or of a type specified
in the context. In the wff d(ay, . . ., @,) b is said to occur in the predicate
position and a,, . . ., a, in the argument positions. The letters A, B, C, . ..
will be used as syntactical expressions for wffs. A(b/c) stands for the
expression which results when b is substituted for all free occurrences of
cin A.

There are four axiom schemas:

(1) all truth-functional tautologies,
(2) wffs of the form

YaB — B(c/a)
in which ¢ occurs free wherever it is substituted for a,

(3) an extensionality schema of the usual kind,’
(4) a predicate-formation schema?® consisting of wffs having the form

3bVa,...Va, blay, ..., a,) <> C
where a;, . . ., a, are variables occurring free in C.
The rules of inference are

(1) wmodus ponens,
(2) from A — B, if @ is a variable not occurring free in 4, to infer
A — YcBl(c/a).

3 The systems §(¢) and & The logical constants and punctuation marks of
F(H) are the same as those of Sw. The other symbols of §(f) are

2. Cf. [5], p. 261.

3. In the 3w of [5], the schema (4) of the present paper is not an axiom schema but a
theorem schema. It is equivalent to axiom schema (2b) of [5].
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(i) individual variables x, y, z, u, v, w with or without subscripts, (ii) the
predicate symbols =, a, €, 7, (iii) some expressions to be introduced by
definition. Each variable of &(f) may be regarded as the name of a finite
sequence of variables of §w. The atomic wffs of F(£) have the forms

(a) xay,

() xev,

(C) (x, y) mZ,

(d) X =Y,
where (a) is to mean that x is the name of a string a,, . . ., @, of variables
and y of a variable b such that b(ay, . . ., @,) is wf in Sw, (b) that x, y have
the foregoing denotations and the expression b(a,, . . ., a,) is not only wf but
also true, (c) that z names a string a,,...,apu, by, ..., by, ¥ names
Qi . . ., Gy and y names b,, . . ., b,. The letters X, ¥, ... will be used as

syntactical expressions for wffs. X(y/z) stands for the result of substitut-
ing y for all free occurrences of z in X.

The axiom schemas of §(f) are the exact analogues of schemas (1) and
(2) of §w and the rules of inference are the exact analogues of the two rules
of Sw. The postulates will be shown next. We shall use a system of
numbering of postulates, theorems and definitions in which a number
followed by P refers to a postulate, by D to a definition, by T to a theorem.

1P x=x.

2P x=19—.X— X(x/y).

3P xey— xay.

4P Vx 3y Vz.xayalzey.

The predicate symbol 7 is introduced by the definition
5D xnyesg32ixazayaz.

The expression xny is to mean that ¥ and y are names of variables, or
of strings of variables, of the same type(s).

6P xay-—.xaz<>ynz.
7T 7 is an equivalence velation.

Proof: n is reflexive by 4P, symmetric by 5D, transitive by 6P.
8T wunvauaxasvay.— xny.

Proof: The premiss means there is z such that uazavaz from which by
6P xn zayn z, whence the result by 7T.

9P Vx Vy 3z (x, y)mz.

10P (x, v)mza(u, v)Tw. > X =uay =0v.<>2z = w.
MP (x,v)m2zA(U, ) Tw. —: XNUAYN V. <> 2N W.
12P (x, y)7zluaz.

13P (x, v)mzaznw.— 3u 3v (4, v)Tw.

The following definition makes it possible to eliminate the predicate 7
in some contexts, and so to simplify notation.
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14D (v, y) = 2 <>4/(x, ¥) T 2.

Where the expression (¥, y) occurs in a formula X, and not in the scope of a
quantifier vx or Vy, we shall regard X as an abbreviation for

Jz . (x, y)mza X2/, ¥)).
The associativity rule for concatenation is expressed by
15P  ((x, y), wrw <> (x, (v, W) mw
which permits us to use the definition
16D (x, v, 2) =4ef (¥, P)2).

We now introduce as predicates in §(#) the type symbols which appear
as superscripts to the variables of Sw.

17D Xe L <>y 1Fuuaxai3ly 3z (v, zZ)TX.

The expression xet is to mean that x denotes an individual variable of
Sw. The letter ¢ is a syntactical expression denoting set membership
(perhaps more appropriately termed the relation of argument to predicate)
in §(f), not to be confused with ¢ which is a predicate of F(#) denoting set
membership in Fw.

Other types are defined inductively by the schema

18D ye(t,...1t) SO e TR APE 71 2 S AKXy et A (XY, o .., XAy,
19P Sx xe L.

For each type ¢ the theorem
20T Sx xet
follows from 19P, 4P, 9P.
21IP xetayetL.— xny.
For each type ¢ we have the theorem
22T xet— Vy.yet<>ynx.

First, to prove xe ¢t — Vy. yet — yn«x: if tis L the result is 21P. For
all other ¢ the result may be proved by induction, using 8T, 11P.

To prove the other half: suppose xet and x7ny. Then uay is
impossible since by 6P this would imply wax. Similarly (u, v)7y is
impossible by 13P. This proves the result for the case where ¢ is t. For
the higher types the result may be proved by induction, using 6P, 11P.

This shows that the types are equivalence classes of n. We need also
to show that distinct type symbols denote distinct n-classes, or equiva-
lently, that

23T For every paiv of distinct types, t,, t,,
xetlxets.

Proof: First suppose that one of the types, say £, is t. Then £, is one of
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the higher types, so that xe¢ £, — Ju ua x which is incompatible with x¢ t by
17D. That proves the theorem for this special case. The general case can
be proved by induction. Let us say that {; is subovdinate to t; if the type
symbol represented by #; is contained in that represented by #;. Thus (t) is
subordinate to (t(t)) since the latter symbol contains (t). Clearly t is
subordinate to every type. We shall say that ¢; is properly subordinate to #;
if #; and ¢; represent distinct type symbols and #; is subordinate to ;.

Let us assume, as an induction hypothesis, that the theorem has been
proved for every type which is properly subordinate to either or both of #,,
t,. It is clearly sufficient to show that this hypothesis implies ?,, £, are
disjoint. Since we have already proved the theorem for the special case
where one of the two types is t(, we may assume that both #;, and £, are
higher types, that is to say, #;=(fy ... tin) and &, = (&, . . . £,). In con-
sequence of 17D and 22T,

FVX: X€t— VY1 -« o VY Y1€buAe e AVp€bim. <>, ... 9max

and a similar formula can be proved for #,. In order that a variable x may
belong to both of ¢,, £, we must have # = m in consequence of 12P. By the
induction hypothesis it is also necessary that, for 1 ={ = m = n, the type
symbols represented by ¢,;, f,; be identical. But these conditions are
satisfied only if # and # represent the same symbol. This completes the
proof.

Next we present some postulates which have the consequence that the
translations in §(#) of axioms of w belonging to schemas (3) and (4) are
theorems of §(£). For the extensionality schema

24P Vx Vy:. Ju. uaxsuay. — : Vu. UEX <> uUey. — x =y,
and for the predicate formation schema the seven postulates

25P Vi Vy 3z znxaVusudxauay. — :ucz <> .ucxlucy,

26P Vx Vy 3z Yu Yoi. uaxavay. — {u, v)az:a:{u, v)ez <> .ucxlvey,
27TP  Vx Vy 3z Vu. {u, Y ax — uaz.a. ucz <>{u, ) ex,

28P Vx 3z Vu Vou. (u, wax — (v, waz.r.{v, ez <>{(u, v)ex.

From 27P, 28P one may deduce
29T Vx 3z Vu Vo Vw: (u, v, wax — (v, u, wpaz.n.{v, u, w) ez

<> (u, v, W)€ x,
0P Vx 3z Vu {u, Wwax— uaz.n.ucz<>{u, uex.

From 27P, 30P one may deduce

31T Vx 3z Vu Vo {u, u, v)ax — (u, v)az. a.{u, yez<>{u, u, v)ex,
32P Vx 3z Vy Vu: xay— {x, Waz.a.{u, y) €2 <>ucy,
33P Vx3z: VuVo. (u, v)ax — uaz.n.ucz <> Vo, v)ex.

Each of the last seven postulates has three parts: first, a prefix which
begins with Vx Vy 3z (Vx 3z); second, a part from which, if we know the
type(s) of x and y (of x) we can determine the type of z; third, a part that
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specifies how the extension of z is determined by the extension(s) of x and y
(of x). The third parts are adequate for description in §(#) of all those
procedures, such as set intersection, Cartesian product, relative product,
by which predicates can be constructed in type theory, as will be shown in
section 6.

This completes the description of the basis of &(¢).

The system & has the same wifs, the same axioms and rules of
inference as &(#), but no postulates.

4 Two lemmas By a valuation of a set of wifs of § or of Fw we mean a
mapping of that set into the set of truth values, {t, f}. Given any wif of &
having the form VxY, by an instance of that wff we mean a wff of the form
Y(y/x) where y is free wherever it is substituted for x.* We shall say that
a valuation v of a set of wifs is comnsistent if it satisfies these two
conditions:

(1) given any wif of the form X| Y, v(X|Y) =t if and only if v assigns value
f to at least one of the components X, Y,

(2) given any wff of the form VxY, v(VxY) = t iff, for every instance Y(y/x)®
of the given wff, v(¥(y/x)) = t.

For 3w the definition of instance is the exact analogue of that given
above. A valuation of a set of wffs of §w is consistent if it satisfies the
analogues of (1), (2) and also

(3) if A is an axiom, then v(4) = t.

For the first and second axiom schemas the third condition of consis-
tency is entailed by the first two, but for the third and fourth it is
independent.

Lemma 1. Let v be an arbitvary valuation of the atomic wffs of a pure fivst
ovder predicate calculus, in particular, of §. Then v can be extended to a
consistent valuation of all the wffs of that system.

Proof: An extension w of v is defined inductively by the following sequence
of rules.

Rule 1. If X is quantifier-free, w(X) is the value determined, through the
truth-table of X, by the values assigned by v to the atomic components of X.
Rule 2n (r = 1). If values have been assigned by the preceding rules to the
instances Y(y/x) of a wiff VxY¥, then v(VxY) =t if the value t has been
assigned to all the instances; otherwise v(VxY) = f.

Rule 2z + 1. If X is a truth-functional combination of wffs ¥,, ..., ¥, to

4. If any occurrence of x in Y is in the scope of a quantifier Vy, let z be the first
variable (in alphabetical order) which does not occur in ¥, and let Y’ be the ex-
pression which results when z is substituted for y in Y. Then Y'(¥/%) is to be
considered an instance of Vx Y.

5. Or Y’ (y/x) defined in the preceding note.
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which values have been assigned by the preceding rules, then w(X) is the
value which results by the truth-table of that combination from the values
assignedto Y3, ..., Y,.

It is easy to see that for every wff X the value w(X) is uniquely
determined in such a way that the conditions of consistency are satisfied.

Lemma 2. Let A be a wff of Sw. Then A is a theovem if and only if, for
every consistent valuation v of all the wffs, v(A) =t. An exactly analogous
result holds for the system §.

Pyoof: To prove the ‘‘only if’’ one may verify for every axiom A belonging
to schema (1) or schema (2) that v(A) = t if v is consistent, and for the two
rules of inference that every consistent valuation which assigns t to the
premiss or premisses must assign this value to the conclusion.

To prove the ‘“if”” one can use the fact, proved by Henkin in [2] for the
first order calculus and in [3] for type theory, that if 74 is not a theorem,
then there is a maximal consistent set I" of wiffs of which A is a member.
Clearly a valuation v such that v(A) =t if AeT and v(A) = f otherwise is a
consistent valuation in the sense of the foregoing definition.®

S Translations Let n be a one-one mapping of the set composed of all

finite sequences a,, .. .,a» (n = 1) of variables of Fw onto the set of vari-
ables of &(#). The syntactical expression x = n(a,, . . ., @) may be read ‘‘x
is the name of a,,...,a .” The variables of §(¢#) which are names of

sequences composed of two or more variables of §w are not used in writing
translations of the wffs of Fw, but we shall have a use for them in section 6.

For each wff A of §w we define the following wffs of §(£): tr(4) which
we call the translation of A, r(4), and if there are free variables in A4, t(4).
In the definitions which follow it is to be understood that y, x, x,, x,, are the
names, respectively, of b, a, a,, a,.

If there are free variables in A let a,, ..., a» be a complete list of
these variables and let £, . . ., #, be their types. Then

t(A) is X;€tyiA. . .AX, € Ly,
If A is the atomic wff b(a), then
r(4) is xey.
If A is the atomic wff d(ay, . . ., a,), then
r(A) is (Xy, . . ., Xp) €Y.
If A is the wff a = b, then
r(A) is x = y.

6. The simplified proof of Henkin’s theorem in [1], §54, can easily be adapted for
use here.
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If Ais B|C, then
r(4) is r(B)|r(C).
If Ais VaB and ¢ is the type of q, then
r(A) is Vx. xe t — r(B).
If A is a closed wff, then
tr(4) is r(4),
otherwise,
tr(4) is t(4) — r(A4).
6 The main result

Let A be a wff of Sw. Then A is a theovem of Sw if and only if tr(A) is
a theorem of §(1).

Throughout the proof of this theorem let it be understood that x, y, z, u
are names of a, b, c, d respectively except where otherwise specified, and
that w; names the string a,, . . ., @n, W, the string by, . . ., b,

We prove the ‘‘if’’ in its contrapositive form. Suppose, then, that A is
not a theorem. By Lemma 2 there is a consistent valuation V of all the
wffs of Fw such that V(A4) = f.

We now construct a valuation v of the wifs of §, i.e., of §(¢) by the
following rules. Let Y be a wif of §.

(1) If Y is the wif w, ey, let v(¥) = t if the expression b(a,, . . ., a,) is wf in
Sw and value t is assigned to it by V; otherwise v(Y) = f.

(2) If Y is the wif w,ay, let v(Y) =t if b(a,, . . ., @) is wf in Sw; otherwise
v(Y) = f.
(3) If Y is the wff w, =w,, let v(Y) =t if m=n,V(a,=by) =...=V(an =

bs) = t; otherwise v(Y) = f.

(4) If Y is the wff (w,, w,) 7w, let v(¥) = tif w =n(cy, . . ., Cuin) and V(a, =
c) = ...=V(@, = cn) = V(b = Cpyy) = ... =V(b,= Cpin) = t; otherwise
v(Y) = f.

These four rules assign a value to every atomic wff of §. Let v be the
consistent valuation of all the wffs which result by the proof of Lemma 1
from the values assigned by these rules.

We assert that (i) for each wff A of Sw, v(tr(A4)) = V(4), and (ii) to each
of the postulates of &(f) v assigns value t. We now prove (i).

(a) Let Y be a wif of the form xef. By induction on the types one can
deduce from Rules (2) and (4) that v(Y) = t if and only if x is the name of a
variable of type £.

(b) It follows that for every wff A of Fw, v(t(4)) = t. In view of the tautology
p—: p— q. <> qand the consistency of v, this implies v(tr(4)) = v(r(4)), so
it is sufficient to prove v(r(4)) = V(4).

(c) If A is the wff b(a), it is immediate from Rule (1) that v(r(4)) = V(4).
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(d) Suppose A is b(a,, @,) and consider first the case V(4) = t. By Rule (1)
v(iw,ey) =t. By (4) v((x,, X;)7w,;) = t. So, since v is consistent it must
assignt to

Iw. (X, X)) TWAWEY
which is the unabbreviated form of r(4).

Next consider the case V(4) = f. By Rules (4) and (3) v can assign t to
(x;, X,) 7w only if there are ¢,, ¢, such that w = n(c,, ¢,) and V(c; = a,) =
V(c, = a,) = t, but the latter condition in the present case implies
V(b(cy, ¢,)) = f, hence by Rule (1) v(wey) =f. Thus every instance of the
negation of r(A) gets value t, so by consistency of v, v(r(4)) = f. So our
assertion is proved for b(a,, a,). A straightforward extension of the proof
applies to blay, . . ., an), m > 2.

(e) If A is a = b, the statement v(r(4)) = V(A4) is immediate by Rule (3).

(f) By (c) and (d), v(r(A)) = V(A) holds for all atomic A. Since both V and v
satisfy the first condition of consistency (cf. section 4), this identity must
hold for all quantifier-free A, so by (b) assertion (i) holds for all
quantifier-free A.

(g) Now suppose A is VaB where B is quantifier-free, and consider first
the case V(A) =t. By consistency of V, all instances of YaB have value t
under V. If t is the type of @, all instances of r(A4) have the form

* yet — r(B)(y/x)

where y is an arbitrary variable. If y is the name of a variable of type ¢,
then r(B)(y/x) is the image under r of an instance of VaB, hence has value t
under v by (f). So the formula * has value t under v in this case.

In the case where y is not the name of a variable of type ¢, v(ye ) = f
and again * has value t. Thus v assigns t to all instances of r(VaB) and so
to r(VaB) itself.

If V(VaB) = f, then there is an instance of VaB which also has value f
under V, and it is easy to see that in this case there is also an instance of
r(VaB) to which v assigns value f.

By a sequence of applications of the arguments under (f) and (g) one
can prove v(r(4)) = V(A) for any wff of §w having one or more quantifiers.
This completes the proof of (i).

Assertion (ii) can be verified for each postulate, one by one, a tedious
routine which we omit. The ‘‘if’’ part of the theorem follows easily from
(i) and (ii).

To prove the ‘‘only if’’ part it is sufficient to show that (iii) if A is an
axiom of Fw then tr(4) is a theorem of §(f), and (iv) if B follows from A and
A — B by the first (from A by the second) rule of inference, then tr(B) is
deducible in §(#) from tr(4) and tr(4 — B) (from tr(4)).” The proof that (iii)

7. See [1], pp. 312-313, for those properties of T' in consequence of which T is the
set of wifs to which value ¢ is assigned by a consistent valuation.
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holds for axioms of Sw belonging to schemas (1) and (2) is elementary.
(iv) follows quite easily from 20T. It follows easily from 24P that (iii)
holds for (3), the extensionality schema.

For schema (4) the proof of (iii) is not quite so simple. First consider
the special case (a) where the wff C in the formula of schema (4) is a
quantifier-free wff in which the string of variables in the argument
positions (i.e., inside the parentheses) is the same in each of the atomic
components of C and in the expression b(ay, . . ., a,) occurring in the left
side of the formula. In this case the predicates in atomic components of C
all belong to the same type as 0. Such an axiom is

e Vd: c(d) <> . ald) |b(d),
of which the translation is (if ¢ is the type of d),
X, ye(t) —:: Hzuze () aVui.uet —:uez <> . uexluey,

which is easily deduced from 25P. In instances of case (a) where C is
more complex, the translation of the axiom can be proved by a sequence of
applications of 25P, consisting of one application for each stroke occurring
in the unabbreviated form of C.

Next, consider the case of a quantifier-free wff in which (@) no variable
occurs more than once in the argument positions of C, (B8) the string of
variables in the argument positions of b(a,, . . ., a,) lists all the variables
in the argument positions of C, and (y) lists them in the order in which they
occur in those positions. In this case the translation of the axiom can be
proved by a sequence of applications of 26P and 25P. Thus, the translation
of

e e(dy, dy) <> . a(dy) A b(d,)

can be proved by one application of 26P followed by one of 25P.

Next, suppose that conditions (@) and (B) are satisfied but not (y). Then
the translation of the axiom can be proved by first proceeding as in case
(b), then using 28P, 29T, or both. These two (with 9P) are adequate for all
permutations. If (@) is not satisfied one may use 30P, 31T, or both, in
conjunction where necessary with 28P, 29T. If (8) is not satisfied, one may
use 27P if the string a4, . . ., a, does not include all the variables occurring
in the argument positions of C, and 32P if this string includes some
variables occurring in predicate positions and not in argument positions of
C. So it is proved that all translations of axioms of schema (4) in which C
is quantifier-free are theorems of §({). It is easy to see that 33P permits
us to remove the restriction to quantifier-free C. This completes the
proof.
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