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1 Introduction. To our knowledge, the first reference to nonassociative
numbers as an independent concept is in a paper of Etherington [3], in
which it is related to some situations in biology. Recently, it has been
shown in [l] and [7] that a suitable representation of nonassociative
numbers can be a useful tool to solve some problems of coherence in the
sense of [8]. Moreover, the set of nonassociative numbers is one of the
simplest free algebras and can be used to give descriptions of nonassocia-
tive free algebras.

Formally, the theory N of nonassociative numbers bear similarities to
those of the theory of natural numbers. In [4], Evans characterized the
nonassociative numbers by a set of "Peano-like" axioms. In [2], these
axioms were formalized and following a suggestion of Evans, it was shown
that N is incomplete and furthermore that it is essentially undecidable. It
is natural to ask if and how N can be formalized within formal set theory,
say Zermelo-Fraenkel (ZF). In the present work we do exactly this.
Furthermore, by considering variations of this model, we show that the
axioms of N are independent.

The representations of N by coordinates in [l] and [7] offer the
possibility of constructing other models for N, but they would be more
complicated than ours. In this connection we refer to Freyd's Adjoint
Theorem [5], one of whose consequences is the existence of free algebras,
which therefore also gives a way to construct a model for N, but this too
would be quite sophisticated.

2 A model for nonassociative number theory. In [2], nonassociative number
theory is defined to be the first-order theory with equality, N, having one
individual constant 1, three binary function letters corresponding to
addition (+), multiplication (-), and exponentiation and whose proper axioms
are:

(Nl) Xl + x2 4 1
( N 2 ) AΓj. + X2 = X3 + X4

 D - Xi = Xz Λ #2 ~ X4
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(N3) #! 1 = xx

(N4) xx (x2 + xs) = x1 x2 + Xγ x3

(N5) * ί = * x

(N6) ΛΓί̂ ŝ = xρ . ^*3

(N7) (Nonassociative Induction) For any well-formed (wff) c4[x) of N,

*/(l) Λ (xj(x2) (J(x^scA(x2). D. o4(xι + x2)). 3 . (xj c4{xx).

Consider the set P defined as follows: Let P1 = {1} where 1 = (j) and for
each natural number n let Pn+1 = PnU {(a,b)\ae Pn*be Pn}. Then let P =

U P n 9 where ω denotes the set of positive integers. Also define a + b =
n€cύ

{a, b) for each a e P and be P.
It is easy to see that under this interpretation, axioms (Nl) and (N2) is

satisfied. It also follows that (N7) is satisfied. For suppose that

c4{ί) .A. (x1eP)(x2eP)(<^(x1) Ac4(x2). D.^/fo + xz)).

Then c4(x) for each xePlm Furthermore, if c4{x) for each xePn and if
xe Pn+i then xe Pn or x = (a,b) for some ae Pn and b e P«. In either case,
(xe Pn+ι)o4(x). Hence (xePn)c4(x) for each neω and so (xe P)cA(x). Thus

H Z F cA{\){xx e P){x2 e P)(*4(xd A C4{X2) . D . ̂ U i + * 2 ) ) . D . ( ^ e P)c4{xx).

To prove that the other axioms are satisfied under the given interpre-
tation we need only prove a theorem of nonassociative recursion in ZF.
Informally, we must prove that if /: x x x —» x and if a e x then there exists
a unique function t : P -» # such that t(l) = α and t(m + n) =/(t(m), t(w)).
Formally, we use the notation of Hatcher [6] (c/., in particular, page 186):
£(#) is the wff of ZF which says that AT is a function, Ό(x) is the term of ZF
which denotes the domain of a function x, \{x) is the term of ZF which
denotes the range of a function x, and xx

nx2 is the term of ZF which denotes
the image of x2 under the function χx.

Theorem of Nonassociative Recursion:

h Z F W W ( ^ i ) Λ lUi) x K*i) C O(XX) .Λ.{X2} X {(xj C D ^ J .A. Ifo) X {x2}
C D W . A . f e ^ 2 > e D W ' 3 . ( E ! ^ W . A . P = D(ΛΓ3) .A. I(x3) x I(ΛΓ3) C DfeJ.

Λ.X3" 1 = X2 Λ.(^4)(^5)((^4,^5)e -P. D.W<^4,^5)(^4,^5)

= ^"(Xa ^4,^3^5) ) ) ) .

Proof. Suppose

9(xx) .A. I W x Ifo) C D W .Λ.{V2} x Ife) C D W .A. \(XJ) x {ΛΓ2} C Dfe) .

A . < ^ 2 , ^ 2 ) e Dί^J

and let

€ = {#51*5 e P{P x D(^x)) .A . ( 1 , x2) e x5 . A . (^β)(*7)(*β)(*9)«*β, xτ> e * 5

A. Cr8, #β> e ̂ 5 •*
 D «*6, *β)> *i"(*7> *β)> e * s ) }

and
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We first show that (u)(ue P ^ ( E ! υ)((u, υ) e t). First suppose that (1, v) e
tAv 4 x2. Let L = {w\wet* w + <1, v)}. Then L c t c p x D(#i). Also, since
v \ x2, (I,x2)el. Furthermore, if ( ^ 6 ^ 7 > e L . Λ . ( i 8 ^ 9 ) e L then ((xβ, x8),
Xιn{xη,x^)) e L since (x6,Xβ) ^ 1. Hence lei and so t c L, which is a con-
tradiction, since (1, v)et and (l,v)ή L. Hence (1, v)et implies that v - x2

and we have thus proved that (E \v)((l, v) e t) .

Now suppose that uxe P . =>. (E!?;1)«w1, i;^ e t), w2eP . =). (E!t;2)«M2, v2) e t),
and that uλ e P .Λ.U2 e P. Then (E! ^i)((wi, î> e t) and (E! v2){{u2, v2) e t) and so
((ul9 u2), Xi"(υl9 v2)) e t. Suppose ((ul9u2)9 v) e t, where v ψ Xi"{vl9 v2). Let K =
{u\ue t .Λ. u ψ ((ulfu2)f υ)}. Then <1,̂ 2> + ((ul9u2), v) and since <1,^2) € t,
(1, #2>e K. Suppose (Λ;6, x7) e K and (x8, xQ) e K. Then ((# 6,# 8), ^ " ( % , ^ 9 ) ) e t .
Futhermore, «^6, #8), ^Γ(^7> ^β)) = ((wυ U2>, v)=Φ(x6, x8) = (ul9 u2) and xJ'(xΊ, xQ) =
v=Φx6 = uλ and Λ:8 = u2=Φ(u1,xΊ) e K and (u2yx9) e K=$>x7 = ̂ x and xQ = ̂ 2=#>
AΓirr(i;i, t>2> = f, a contradiction. Hence:

((^6,^8), ^irr<^7,^9» Ψ «Wi,^>, v) and thus «#6,#8>, ^irf<^7,^9» e K. Also K c
t c p x Dttfx) and so t c K. But this is a contradiction since {{uu u?), υ) e t
but ((u^Uz), v)$K. Hence {(uγ,u2), v) e t=^>v = ΛΓirf(tΊ, f2) and we have thus
proved (E\v)(((ul9uz), υ)et). Hence by nonassociative induction, (u)(ue P . ^ .
(E!t;)«M,v>et) and so J(t).

We also have that D(t) c P; by definition of t and that P c D(t), by
definition of t and by nonassociative induction. Hence P=D(x3). Further-
more, if ue l(t) then u = x2 or u = Xifr(t"x6, t"x8) for some {x6,x8)e P x P.
Hence

l(t) x l(t) .^.{(x2,x2)} U {x2} x I W U KAΓX) x fejUlW x I(*J

and so l(t) x l(t) c D W Finally,

by definition of t and so the theorem is proved.
Now, on the basis of this theorem, we can define operations, and exp,

where exp(#,;y) = xy, on P, by means of (N3)-(N4) and (N5)-(N6) respectively.
Consequently, we have

Proposition 1: (P, +, , exp, 1) is a model for N.

3 Independence.

Proposition 2. The axioms of N are independent.

Proof. For each of the seven axioms of fsl, we exhibit an interpretation
of N in which all of the axioms except the given one hold:

(Nl) Let the domain of interpretation be {l} and define 1 + 1 = 1 - 1 = I 1 = 1.
(N2) Let ω be the domain and define +, , exp, and 1 as usual.
(N3) Let P be the domain. Define t, exp, and 1 as before and define xλ 1 = 1

and xι - (x2 +X3) - X\ x2 + xγ x3.
(N4) Let P be the domain. Define +, exp, and 1 as before and define

Xι x2 = xx.
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(N5) Let P be the domain. Define +, ., and 1 as before and define x\ = 1

and *ί 2 + * 3 = # ί 2 . X?3.
(N6) Let P be the domain. Define +, , and 1 as before and define xf2 = xt.

(N7) Let P x P be the domain, define 1 as (1,1), (χίf yt) + (x2, y2) = (χx + x2,

3>i + y2), (xi,yύ <^2^ 2 > = <Xi ' X2,yi- yύ, a n d (xl9 yά(x»y*) = ( ^ f 2 , ^ 2 ) ,

where the operations indicated within the ordered pairs are those defined in

the model (P, +, , exp, l) of N. Let o4(x) be the wff x = l v f E i ^ E ^ ) ^ =

^ + ^ 2 ) - Then cτ/(l) and (#i)U2)(«^(#i) A^/(AΓ2) => ̂ 4(x1 + ̂ 2)) b u t ~ W ^ W

since ~^«1,2».
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