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THE AXIOMS FOR LATTICOIDS AND THEIR
ASSOCIATIVE EXTENSIONS

BOLESEAW SOBOCINSKI

By definition, ¢f., e.g., [1], p. 23, a latticoid is an algebraic system
satisfying the following formulas:’

Al  [abl:a,beA D.anb=bna
A2  [abl:a,beA D.auUb=buUa
A3 abl:a,beA D.a=an(@ub)
A4 |abl:a,beA D.a=aU@nb)

The addition of each (but, obviously, not both) of the following two formulas:

N1 [abcl:a,b,ced D.an(®dnc)=(@nd)nc
N2 labcl:a,b,ceA D.au(®dUc)=(@Ub)Uc
as a new axiom to {AI; A2; A3; A4} generates two different systems which

can be called latticoid with meet-associative law and latticoid with join-
associative law, respectively.

In this note it will be shown that, although these three systems are
rather weak, their respective axiom-systems can be shortened con-
siderably. Namely, I shall prove that:

Any algebraic system
A =(A,U, N

wheve U and N are two binavy opevations defined on the carviev set A, is
either a latticoid ov a latticoid with meet-associative law ov a latticoid with
join-associative law, if it satisfies respectively one of the groups of
postulates (A), (B), and (C) which are given below:

(A) For latticoids:

Bl [abcdf]:a,b,c,d,feA D.cn((aud)nd) =((dua)n((fnd)ud))nec
B2 [abl:a,beA D.a=(aUb)Na

1. Throughout this paper A indicates an arbitrary but fixed carrier set. The so-
called closure axioms are assumed tacitly.
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(B) For latticoids with meet-associative law:

E1 [abcdef]:a,b,c,d,e,feA D.eU (({anbd)nc)ud)
=((bneyna)u((fud nd)Ue
E2 |abc]:a,b,ceA D.a=(@and)nNc)Ua

(C) For latticoids with join-associative law:

F1 [abcdef]:a,b,c,d,e,feA .D.en (((@Ud)Uc)Nnd)
=((buc)ua)N((fnadud)ne
F2 labcl:a,b,ceA D.a=((audb)uc)na

Remark I: It should be noted that the forms of postulates given in (A), (B),
and (C) are suggested by Kalman’s postulate system for lattices, cf. [2].
But, obviously, the deductions presented below differ in several points from
Kalman’s.

1 Proof of (A): Since it is self-evident that axioms Al, A2, A3, and A4
imply BI and B2, it remains only to prove that the former formulas are the
consequences of the latter. Hence, let us assume BI and B2. Then:

B3 [acl:a,ceA.D.cna=(@Ua)Nnc
PR [ac]:Hp(1) .D.
cNa=cnN{@av@ua))nae)=((eva)uae)n((@va)na)ua)) Nc
[1,B2, b/aUa; B1, b/aUa, d/a, f/a Ua]
=((@ava)Ua)N(@ua))Nc=(@vVa)Nc
[B2, b/a; B2, a/a Ua, b/a)

B4 [al:aeA D.a=aNa [B2, b/a; B3, c/a]
B5 [al:aed D.a=aua [B2, b/a; B3, c/a Ua; B4, a/a Ua]
Al [ab]:a,beA D.anb=bnNa

PR [ab]:Hp(1) .D.
aNb=an(dNd)=an ((b Ubd)ND?) (1; B4, a/b; B5, a/b]
=((Ub)N(((BUDb)NB)UD)) Na [B1, a/b, c/a, d/b, /b Ub]
=bNGUB))Na=BNbd)Na=bNa
[B5, a/b; B2, a/b; B5, a/b; B4, a/b]
B6 [abdf]:a,b,d,feA . D. (@aud)nd=OBuUa)n (fNnd) ud)
PR [abdf]:Hp(1) .D.

(@ud)nd=((@aud)nd) n((aubd)nd [1; B4, a/(a U b) N d]
(buan((fndyud)neud)nd) [B1,c/(aub)nd]
(buan((fndyud)n((dua)n((fnd ud)

[B1, c/®Ua)N ((fNnd)ud]
=dua)n((fnad)yvd [B4,a/(bua)n ((fnad)uad)
B7 [abcl:a,b,ceA D.cna=cn(l@nd)Ua)
PR [abc]:Hp(1) O.
cNa=(cuc)nNa=(cuec)n((dna)ua)=cn((and)ua)
[1; B5, a/c; B6, a/c, b/c, d/a, f/b; B5, a/c; Al]
B8 [abd]:a,b,de A .D.(@ud)nd=(uUand
PR  [abd]: Hp(1) .o.
@ub)nd=(BuUa)n (((dub)nd ud) [1; B6, f/d U b]
=(buae)n(dud =bBuand [B2, a/a; B5, a/d]
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A2  [abl:a,beA D.aub=bUa
PR [ab]:Hp(1) .2.
aub=(@ub)nN(aud)=Bua)n(@ud)=(aud)n(buUa)
[1; B4, a/a U b; B8, d/a U b; Al, a/b U a, b/a U b
=bua)n(®dua)=buUa [BS, d/b U a; B4, a/b U a
A3 [abl:a,beA D.a=an(aubd) [B2; A1, a/a U b, b/a)
A4  [abl:a,beAd D.a=aU(@nbd)
PR [ab]:Hp(1) .O.

[1; B4; B7, ¢/a; Al, b/(an b) U al
=((@anb)Ua)N(@and)ua)=(a@and)ua=au (@anbd)
[B7, ¢/(anbd)Ua; B4, a/(anbd)ua; A2, a/anb, b/a)

Since it is shown above that AI, A2, A3, and A4 are the consequences
of BI and B2, the proof is complete.

Remark II: We have to note that axioms BI and B2 are inferentially
equivalent to the following two formulas:

C1 |abcdf]:a,b,c,d,feA . D.cU((@and)ud =({(dbna)u((fud nNnd)Uc
c2 labl:a,beAd D.a=@nb)Ua

We omit here a proof of this fact, since it is completely banal.

2 Proof of (B): Since it is obvious that formulas EI and EZ2 are the con-
sequences of axioms A1, A2, A3, A4, and N1, we have only to prove that the
former formulas imply the latter. Therefore, let us assume EI and E2.
Then:

E3 |ael:a,eeA D.eUa=(@@na)Ue
PR [ae]:Hp(1) .D.
eUa=eU(@an(@na))na)ua) [1; E2, b/ana, c/a]
=(((lana)nNa)Na) U (((lena) Na) Ua) Na)) Ue
|[E1, b/ana, c/a, d/a, f/(ana)nal
=(((@na)Na)na) U@na)) Ue [E2, b/a, c/a]
= (a (]a)Ue [E2, a/ana, b/a, C/a]
A4 [ab)l:a,bcA D.a=aU(aNb)
PR [ab]:Hp(1) .O.

a
E4 a
PR a):Hp(1) .D.

a=(@na)n@na))va=@na)u(@na)n@na))=ana
[1; E2, b/a, c/a Na; E3, e/(ana) N (ana); A4, a/aNa, b/an al
A2 [abl:a,beA D.aUb=bUa LE3, a/b, e/a; E4, a/b]
E5 |al:iaeA D.a=aUa (A4, b/a; E4]

E6 |abcdf):a,b,c,d,feA D.(@nd)nc)ud=(bnc)na)n((fud) nd)
PR [abcdf]:Hp(1) .O.
(@nd)nc)ud=((and)nc)ud)U((@and)nc)ud)
[1; E5, a/(l@and) nc)ud]
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=((bneyna)u((fud nd)u ((land)nec)ud
[E1, e/(tanbd)nc)ud]
=((dbne)na)u ((fuad)yna) u(((bnc)na)u
(fud) nad)
[E1, e/((Bnc)na)u ((fud) nd)]
=((bnec)yna)u ((fud) nd)
[E5, a/((BNc)Nna)u ((fud) nd)]

[abc):a,b,ceA . D.cua=cuU(bua)na)

[abe]: Hp(1) .O.

cUa=(cnNc)Ua=(cne)nc)ua=(cnec)ne)u((dua)na)

[1; E4, a/c; E4, a/c; E6, a/c, b/c, d/a, f/b]
=(cNc)u(dua)na)=cuU((buUa)na) [E4, a/c; E4, a/c]

[abl:a,be A D.a=(bUa)Na

[ab] : Hp(1) .D.

a=aVUa=aU(bua)na)=(bua)na)ua

[1; E5; E7, ¢/a; A2, b/(b U a) N a]
=((bua)na)u(bua)na)=(bua)na
[E7, ¢/(bUa)Na; ES, a/(b U a) N a)

[abcd]:a,b,c,de A D, ((anb)nc)ud=(dNnec)na)ud

[abed]  Hp(1) O,

(and)nc)ud=(bne)yna)u ((dud)nd [1; E6, f/4]

=(bnec)yna)ud [ES, a/d, b/d]
labc]:a,b,ceA 2. @nbd)nNnc=0(BNc)Na

[abc]: Hp(1) .D.

@nd)ync=>(andync)U(@nd)nc) [1; E5, a/(@anbd) nc]
=((bnec)na)U(land)nc) [E9, d/(@anb)nc]
=(and)nc)u((dnc)na)

[42, a/(bnc)na, b/(anb)nc]
=((dnc)na)u((bnc)na) [E9, d/(d nc)Nna]
=dnNnec)Na [E5, a/(bnc)nal

[abl:a,beA D.anb=bna

[ab] : Hp(1) .D.

anb=(@na)nb=GBna)na=(dnd)na)yna

[1; E4; EI0, a/b, b/a, c/a; E4, a/b]
=((bna)ynd)yna=Gna)yndna)=bnNna
[E10, a/b, c/a; E10, a/b N a, c/a; E4, a/b N a]

[abl:a,beA D.a=an(avbd)

[ab]:Hp(1) O

a=bBUa)Na=an(®buUa)=an(audb) [1;ES; Al, a/bU a, b/a; E5]

labcl:a,b,ceA D.an(®dnec)=(@nd) nc

[abc) :Hp(1) O

andbne)=(Bnec)na=(@nd)nc [1; A1, /b N c; EI0]

Since it is shown above that E1 and E2 imply Al, A2, A3, A4, and N1, the
proof is complete.

Remark III: It should be noted that the proof of Al given above, i.e., that
E4 and EI0 hold Al, is due to Padmanabhan, cf. [4], but the deductions
presented here differ from his.
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3 Proof of (C): Since it is obvious that axioms AI, A2, A3, A4, and N2
imply FI1 and F2, it remains only to prove that the latter formulas hold the
former. But, since FI and F2 are duals of EI and E2 respectively, it is
self-evident that the deductions, which are exactly analogous and dual to the
proofs presented in section 2, will show at once that A1, A2, A3, A4, and N2
are the consequences of FI and F2. Thus, we have

{A1; A2; A3; A4; N2} = {F1; F2}
4 The mutual independence of axioms contained in each of the sets

{B1; B2}, {C1; c2}, {E1; E2}, and {FI; F2} is established by using the
following algebraic table:®

Ula B Njla B
Ml ala «a ala B
Bla a Bla B
Ula B Nla B
M2 ala B ala a
Bla B Bla a
Ula B Nja B
M3 ala «a ala a
a o Bl a
ula B y & n Nja B y & n
ala B y b6 7 ajla a a a a
ma BB B n & n Bla B a B B
yly n v 8 1 yla a vy vy vy
56 6 6 b n 6la By b5 b
nim n n nn nfa B y 8 7
Ula B y 6 7 Nfa B v & 7
aja a a a «a ala B y b6 1
ms Bla B a B B BB B n & n
yla a v y vy yly n v & n
6la B y & & 5|6 6 6 b6 7
nja B y & 1 nin n n 00
Namely:

(a) BI and B2 are mutually independent, since:

2. Concerning M1 and M3, cf. [3], pp. 385-386. It is self-evident that the tables M5
and 94 are isomorphic with the diagram given in [1], p. 22, figure 5, and its dual
respectively.
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(@) ML verifies B2, but falsifies Bl for a/a, b/a, c/a, d/B8, and f/B:
) an(@ua)np)=an(@np)=anp=4, (ii) (@ua)n(BNBUB))Na=
@nBuB)na=(@na)nNa=ana=a.

(B) M3 verifies BI, but falsifies B2 for @/B and b/8: (i) B =8, (ii) (BUB) N
B=aNnNpB=a.

(b) CI and C2 are mutually independent, since:

(@) M2 verifies C2, but falsifies C1 for a/a, b/a, c/a, d/B, and f/B:
(i) au(@naup)=au(@up)=auB=4 (@) (@na)u((BUB NB)Ua=
(@u@Bnp)ua=(@ua)Ua=aUa=a.

(B) M3 verifies CI, but falsifies C2 for a/B and b/8: (i) B =8, (il) (BN B) U
B=BUB=a.

(c) EI and E2 are mutually independent, since:

(@) M5 verifies E2, but falsifies EI for a/B, b/y, ¢/5, d/n, e/n, and f/n:
DnulBny)nd)un) =nulmns)un)=nUumun)=nun=n, (i) (N
s)NBUmun)Nn)un=(GNRUMNN))UN=(EUNUN=0Un=35.

(8) M3 verifies E1, but falsifies E2 for a/B and b/B: (i) B =8, (i) (BN B) N
BlUB=BNBRUB=BUB=aQ.

(d) FI and F2 are mutually independent, since:

(@) M4 verifies F2, but falsifies FI for a/B, b/y, ¢/5, d/n, e/n, and f/n:
@AnnBuyyus)Nn) =nnmud)nn)=nnmnn)=nnn=n, i) ((»r U
sup)n(mNn)un) Nn=(dup)Nmun)nn=(0nNn)Nn=5Nnn=35.

(B) M3 verifies F1, but falsifies F2 for a/B and b/B: (i) B = B, (ii) ((BU B)
uBiNB=@up)NB=anp=a.

5 It is well known® that a latticoid with meet-associative law and a latticoid
with join-associative law are two different systems. We can prove it easily
using tables M4 and M5. Namely:

(1) M4 verifies AI, A2, A3, A4, and NI, but falsifies N2 for a/8, b/y, and
¢/d6: () BU(UB)=BUB=S5, (i) (BUy)UB=nUBd=mn.

(2) M5 verifies Al, A2, A3, A4, and N2, but falsifies NI for a/B, b/y, and
¢/6: WBNHN8)=pNd=56,31) (BNy)Nd=nnNd=n.

Thus, the systems {A1; A2; A3; A4; N1} and {AI; A2; A3; A4; N2}, although
they are duals, are different.
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