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Number Theory for the Ordinals

With a New Definition

for Multiplication

HARRY GONSHOR

Introduction At the International Mathematics Congress in Helsinki (1978),
Conway introduced a new operation on the ordinals which is slightly different
from ordinary multiplication. This operation is obtained from natural addition
in the same manner that multiplication is obtained from ordinary addition. The
aim of this paper is to compare the nature of the primes and the factorization
into primes in this system with that of the usual system.

Preliminaries Natural addition © is defined as follows: If a - of1b1 +
cf2b2 + . . . + cfnbn and 0 = cf1c1 + of2c2 + . . . + ofncn then a © 0 = cfi(bl +
cx) + of\b2 + c2) + . . . + ofn(bn + cn), i.e., instead of having any absorption,
the operation resembles addition of ordinary polynomials.

We can now define by induction an operation X as follows:

1. aX(0 + l) = (aX0) © a
2. If i3 is a limit ordinal a X 0 = lub(a X 7).

7</3
To avoid any possible confusion the symbol • will be used to denote ordinary
multiplication.

It is easy to see that X is associative and distributive with respect to ©.
Furthermore, the multiplication table takes on the following form:

1. {oflbl + of2b2 + . . . + (Jnbn) Xc = oflbxc + of2b2c + . . . + cfnbnc, if
c is finite.

2. (of1bl + J'2b2 + ... + d'nbnyXcf = c / 1 + r .

Thus a: X /3 = a|3 if /? is a limit ordinal, but if jS is a finite ordinal c, all the coeffi-
cients in the expansion of |3 are multiplied by c, in contrast to ordinary multi-
plication where only the first coefficient is multiplied by c.
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We shall next see how this latter difference affects the classification of the
primes.

Classification of the primes For ordinary multiplication it is well-known
that the set of primes consists of the following three types:

1. The ordinary finite primes
2. 5 numbers; i.e., ordinals of the form co"a

3. ordinals of the form of + 1.

Trivially, the situation remains unchanged for types 1 and 2. The only
case that need be considered is that of nonlimit ordinals larger than co.

Lemma 1 All such primes are binomial.

Proof: Suppose a = oflbl + (J2b2 + . . . + &„. T h e n a = (cf^bn-i + bn)-
(ofx~an-lbx + of2~an-lb2 + . . . + 1). Since the constant term is 1, "." may be
replaced by "X". Hence if a is not binomial, we have exhibited a factorization
of a.

Lemma 2 Ifcoaibl + b2 is prime then b2 = 1.

Proof: Gjaib1 + b2 = b2-(u
aibl+ 1) = b2 X {oflbx + 1).

Lemma 3 coab + 1 is a prime.

Proof: The only possible way for a binomial nonlimit ordinal to factor is as
finite ordinals times a binomial. Any finite factor must be a factor of the final
term and hence must be 1. Thus ofb + 1 is a prime.

Note, ofb + 1 = (cf + \)-b. However (co* + 1) X b = ofb + b. Thus with re-
spect to X, ofb + 1 is a prime for all finite b unlike the case for ordinary
multiplication.

Factorization into primes First, we consider the existence question. Let
a = <jjaibl + of2b2 + . . . + <Jlnbn. As for ordinary multiplication we can factor
out co n and then factor co n into 5 numbers. We are thus left with a nonlimit
ordinal. By using the computation in Lemma 2 and induction in Lemma 1 we
obtain a factorization into primes. Thus we obtain the following theorem:

Theorem 1 Every ordinal factors into primes with respect to X. Further-
more the factorization may be chosen so that every finite ordinal precedes
every nonlimit infinite ordinal.

Note. The last remark is clear from the factorization in Lemma 1 since the
second factor has final term 1.

We are now ready to examine the uniqueness question. Since the contribu-
tion of 5 numbers is essentially the same as it is for ordinary multiplication we
restrict ourselves to nonlimit ordinals.

Theorem 2 Every nonlimit ordinal has a unique factorization in the form
where all finite-ordinals precede all nonlimit ordinals. The order is unique
except (of course) for the relative order of the constants.
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Proof: Consider d X {<Jlax + 1) X (to%2 + 1) X . . . X ( c / % + 1). This has the
form cjri+r2+'"+rnan + c*/1+/'2+'"+/'/2~1aw_1 + . . . + <Jlax + d By the uniqueness
of representation of ordinals it is clear that the product determines the factors
uniquely.

Finally it is clear from the existence theorem that uniqueness fails in
general. In fact to be specific, uniqueness will fail for any nonlimit ordinal
which can be expressed as a product in which there are finite ordinals following
nonlimit ordinals. It is easy to see that a nonlimit ordinal a = coaibl + of2b2 +
. . . + <jfnbn + d has that property iff gcd(^, d) > 1. In fact any finite ordinal
that follows a nonlimit ordinal in a factorization of a necessarily divides both
bn and d as is clear from the multiplication table. Conversely a common factor
c of bn and d gives rise to a factorization of ofnbn + d with c on the right. This
in turn leads to a factorization of a. Because of absorption on one side and not
on the other when multiplying by a finite ordinal, the factorizations are distinct
(not only in order).

As an example co-2 + 2 = ( c o + l ) X 2 = 2X (co-2 + 1). Of course for
ordinary multiplication co-2 + 2 = 2 - (co+l ) -2 . Thus we have the following
theorem:

Theorem 3 A nonlimit ordinal a = <joaibx + cf2b2 + . . . + ofnbn + d factors
uniquely into primes with respect to X iff gcd(bn, d) = 1.

Note: More factorizations are possible if god{bn.h bn, d) > 1. In fact, more
generally, it is clear and left to the reader to see how a common factor of
d, bn, bn-x, . . ., bn-r leads to a factorization.
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