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MODAL INTERPRETATIONS OF THREE VALUED LOGICS. I

MICHAEL J. DUFFY

0 Introduction The present paper* extends a result of Peter Woodruff’s
reported in [1], to the effect that the three-valued logic ¥ of Lukasiewicz
may be interpreted as a modal system. Woodruff obtains his result by
constructing a mapping from the wffs of L to those of the modal system S5.
A definition is then produced which gives directions for the construction of
interpretations of L from interpretations of S5, and it is further shown that
no interpretation of % fails to be thus obtainable. The result is of interest
especially because it has been argued that ¥ cannot plausibly be viewed as
a modal system, even though Rukasiewicz himself viewed it as one.’ Here
the question of the existence of modal interpretations of % via other
mappings into S5 is explored. In order that the present paper be self-
contained, no familiarity with [1] is presupposed; but the reader familiar
with that work will appreciate this author’s indebtedness to it.

In what follows, we use ‘p’s and ‘¢q’s as syntactic variables for wffs of
both & and S5, trusting the context to signal which system is under
discussion. It will be convenient to use the bracketless Polish notation,
presumed to be familiar.

1 The Systems L and S5° We suppose 1. to be constructed from a
denumerably infinite set of atoms, the set of wffs then being the least set
that both contains the atoms and has Cpq and Np as members whenever p
and ¢ are members. An interpretation I for % is any function from the set
of wffs to {1, 3,0} such that I(Np) =1-I(p) and I(Cpq) = min(1, 1 - (I(p) - I(q))).
A wff p of L is valid (contravalid) if, for every I, I(p) = 1(0); otherwise p

*This paper and the forthcoming sequel formed part of a thesis “Three-Valued Logics with
Modal Interpretations” written under the direction of Professor Hugues Leblanc and submitted to
the Graduate School of Temple University in partial fulfillment of the requirements for the degree
of Doctor of Philosophy with Philosophy as the major subject in March 1976. The author is
deeply indebted to Professor Leblanc for countless suggestions and helpful criticisms. [ would also
like to thank the members of my committee for sound advice on various topics: Jack Nelson, John
Paulos, D. Paul Snyder, and William A. Wisdom. Thanks are also due to Peter Woodruff for en-
couraging comments and criticisms.
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is said to be indeterminate. We take S5 to be constructed from the same
set of atoms as L, the set of wffs thus being the least set containing the
atoms and such that Cpgq, Np, and Mp are members whenever p and ¢
are.

A K-interpretation Iy for S5 in a non-empty set K (of possible worlds,
if you like) is any function from wiffs of S5 to subsets of K such that
Ix(Np) = Ik(p) (i.e., the complement of Ix(p) with respect to K), Ix(Mp) =
*Ix(p) (where ‘*’ is an operation defined on subsets of K as follows:
*D = Q; *G = K for every other G C K), and Ix(Cpq) = Ix(p) U Ix(q). A wif p
of S5 is said to be valid (contravalid) in K if for every K-interpretation I
of 85 in K, Ix(p) = K(®). A wif p of S5 is said to be valid (contravalid)
simpliciter, if p is valid (contravalid) in every K. A wff p of S5 will be
said to be indeterminate if it is neither valid nor contravalid. (To
facilitate the exposition, we will henceforth speak of interpretations I, I,
etc. for S5 in a set K, but the reader should note that the choice of
interpretations for S5 is relative to a given K, as the more cumbersome
notation suggests.) The following definitions are adopted, the first for L
only,® the fifth and sixth for S5 only, the rest for both % and S5:

(D1) Mp =4 CNpp (D4) Lp =41 NMNp
(D2) Apq =4y CCpqq (D5) Cp =4y KPMNp
(D3) Kpq =4 NANpNq (D6) Csp =4y KNpMp.®
2 FEight modal interpretations of L In this section we develop eight

mappings from the wffs of L into those of S5, and show of each that it yields
an interpretation of L in modal terms. One of our eight mappings is in fact
the one reported by Woodruff in [1], and we obtain the aforementioned
result by generalizing arguments Woodruff produced in obtaining the
result for his mapping. Each mapping will be denoted by a lower case ‘f’
with numerical superscripts and subscripts. Intuitively, the superscript
indicates how to translate negations, the subscript, how to translate
conditionals. We use ‘n’ as a variable for the integers 1 and 2, ‘m’, for the
integers between 0 and 5 (exclusive). The mappings are defined as follows
for all wifs p, q of L

(1) where p is atomic, fop = p

(2) fuNDp = Nfup

(8) faNpb = AC, fup LNfnp

(4) fiCpq = KCLfIpf1qCf ipMf1q

(5) f2Cpq = KCLf3pfs qCMf: pAfs bMf2q

(6) fiCbq = KCLf; pALS;qNf;qCf;pMfs'q

(7) fiCbq = KCLf{pALf{qC,fiqCMf{pAfipMfiq

(f1 is the mapping due to Woodruff.)

Before turning to the proof that each mapping yields an interpretation
of L. in modal terms, we pause to note some features of the mappings, so
that the ensuing arguments are simplified. It is well known that, given the
values that an interpretation I for S5 (in a given K) assigns to the atomic
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wifs occurring in a wiff p (of S5), one can calculate the value of I(p).
However, we require more than this of the wffs of S5 onto which we map
those of L. Intuitively, we will associate below the value K with the value 1,
the value @ with the value 0, and the remaining S5 values with the value 3.
As a result, our translations of the wffs of . must be such that we can
determine their values to be K, @, or neither of these on a given interpre-
tation I just from the information that the components of the translations
are assigned K, ® or neither of these by I More precisely, if we let ‘p’
and ‘g’ represent arbitrary wiffs of %, and *J’ and ‘H’ represent arbitrary
subsets of K other than K and © then our translations are characterized by
the following matrices®":

faa| ranp| rive | icea | sicea | ficka | ficea
fub K H QK HPIKHPKHD
K P 9 |K H 9|K H 9|K H 9|K H ¢
J J J |K K J|K K J|K K J|K K J
) K K |K K K|K K K|K K K|K K K

We will appeal to these matrices freely below. We now justify each
matrix, but the reader uninterested in these details may omit the materials
within the asterisks without loss of continuity:

Let I be an arbitrary interpretation for S5 in a given K, and p, g be
arbitrary wffs of %..

I(f,»Np) = I(Nf,,p),

so the first matrix is self-explanatory.
KfuNp) = IAC, fupLNf,ip) = I(C,fip) U I(LNFp).

Suppose first that I(f,’p) = K. In this case, I(C,f,’p) = ® and I(LNf,;p) = D,
hence I(f’Np) =@. Suppose then that I(f2p) =J. Then I(f:C,p)=J but
I(LNf2p) =D, so I(f,2Np) =J . Suppose finally that I(f,2p) = ©. Then I(f,Np) =K
since I(LNf,?p) = K. Thus the matrix for I(f,2Np).

I(fYCpq) = I(KCLf1pf1qCfipMfiq)
= I(CLf'pfl'q) N I(CfipMf1q)
= [I(Lf1p) UK fig)] N [I(f1p) U I(MfTq)]

= [*I(f1p) VIFi@) ) N I(fF1p) U » I(f1q)]
= [+ I(f1p) VI(f @)1 N I(f1p) U * I(f1q)]

It is easy to see that both sides of the last intersection (and so the whole
intersection) equal K if either I(f7q) = K or I(fp) = P; it is also clear that
if I(f1p) =K and I(fiq) =@, I(f{Cpq) =®P. So suppose first that I(fip) =J
and I(f"q) = H. In this case I(f"Cpq) = [*J UH] N [JU=xH| = [KUH]N
[JUK] = K N K = K. Suppose next that I(f}p) = K and I(f{q) = H. Now
I(ficpq) = [*KUH]N[KUH] = [*xPUH]|N[PUH]=HNH = H. Finally,
suppose I(fip) =J and I(f{q) = . In this case I(f1Cpq) = [* JUuPIn[gupl=
K NJ =J. Thus the matrix for fiCpq.
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I(f5Cpq) = IKCLf; pfsqCMf3 pAfspMf;q)
= I(CLf,pf2q) N KCMf pAf;PMf;q)
= [I(Lf2p) U K(fyq)] N [IMf,p) U (I(f5p) U IMf7q))]

= [ I(f7p) U I(f2q)] N [x I(f3p) U (I(f3p) U x I(f5))]
=[x I(fip) U I(faq)) 0 [» I(fip) U (I(fip) U * I(f1q))]

The left side of this intersection has value @ if I(f;p) = K and I(fJq) = D, so
IfJCpq) =@ in this case. It is also fairly clear that both sides of the
intersection equal K if either I(f;p) = @ or I(fJq) = K, and so I(faCpq) = K
in these cases. So suppose first that I(f,p) = J and I(fyq) = H. In this case
KfiCpg) =[x JUHIN[*xJUWJUxH]=(KU...In[...UK]=K. Suppose
then that I(f;p) = K and I(f;q) = H. Then I(f,;Cpq) = [* K U HI N [* K U
(KUH)] = [ UH] N K = H. Finally, suppose I(f,p) =J and I(f;'q) = . In
this case, (f3Cpg) =[* JUP]N[*JU (U P)] = KNJ =J. Thus the matrix
for fyCpq.

I(f3Cpq) = KKCLfs pALfigNf3qCfipMf3q)
= (CLfspALfqNf3q) 0 KCf3pMfsq)

= [(Lf;p) U KALf3qNfsq)) 0V [K(f7p) U I(Mf3q)]

= [* I(f3p) U (ILf3q) U INfTq)] N I(fip) U * I(f7q)]
= [+ I(f3p) U (x I(fiq) U I(f2q)] N [1(f3p) U * I(fiq)]

The right side of this intersection equals @ when I(f;p) = K and I(f5q) = D,
and so I(f;Cpq) = © in this case. Again it is readily verified that
I(f;Cpq) = K if either I(fsp) = @ or I(fiq) = K. So suppose first that
I(fyp) =J and I(fq) = H. In this case I(f5Cpq) = [*J U...]N[...U* H]l=
K N K = K. Suppose then that I(fyp) = K and I(f7q) = H. Then I(f;Cpq) =
[*EUCHUH]NKU*H]=[QU@UH]N[PUK]=HNK = H. Finally,
suppose I(fip) = J and I(fiq) = @. In this case I(fsCpq) = [*JU...] N
[Jux®]= KNnJ=J. Thus the matrix for f;Cpq.

I(f;Cpq) = IKCLf{pALS;qC; f{aCMfipAfipMF?q)
= I(CLf{pALFIqC  fiq) N ICMfIpAfipMSLq)
= [I(Lf{p) U IALfIqC fiq)] N [I(MFIp) U IAfipMSiq))

= [ I(fip) U (I(Lf7q) VI fig)] N
[* I(fip) U (I(fip) U I(Mfiq))]

=[x I(fip) U (x I(fiq) U (I(fiq) N = I(f{q)))] N
[* I(f5p) U (I(fip) U = I(fiq))]

If Ifip) =K and I(fiq) = @, the left side of this intersection equals @, so
I(f{Cpq) = @ in that case. Again it is easily verified that if [(f{p) = @ or
If?q) = K, both sides of the intersection are equal to K and hence
I(f#Cpq) = K in these cases. So suppose first that I(fip) = J and I(fiq) = H.
In this case, I(f{Cpq) =[xJU...]N[...U*Hl=KNK =K. Suppose next
that I(f{p) = K and I(f{q) = H. Now IfiCpq) =[x KU(x HUHN* H)] N
[...uxH] = [P U (® UH]NK-=H. Finally, suppose I(fip) = J and
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I(fiq) = ©. In this case I(f;Cpq) = [+JU...]Nn[*xJUU*P)] = KN
[@Ud]=KnNndJ=J. Thus the matrix for fCpq.

By means of the following definitions and theorems (holding for every
n(l <n<2) and m(1l <m < 4)), we now show that each mapping yields an
interpretation of L in modal terms. For any interpretation I of S5 (in a
given set K), let If,. be the function from wffs of L to {1, 4, 0} defined thus:

1,if I(f,p) =K
Ifa(p) = {0, if I(fyp) =

3 otherwise
Theorem 1 If,, is an intevpretation of L.
Proof: 1t suffices to show:

(a) Ifn (ND) = 1 - Ifn(p);
(b) Ifa(CPq) = min(1, 1 - (Ifn(p) - Ifn(@))).

For proof of (a): Ifx(Np) = 1iff K = I(f;Np). But as the matrices show,
K = I(fuND) itf I(fnp) = @, and I(fnp) = P iff 0 = If(p). Hence Ifn(Np) = 1 iff
1=1 - Ifn(p). Similarly, If,(Np) = 0 iff © = I(fnNp), and again the matrices
show that @ = I(fyNp) iff I(fnp) = K. But I(f,p) = K iff 1= Ifn(»). Hence
If(Np) = 0 iff 0 = 1 - If,(p). This suffices for (a).

For (b): Ifn(Cpq) = 1 iff K = I(fnCpq). But as the matrices indicate,
K = I(f,Cpq) iff at least one of the following holds: (i) I(fnb) = ©;
(ii) I(f2q) = K; or (iii) both I(fmq) + © and I(f,p) # K. Note that (i)-(iii) are
respectively equivalent to: (i) If,(p) = 0; (ii") Ifx(¢) = 1; and (iii’) both
Ifnlg) # 0 and Ifo(p) # 1. Since min(1, 1 - (Ifp(p) - Ifn(q))) = 1 iff at least one
of (i')-(iii") holds, Ifn(Cpq) = 1 iff 1= min(1, 1 - (Ifp(p) - Ifm(q))). Likewise
Ifa(Cpq) = 0 iff @ = I(faCpq), and the matrices indicate that @ = I(fnCpq) iff
both I(f,p) = K and I(fnq) = . But I(f,p) =K and I(fnq) = @ iff Ifn(p) = 1
and Ifn(q) = 0, the last holding just in case min(1, 1 - (If,(p) - Ifn(q))) = 0.
Thus If,(Cpq) = 0 iff 0= min(1, 1 - (Ifa(p) - Ifn(q))). This suffices for (b)
and the theorem is proved.

Theorem 2 For any intevpretation I of L. theve is an interpretation 3 of S5
such that I = 3fn.

Proof: Let I be an arbitrary interpretation of L.. We define £ in K(={1,0})
as follows for atomic p: if Kp) = 1, L(p) = K; if I(p) = 0, L(p) = P; L(p) = {0}
otherwise. It is well known of both L and S5 that any interpretation of the
atoms determines a unique interpretation for the system. Hence we have
characterized an interpretation of S5 by our definition of «; moreover, it is
clear by construction that I and £ f,, agree on the atoms of %, and hence are
the same interpretation of %..

Theorem 3 For every wff p of L:

(@) p is valid (in L) iff fop is valid (in S5).
(b) p is contravalid (in L) iff fnp is contravalid (in S5).
(c) p is indeterminate (in L) iff fnp is indeteyminate (in S5).
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Proof: (a) and (b). Suppose first that f,p is not (contra-)valid in S5. Then
by Theorem 1 p is not (contra-)valid in L either. So suppose on the other
hand that p is not (contra-)valid in &. Then by Theorem 2 there is an
interpretation for S5 in K that does not assign f,p(?) K, and hence f,(p) is
not (contra-)valid in S5. Hence (a) and (b).

(c) Proof immediate from (a) and (b).

3 A sense in which the mappings arve exhaustive In this section we will
sketch a proof to the effect that, within certain constraints, the list of
mappings from I to S5 we have provided is exhaustive. We require some
additional terminology. The wiffs p, g of S5 will be said to be strictly
equivalent on a given interpretation I of S5 if I(p) = I(q); we indicate this in
symbols by writing p<>q. And p, g will be said to be semantically
equivalent (in S5) if p<>¢q for every I (in symbols: p =¢q). Finally, the
mappings m and m' from the wffs of L to those of S5 will be said to be
equivalent if mp = m'p (in S5) for every wif p of L. We will also employ the
following notational device: where p, . . .,q are wffs of £, (S5), cZ(p, . . ., q)
is to be taken as denoting a wff of L. (S5) compounded from just p, . . ., g by
means of the usual formation rules. Other script Roman capitals will
appear in place of &£ when clarity so demands, their role being exactly
similar.

Now let @ be a mapping from wifs of L into those of S5, with @
presumed to satisfy both of the following conditions.

Condition 1: @ has a definition of the following form: For all wifs p, q of L:

(i) if p is atomic,@p = p.
(ii) @ Np = @@ p)
(iii) @ Cpq = #(@ p@ q).°

Condition 2: @ is such that the following definition, in which p is a
variable for wffs of & and I is an arbitrary interpretation of S5 in an
arbitrary K, guarantees that the appropriate analogues of Theorems 1-3
hold true of I@°:

LifI@p =K
1@(p) =10,if1@p) =@

2 otherwise.

We now show that @ is equivalent to some fm. In the following lemmas and
theorem, K is an arbitrarily chosen set and I an arbitrary interpretation
for S5 in K. As before, J and H are arbitrary non-empty proper subsets
of K.

Lemma 1 Let I(p) =J. Then one of the following is sure to hold for &(p):

() Iap) =K
(i) Kap) = D
(iit) K@(p)) = J
(iv) I(a(p)) = J.
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Proof: By strong induction on the length of &Z(p). Details left to the
reader. In the basis, Z(p) = p. In the inductive step, there are three cases:
a(p) = NB(p); a(p) = M B(p); &(p) = CB(p) C(p). The hypothesis is of course
that (i)-(iv) hold true of any wff #(p) less complex than @Z(p).

Lemma 2 If p <;>q, thend(. . ., p, .. )<pal. . .,q,...).

Proof left to the reader. (The lemma records an obvious consequence
of the familiar fact that strict equivalence is preserved in S5 under
substitution of strict equivalents).

Lemma 3 Let Kp) = K and I(q) = H. Then one of the following is sure to
hold for &(p, q):

(i) K&p,q9) =K
(ii) K&(p,q) =D
(iii) (&(p,q)) = H
(iv) I(&(p, @) = H

Proof: Since I(p) =K and I(q) = H, I(Mq) (= x H=K) =I(p). Hence, p<p Mg,
so by Lemma 2, &Z(p, q)<p> &(Mq, q). But &(Mgq, q) qualifies as a compound
#(q) of ¢, hence Lemma 3 by Lemma 1.

Lemma 4 Let I(p) =J and Iq) = P. Then one of the following is sure to
hold for a&(p, q):

(i) 1(«p,q9) =K
(ii) I((p,q) =D
(iii) I(@(p, q)) =
(iv) I((p, q) = J

Proof: Like that for Lemma 3.
Lemma 5

(a) F1@p) =D, then I(@ND) =K.
(b) If H@D) = K, then I(@Np) = © _
(c) If @p) = J, then either I(@ Np) = J ov I(@ Np) =J.

Proof: (a) Suppose I(@p) = ©. Then I@ (p) = 0, in which case I@ (Np) = 1
(since I@ is an interpretation of ¥ by Theorem 1). But I@ (Np) = 1 iff
I(@Np) = K. Hence, (a). (b) Proof like that of (a). (c) Suppose I(@p) = J.
Then I@ (p) = 3, in which case I@ (Np) = 3, this last holding iff K # I(@ Np) #
?. But by Lemma 1, together with our supposition that I(@p) = J, one of the
following holds:
(i) I@Np) =K
(i) K@Np) =P
(iii) (@Np) =J
(iv) H@Np) =J.

Hence, since neither (i) nor (ii), (c).
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Lemma 6

(@) If (@p) = K and I(@q) = D, then I(@ Cpq) =
(b) If any of the following obtains:

(i) 1@p) =9
(i) (@q) =K
(iii) (@p) #+ K and I(@q) # 2,

then I(@Q Cpq) = K.

(c) If both I@p) = K and I(@ q) = H, then either I@ Cpq) = H ov I(@ Cpq) = H.
(d) If both K@ p) = J and I@ q) = D, then either I@ Cpq) = J ov I(@ Cpq) =dJ.

Proof: Proof of (a) and (b) like proof of Lemma 5 (a) and Lemma 5 (b).
Proof of (c) like proof of Lemma 5 (c), using Lemma 3 in place of Lemma 1.
Proof of (d) like proof of (c), using Lemma 4 in place of Lemma 3.

Theorem 4 @ is equivalent to some f,.

Proof: @ and each f, have the same values for atomic arguments.
Consider then the possible matrices for @ Np. By Lemma 5, these will be
identical to the matrices for f,Np and f’Np, so suppose the actual matrix
for @ Np is identical to that for f/Np. Next consider the possible matrices
for @Cpq. By Lemma 6, these will be identical to the matrices for
ficpq, . . ., fiCpq, and suppose here that the actual matrix for @ Cpgq is
identical to that for fk”Cpq. A straightforward induction (omitted here)
shows that @ p Efk’p for every wff p of L, and thus proves @ to be equivalent
to fk’.

4 Peculiarities of the mappings The reader familiar with [1] may recall
that the mapping devised by Woodruff (f}, in the present paper) suffers
from a certain defect: it does not preserve semantic equivalence. Given
that p = ¢ in ¥, Woodruff has shown that it is not always the case that
fip =fiq in 85.° In this section we show that none of the mappings
constructed thus far preserves semantic equivalence. This result is of all
the more significance since the preceding section shows that we have
exhausted the ways of translating ‘N’ and ‘C’ into S5. Of course, if one is
willing to modify the syntax for S5, further translations may become
possible. "

We will show that none of the four ways of translating ‘C’ preserves
equivalence by means of a test case. It is well known that in ¥. Apg = Agp
(in primitives, that CCpqq = CCqpp); but we now show that in S5 f,Apq #
FAqb (f4CChqq # fnCCqpp). We proceed by constructing matrices, taking
it that two wffs are semantically equivalent iff they have identical matrices.
To construct the matrix for f]CCpqq, recall first the matrix for f;Cpq:

fla
fip

K
K
K
K

RS-
xR T
AR SR RS
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It is useful to note that this matrix simply defines a function from pairs of
subsets of K to subsets of K. If we denote this function by ‘F,’ and think of
1p’ and g’ as variables for subsets of K, the matrix may be thought of
as shorthand for the following definition:

f?q> 1ff:‘P =K
F(fip,flq) ={K,iffip=0
* flq U f1p otherwise.

The matrix for ffCCpqq will similarly be a shorthand description of
the compound function F(F(fip,f1q), fiq), and the following is readily
verified to be that matrix:

flq
fiv K H ¢
K K K K
J K H J
/) K H 9

By analogous reasoning, the matrix for f/CCgqpp may be gotten from the
matrix for frCqp:

flq fiCap frceapp
fip H H

K | K %
K K K K|K K K
J J K K|K J J
%) © H K| K H @

And similarly by reflecting on these matrices,

fma | fsCbhq f2Cqp f3Cbq faCap fiCpq fiCap
H H H

[5s
I8y

fnb
K
J
2

we get these:

fna | £CChqq | f'CCqpp | fiCCpqq | fiCCqpp | fi'CCpaq | fICCqpp

SERIE
S
IS IS
LRI
S
SRR
SRR
= X
NQI‘@‘@
o SR | X
X X
SETENRSY
xR X | X
= X
SV U
© x| X
N X
SRR R

b K HQ|K H ®|K H Q|K H Q|K H QP|K H D
K |K K K|K K K|K K K|K K K K K|K K K
J K HJ|K J J|KHJ|KJ J|KHJ|KJ J
2 K HQ|K H Q|\K HQ|K H @|K H Q|K H 9

The matrices thus show that f,Apq # fnAgp.

5 Conclusions and fuvthev issues Those who are not disconcerted by

the result of the immediately preceding section may be interested to know
that the eight mappings may be multiplied by treating the defined connec-
tives of L. as primitive and compounding mappings from our original eight.
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For example, consider the following definition of a mapping m, like f2
except in clause (iv), which is like f{CCpqq:

(i) where p is atomic, mp = p.

(ii) mNp = Ac,mp LNmp

(iii) mCpq = KCLmpALmqNmqCmpMmq

(iv) mApq = KCLKCLmpmqCmpMmamqCKCLmpmqCmpMmaqMmyq.

Theorem 1-3 will still hold of such mappings. The same, however, cannot
be expected of Theorem 4 since these mappings do not have a definition in
the requisite form. Of course, no such compound mappings will preserve
semantic equivalence.

Those of us of a more conservative bent, on the other hand, may find
the peculiarities of the mappings discussed here somewhat objectionable.
A sequel to the present paper will show that if S5 is modified slightly, the
number of mappings from % to SH is increased, and some of the new ones
preserve semantic equivalence. The functionally complete version of L
developed by Stupecki in [4] will be discussed in detail, so we do not dwell
on the problem of giving a modal interpretation to that system here. But we
do note in closing that the results for our mappings extend to the
functionally complete case along the lines discussed by Woodruff in [1].

NOTES

1. As Woodruff notes in [1], Lukasiewicz advances the view that £ is to be understood modally
in [2], and this view receives criticism in Rescher [3] (see p. 98). It is interesting to note,
though, that Woodruff’s vindication of tukasiewicz’s view is foreshadowed by remarks of
Turquette in [6] (see esp. p. 267).

2. Much of the material here follows Woodruff’s account closely and is included only so that the
present paper be independent of Woodruff’s. However the account of an interpretation for
S5 is an adaptation of material presented in Chapter XVII of [5].

3. ‘Lukasiewicz attributes this definition to Tarski.

4. Intuitively, DS and D6 define contingent truth and falsity. We hesitate to adopt these defini-
tions for £ since the definiens are semantically equivalent in £. Thus we find it philosoph-
ically preferable to say that the notions of contingent truth and falsity cannot be adequately
represented in £,

5. At this point, we calculate from the definitions how the defined symbols of S5 are inter-
preted. This material will prove useful below. I(Apq) = I(p) U I(q). [(Kpq) = I(p) N I(q).
I(Lp) = *1(p). I(C,p) = @ if either I(p) = K or I(p) = ®; otherwise I(C,p) = I(p). I(Cyp) = P if
either I(p) = K or I(p) = @, KCp) = I(p) otherwise. It is also useful to note that I(Lp) = K if
I(p) = K, I(Lp) = ® otherwise.

6. Notice that the arrays of @’s and K’s do not change from table to table. The remaining
entries, however, guarantee that no two of the mappings are equivalent in the sense of section
3 (below).

7. In the arguments to follow, the fact that the entries of the matrices unambiguously denote
either K, @, or neither of these plays an important role. Not all wffs of S5 have matrices that
are unambiguous in this respect: e.g., the matrix for Kpg contains the entry ‘J/ N H’ for the
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case where p is assigned J and ¢ is assigned H. But that entry is ambiguous, in a sense we
cannot allow, since in some cases (i.e., for some values of J and H) it denotes @, and in
others, it does not denote @. The reader familiar with [1] will find that these remarks com-
pare interestingly with those on p. 436 of [1].

The constraint that where p is an atom, @p = p might at first appear overly stringent. (The
other constraints should, I hope, appear to be quite natural.) But there is nothing of great
theoretical interest in allowing atoms of £ to be mapped onto more complex wffs of S5,
given that we require Th2 to hold of @ (see condition 2 below). In order to obtain Th2 for @,
different atoms of £ must be mapped onto wffs of S5 whose values can vary independently,
because the values of the atoms of £ vary independently. Suppose that @ does not map atoms
into atoms, and let S# be the set of values for @ at atomic arguments. Let S include S4 plus
all the wffs compounded out of the members of S by means of the usual formation rules.
The fragment of S5 made up of members of S is shown to be synonymous with the whole of
S5 by mapping the members of S# onto the atoms of S5 and reducing the other members of
S accordingly.

By “appropriate analogues” is meant the result of replacing occurrences of ‘f};,’ by ‘@.

. The problem, intuitively, is that when p and ¢ evaluate to 1/2 in £, they are not automat-

ically assured of being mapped onto wffs of S5 that get assigned to the same proper non-
empty subset of K. Woodruff comments that nonetheless the S5 translations are equivalent
in the sense of both being contingent. But this seems rather strained.

In fact, further mappings do become possible. But discussion of this must be saved for a
future time.
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