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A Pair of Nonisomorphic =, Models of
Power A for A Singular with A = A

SAHARON SHELAH*

Let L., denote the infinitary logic that is formed by allowing arbitrary
conjunctions of formulas and either existential or universal quantifications
over sets of fewer than \ variables. The formulas are taken to be those having
fewer than \ free variables. It is easy to see that any structure of cardinality
less than A is characterized up to isomorphism by a sentence of L_,,. Scott [5]
showed that if M =_ N and Ml = NI = 8, then M = N, where =,
denotes elementary equivalence in L, ,. Chang [ 1] generalized this by showing
that if cf A = w then M =_, N, IMIl = INI =}, still implies M = N. However,
Morley, gave an early unpublished example which showed that for any regular
X > w, there are structures M,N such that IMIl = INI =X, M =_, N, but
M % N. His structures were trees of height \, one with a branch of length X and
the other without. The reader may wish to consult Dickmann [2], Nadel [3],
Nadel and Stavi [4], or Stavi [13] for more work in this direction.

The above results leave open the situation for singular A\, with c¢f X > w.
The purpose of this paper is to show that if A“ = A, then there are structures
M,N with Ml = INI = X such that M =_, N but M % N. Under the GCH,
cf A > w, A\ > w, implies A =), s0, in this situation, the entire picture would
be known.

The reader may also be interested in consulting Shelah [8], [9], [11],
and [12], which deal with the question of the cardinality of {N/=:N =_, M,
M= INI= A}, or Shelah [6], Theorem 1, [7], Chapter XIII §1, and [10],
which are concerned with finding models of particular theories. In [12] our

main result is proved for many more A\ of cofinality >8, (but for different
structures).

*This research was partially supported by the United States Israel Binational Science
Foundation.
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1 Recall the well-known back and forth property for L, (cf., e.g., [2]).

Theorem 1.1 M =_\ N iff there is a nonempty family F of partial isomor-
phisms from M to N such that

G (Ve )(VX S IMDIIXI<A=>OgeF)(fCg & X Cdomg)]
(i) (Ve F) (WY SINDUIYI<A=>3ge F)(fSg & Y E range g)}.

We say that a back and forth set as in the above theorem exemplifies
M=_,N.

The examples to be constructed below will consist of pairs of trees of
height w + 1. Specifically, we call a model M = (| M|, <p;, PMi<,, an w-tree, if

d) (IM], <y) is a tree, i.e., < partially orders (M| and for each x € |[M|,
<jr linearly orders the <-predecessors of x
(ii) for eai:‘}l iewtl, P,-M is the set of nodes on the i Mlevel, and |M| =
P!
igw l
(iii) there is a single minimal element called the root of the tree
(iv) ifa #b € Pg then there is some x € |M| such that x <j; a but not
x <y b, ie., there is only one node above each branch of length .

First some basic definitions concerning these trees. In most cases we will
suppress the use of M as superscript or subscript except when we feel some
special emphasis is required.

Definition 1.2 Let M be an w-tree. Then

(i) Forae|M|, My =M"Mib:b<aora < b},

(ii) Suppose a ¢ P;; then for j < i, a(j) denotes the unique predecessor of a in
P;. We use P as shorthand for U P,

New

(iii) A € |M|is said to be a closed subset of M if whenevera e A and M F
b < a, then b € A, and if whenevera € Pff and a(i) € A for each i € w, then
aeA.

(iv) We write N €. M iff N is a submodel of M and [N is closed in M. We also
speak of A as being closed in B where A € B C |M|. The meaning of this
should be clear.

Given an w-tree M and some A € |M| we may define the closure of 4
in M, denoted c/(A) as the smallest subset containing A and closed in M. This
is obtained by closing downward and adding all nodes a € Pﬁ,{ such that a(i) e A
for an unbounded set of i. The reader should convince himself of the following
two easy facts about closure.

Lemma 1.3 Suppose N &, M are w-trees and A € |N|. Then
i) V) = M)
(i) If 1A N PM <\ then |cM(A4) N PM <.

Definition 1.4 Let A be a family of w-trees. An w-tree M is said to be
A\, A)-full iff for every N € U, a € (M|, b € |[N|on the same level, there are
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closed submodels M; of M, for i <A, such that for i <j <X, [M;| N |M;| =
{cic<a},and M; = Ny.

Definition 1.5 Let A be a family of w-trees. An w-tree M is a (X, ¥)-model
iff for every 4 C |M| with |4| <X, there is some N €. M, with A C |N| and N
isomorphic to a member of 2.

Roughly speaking (A\,2)-fullness tells you that above any point there are
many disjoint copies of corresponding parts of trees in U, while being a (A, ¥%)-
model guarantees that any subset can be expanded to a copy of something in
A which sits nicely in M.

The above notions are important to us here because of the following
result.

Theorem 1.6 Let U be a family of w-trees. Suppose M and N are both
w-trees which are (\,N)-full and (\,N)-models. Then M =, N.

Proof: Let G =1{g:g is a partial isomorphism from M to N with dom(g) a
closed subset of M, ra(g) a closed subset of N, and Idom(g) N PM| < A}. We
claim that G exemplifies M =_, N.

Clearly G is nonempty since it contains the function taking the root of
M to the root of N. Suppose g € G and A € |M]|, |A] < \. We show how to
extend g to h € G with 4 € dom(h). The case for A € |N| is similar.

Let us assume for convenience that A is disjoint from dom(g). Consider
some a € A. Since dom(g) is closed in M, there must be some a' ¢ dom(g)
which is the highest point in dom(g) below a. Clearly a' is on some finite level.
Let Ay =1ix e A:x' = a'}. Since |4, <\ and M is an (2A,\)-model, there is
some closed submodel X(a') of M with 4, € |X(a")| and X(a') is isomorphic to
some member of ¥.

Now, since N is (U, N)-full, there are N;, i <A, closed submodels of N,y
such that for i #j, N; N N; = {b:b < g(@")} and each N; is isomorphic to
X(a’)[av]. Since ra(g) N PV has cardinality <X, and the N; are closed downward,
there is some i < A such that N; N ra(g) = {b:b < g(a')}. Denote some such N;
by N,. We wish to extend g to ciM(4,) = ch("')(Aar). To do this simply use
the restriction to c/(A4,') of some isomorphism from X (a')[ar] onto N,. Since
all nodes in A, are related only to those nodes in dom(g) below a' and since
their images are related only to those nodes in ra(g) below g(a') this mapping,
which we call g+, will be a partial isomorphism. It is also easy to see that both
dom(g,’) and ra(g,') are closed in their respective w-trees.

Now, for a, b € A either g, = g5 (if @' = b") or dom(g,’) N dom(gy) =
dom(g), ra(g,r) N ra(gy) = ra(g). In fact if we let h = U g, then & is seen to

aeA
be a partial isomorphism with dom(#) closed in M and ra(h) closed in N. This
last part follows since whenever a; < a, <. .. are in dom(%) then for some a,
ay, ay, . . . are all in dom(g,’) or a,, a,, . . . are already all in dom(g).

It only remains to show that |[dom(k) N PM| < \. However this follows
from Lemma 1.3(ii) since dom(#) N P¥ C cIM((dom(g) N PM) U A4) NP1
(actually they are equal) and |(dom(g) N PM) U 4| <\ by assumption.
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2 In this section we obtain an approximation to the main result of the paper
by using an extra hypothesis. The argument here is much less involved and
much of it can be applied again with the more intricate construction of the
next section.

Theorem 2.1 Suppose \ is a strong limit cardinal such that \* = \. Then
there are w-trees M and N of power N such that M =, N but M # N.

Our first task is to describe an appropriate collection U of w-trees.

Definition 2.2 An w-tree M is said to be canonical if IM| is a set of
sequences of length <w, v <3/ n iff v is an initial subsequence of i, and the kth
level P,i” consists of sequences of length k.

For the purposes of this section we will take U, to be the family of all

submodels of the canonical model with universe “*lo and let Y = A, Itis
a<A

clear that A contains an isomorphic copy of every w-tree of power less than A.
Since X is a strong limit, if M € U, then IMI <X\, and [Al = \.

Lemma 2.3 For every w-tree M of power <\ there is an w-tree M' of
power <\ such that M C, M' and M' is (X, W)-full.

Proof: First, for each node v of M add A disjoint copies of each N € U directly
above it to form a new w-tree M;. (Because ¥ is so rich, this works in place of
the condition demanded in the definition of (A, ™A)-full.) It is easy to see that
M C. M, and IM,ll = \. Tterating this procedure w times will give the desired M'.

Lemma 2.4 Let M be an w-tree. Then M is a (\, Y)-model.

Proof: Suppose A C M, |Al <. The closure of 4 in M can have power at most
[Al® < (2'4Y% < \. Let N be the w-tree formed from the closure of 4 in M.
Then clearly N is isomorphic to some w-tree in 2.

Theorem 2.1 will follow easily from the next lemma which works for any
collection ¥ and requires only that A« = A.

Lemma 2.5 Let M be an w-tree of power \. There is an w-tree N of power
A\ such that N is not isomorphic to a closed submodel of M.

Proof of Theorem 2.1: By Lemma 2.3 there is a (\,¥%)-full w-tree M of power
\. By Lemma 2.5 there is an w-tree N of power \ not isomorphic to a closed
submodel of M. By Lemma 2.3 there is N’ of power A such that N C, N' and
N' is (¥, N)-full. Then, by Lemma 2.4 and Theorem 1.6, M =.,, N'. However,
clearly M # N' since otherwise M would have a closed submodel isomorphic
to N.

Proof of Lemma 2.5: This follows from Shelah [6], VIII, 2.5, p. 440, but we
repeat it here.

The model N will be obtained from M by removing the points in M on the
w™ level and adding new points on the w'™ level above branches of M that did
not have limit points. We also add a new root below the rooted M. Specifically,
let N be the canonical model with universe {{)} U {a, . . ., a): n < w, a; € P,
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and a; <pra; forj <i<n} U ay,...,an.. <o @ ePiM, ai <pyra; forj <i<w,
and there is no a € PM such that a; <pr a for i < w}. Since A* =\, INlI = .

Now suppose that f is an isomorphic embedding of N into a closed sub-
model of M. It is obvious that if x € PM then f(x) € P.

We define by induction on i < w, a; € PIM such that forj <ia; <y a;.

For a, we take the root of M. Notice that {ay) € PY. For a, we take f({ao)).
Then a, € PY. In general, we let a;; = f({aq, . . . @)

It follows inductively that a; € PIM and that for j <i, a; <p a;.

We now consider the branch {a; : i € w}. We obtain the desired contradic-
tion by asking if there is some a € M above all the q;.

If there is no such a € M, then by definition {@);<. € N. But then
flapice,) € PMand f((apicw) >u f(ag, - . ., ;) = aj+; for each i € w, a con-
tradiction.

If on the other hand there is some a € PM such that ¢; < a for alli < w,
then, by definition, {@;); <., ¢ N. But then a ¢ ra(f) and so ra(f) is not a closed
subset of M, again a contradiction.

Remark 2.6 From two models M, and M, as constructed above we can generate
2 nonisomorphic but =, w-trees of power A. The basic idea is as follows:
suppose A C*> X\ closed under initial segments but with no infinite increasing
sequences. If f: A =10, 1} we define, N£ =AUl v:ined, f(n)=ivelMl}.
It is easy to see that for any £, G : 4 ~10, 1}, Nﬁ Sor NE.

By choosing A4 carefully we could also arrange that for f # g, N/fl £ Nfl.
Rather than go into the necessary details here, we give a simpler construction in
the next section where we construct A* nonisomorphic models to begin with.

3 We now remove the assumption that A is a strong limit cardinal and assume
only that A“ = A. If A happens not to be a strong limit cardinal then the
construction of the previous section will produce an w-tree of cardinality
greater than \. A new, more subtle construction is needed which will not force
up cardinalities. We will simultaneously construct the desired models along
with the collection ¥, rather than specifying ¥ in advance as we did previously.
In particular we will define by induction on o < A* canonical w-trees M,, as
follows:
IMol=10,...,0):iew}.

N——~

i times
M, is just a single branch. Next, having defined M, for each § < a we define M,
by building it up from closed submodels. First we define for g < .

IM2 51 =t U{{(0, o, B, ag), . . ., <0, a, B, ap)): a € P"® and
a <ap ) U{KO0, a, B, ap), - - <0, o, B, ay) .. .):

M
aj € P, ®,aq; <ay4; and such that thereisnoa e Pgﬁ
such that ¢ <a for all I < w.}

The purpose of this step is to ensure nonisomorphism. We then let

me=U m2, .
p<a
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In the previous step and in what follows, the use of the 0, «, 8, etc., is to
create distinct copies and make the models essentially disjoint.
Next, we define

IMEY =ML u{n" i+ 1,0, 8,n, v k). . U+ 1,a,8,n,vIm):
neMl, B<a,lm)=k-1,lv) =k and v e M;
m=Ip)+1<worm=Ir)=w}.

The purpose of this is to ensure (A, A)-fullness. Finally, we let

M= U M
I<w
and
A={M,:a<A} .

Note that M}, is closed in M, for each I < w and M2 g is closed in MQ.

Lemma 3.1 For each o < \*, IM Il < (Jal + 8g)™o. Hence, for « such that
A<a<A*, IM =X, and fora <A, IM I <A

Proof: The first assertion is easily checked by induction on the stages of the
construction. The exponent results from the first step of the construction. The
second assertion follows since A = \ and Ml is obviously at least lal.

Remark 3.2 For M an w-tree let M' denote the w-tree formed by restricting
to PM  je., removing any nodes on the w™ level. It is then easy to check that
M. is a T, definable function of «, or even that M, is a primitive recursive set
function of a. The point is that the relation T = M, is absolute for standard
models of a very weak part of ZF. Of course, this is not true of M, since the
nodes on the wt level depend upon the set of all branches.

Theorem 3.3 For \<B<a<A*, IMyll = Mgl = X, My =op My and My M,

The above is an immediate consequence of Lemma 3.1, Theorem 1.6, and the
three lemmas to follow.

Lemma 3.4 For B<a <\, M, #* M,.

Proof: We can show that M, cannot even be embedded as a closed submodel of
Mg just as in the proof of Lemma 2.5, where we now use the model Mg ; which
is built into M, in the first inductive step.

Lemma 3.5 Foroa= N\ M, is (\, A)-full.

Proof: Let Ne U. Then N = M, for some <A <a. Letn eP,M"‘ and veP,N. By
the construction of M,, we have n € [M.| for some ! € w. Now, our construction
of MI*! already embeds N [»] in MX " and hence in M, as a closed submodel. To
see that there are actually A such closed submodels with pairwise intersection
{n 1j :j <i} we note that we actually put in a distinct copy of Nj,j\fv '] : j <i}
for each y such that <y < .

The next lemma has the least obvious proof, since our construction did
not seem to explicitly arrange that the M,’s would be (A, A)-models. However,
the construction has taken care of this indirectly.
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Lemma 3.6 For a <\*, M is a (\, A)-model.

Note that if Yu < AP0 < A). Then the proof is easy. The proof of
Lemma 3.6 will be divided into several parts.

Proof of Lemma 3.6 (beginning): Let a <\*, A CIM,l, 141 <X. We begin by
fixing some sufficiently small but nice universe which will help us find the
required closed submodel N = Mg, B <« with A C INI. Specifically, let U be an
elementary submodel of (H((2M)™*), €) with 4 U {4} Ufa} C U and I1UI <.
Let f be the Mostowski collapsing isomorphism restricted to U and let U*
denote the transitive set (collapse) isomorphic to U. Using Remark 3.2 it is not
hard to see that for any 8 e U, f(Mg) = Mf (g and all the related properties are
preserved. In the following sublemma we concentrate on the w™ level.

Sublemma 3.7 Suppose that for all i < w, n tie M, N U. Let n* =
(fin V) : i< w). Then,

n e PMa jff px e pMf@

Proof: Notice first that n* is always a “branch” in My . The only question is
whether n* is actually in Myy. Of course, n need not be in U. The proof
proceeds by induction on « (i.e., we prove it for all ordinals <A* which belong
to U).

First, for each i € w let /; be the smallest / such that n i e [MAl. We
already know that n M ie ML iff n* tie M}(Q) so [; applies as well to n*. Notice
that /; is nondecreasing in i. We consider three cases:

Case 1. {l; : i € w} is unbounded in w. Then by the construction n é IM,| and
n* € Mgl

Case 2. {l; : i € w} has least upper bound / > 0. Then, for sufficiently large i,

ntie MUY — ML Thus, n e IM,| iff for some unique noe M4, <o, ve Pﬁ,{‘i,
and suitable i,

n=ng U+1,0,8 0,0t DU+ 1,0 BnuvtitD...).

Now, by our induction hypothesis the above is true iff the analogous situation
holds for n*, f(ne), f(B), {f(U t m), m e w) and i, which is again equivalent by
the definition of My to n* € Mg(y).

Case 3. I; = O for all i € w. Then there is a unique g < a such that for all i € w,
n tieMggand n has the form (0, a, B, ao), <0, a, B, @), . . .), where g ePIM’*
and a; < ay4;. By our construction, n e M,, iff in Mg there is no x above all the q;.
Clearly f(a) € P®, f(@)) < f(ap,), and n* = (<0, f(@), f(B), flaoh, <0, f(),
f), fla)...)and n* e Mgy iff in My, there is no y above all the f(q;). Now,

applying the induction hypothesis to the branch formed by the g; in M, finishes
the argument.

Proof of Lemma 3.6 (conclusion): Trivially A C IMy) N U which is in turn a
subset of the closure of My, N U in M, (in the sense of the real world). Now, by
the sublemma, this last w-tree is isomorphic to the closure of M}(a) N U* in
Mj(4), which is just the closure of Mz, in M¢(ay, which is Mg (,). Thus, we have
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A as a subset of a closed subset of M, viz. cZMa(M; N U), which is isomorphic
to a member of U, viz., My(,). This concludes the proof.

Remark 3.8 Now, having produced A\* pairwise =,,, but nonisomorphic
w-trees we indicate how to get 2*. Actually we only need to use A from among
the \*, say NV;, i < \. For each nonempty S C \ we define an w-tree Tg which
consists of a root and above that root A copies of each V; for i € S. It is easy to
see that for nonempty S; # S5, C N, Ts, Zeop T's, but clearly T, # T,
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