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The Fixed Point Property in Modal Logic

Lorenzo Sacchetti

Abstract  This paper deals with the modal logics associated with (possi-
bly nonstandard) provability predicates of Peano Arithmetic. One of our
goals is to present some modal systems having the fixed point property and
not extending the Godel-Lob system GL. We prove that, for every n > 2,
K+ 00" 'p - p) - Op has the explicit fixed point property. Our main
result states that every complete modal logic L having the Craig’s interpolation
property and such that L = A(V(p) — p) = A(p), where V(p) and A(p) are
suitable modal formulas, has the explicit fixed point property.

1 Introduction

Godel-Lob logic is the modal logic of the “standard” provability predicates where by
standard provability predicate we mean a provability predicate Pr(-) satisfying the
following conditions:

1. PAF piff PA+ Pr("pT), o
2. PAFPr("p—>q")— (Pr("p") — Pr("qM),
3. PAEPr("p") — Pr("Pr("pM7),
where ™ p 7 denotes the numeral for the Godel number of p.

In fact, in view of a modal analysis of Godel’s Second Incompleteness Theorem
and of arithmetical self-reference, condition | can be replaced by the weaker condi-
tion

(1) if PA - p then PA - Pr("p).

As is well known, Godel-Lob logic (this system is often called GL, but it is also

known as G, L, PRL, and K4W) is the modal logic axiomatized by the following
schemes:

1. all the propositional tautologies in the modal language,
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2. (A - B) —» (UA — OB),

3. (UA - A) — UA,
together with the rules of modus ponens (MP), substitution, and necessitation (MN),
that is, A/CJA.

In general, if Pr(-) is a (possibly nonstandard) provability predicate, then the
modal logic associated to Pr(-) is defined as follows: let § be the set of the func-
tions f from the set of modal formulas to the set of formulas of PA such that f
commutes with the propositional connectives and such that, for every sentence A,
f(OA) = Pr(" f(A)™). The modal logic associated to Pr(-) is defined as the set of
modal formulas A such that, for every f € G, PA - f(A).

One of the most interesting features of the Godel-Lob logic is that the Diago-
nalization Lemma is modally expressed in GL by the Fixed Point Theorem. This
theorem splits into a uniqueness and an existence part and concerns formulas A with
a distinguished propositional variable p that occurs in A only in the scope of a [
(see, e.g., Sambin and Valentini [9], Boolos [2], and Smoryniski [ | 1]).

The analysis of incompleteness phenomena, especially of the second incomplete-
ness theorem, showed the dependence of the second Godel’s theorem not only on
the extension of the provability predicate, but also on its intension (see Feferman [3]
for discussion about intensionally correct provability predicates versus extensionally
correct provability predicates): Feferman proved in fact that there are extensionally
correct formal arithmetical statements Pr(-) expressing provability in PA such that
the corresponding consistency statement —Pr("_L™) is provable.

Different provability predicates generate different modal logics. Thus the ques-
tion arises of what these modal logics have in common. First, let us observe that
every provability predicate Pr(-) must satisfy the following conditions.

1. Pr(-) numerates the set of theorems of PA.
2. Pr(-) satisfies the formalization of the closure under modus ponens, that is,

PAFPr("p—q ) — (Pr(Cp") — Pr("q)).
When based on the usual classical propositional logic, conditions | and 2 give us
the basic modal logic K, that is, the modal logic having the same schemes and the

same inference rules of GL, except the Lob scheme [J(JA — A) — [JA. Another
important feature of a correct provability predicate Pr(-) is that

3. the Diagonalization Lemma holds for Pr(-).

In the seventies many authors (see Smorynski [ 0] and Boolos [!]) began a modal
investigation of the fixed point property. Surprisingly, it turned out that a restricted
version of this property, concerning formulas built from sentence variables, con-
nectives, and the standard provability predicate, is provable using only the (purely
modal) principles of GL. Turning our attention to nonstandard provability predicates,
it is interesting to investigate which modal principles are needed to prove the fixed
point property on purely modal grounds. In our opinion the investigation of the fixed
point property in modal logics has a purely modal interest (i.e., solving fixed point
equations). Moreover, even though we have not yet found any example of a nonstan-
dard provability predicate whose provability logic does not extend GL but has the
fixed point property, we are confident that such provability predicates exist and that
the results proved in this paper will be helpful in view of a modal analysis of them.
To this purpose we introduce two kinds of fixed point properties: we say that a
modal logic L (i.e., a system including all tautologies and distribution axioms, and
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closed under modus ponens, substitution, and necessitation) has the nonexplicit fixed
point property if every formula A(p), in which p is under the scope of a [J, has a
fixed point in every model of L, whereas we say that a logic L has the explicit fixed
point property if for every formula A(p), in which p is under the scope of a [, there
exists a formula H containing only those variables of A(p) other than p such that
L+ A(H)< H.
We will see that the fixed point property is strictly related to the following seman-

tic properties:

1. the reverse well-foundedness of the accessibility relation,

2. aform of weak transitivity of the accessibility relation.

The outline of this paper is as follows. In Section 2 we shall recall some facts about
the logics having the (explicit or nonexplicit) fixed point property; then we shall
prove some general properties about them. In Section 3 we shall investigate the
modal systems L such that L = A(V(p) — p) = A(p), where A(p) and V(p) are
modal formulas satisfying suitable conditions. The main result of this section is that,
under suitable hypothesis, every logic L such that L - A(V(p) — p) — A(p) has
the fixed point property. As an example, in Section <, we prove that, for every n > 2,
the system K 4+ 0(0" ! p — p) — Op has the explicit fixed point property.

2 Preliminaries

First, we need some basic definitions.

Definition 2.1  Let p and A(p) be given. Say that p is boxed in A(p) if every
occurrence of p in A(p) lies within the scope of a [1.

Definition 2.2 Let L be a modal logic. Say that L has the explicit fixed point
property if for each formula A(p, ¢q1, . . ., gn) in which the variable p is boxed, there
is a formula H (q1, ..., gn) such that

1. H(q1, ..., qn) contains only those variables of A(p, q1, ..., q,) other than
p3
2. LEAH@G1, - qn)sq1y - qn) < H(q1, ..., qn).

Any such formula H (g1, . . ., g,) is called a fixed point of A(p, q1, ..., qn).

Definition 2.3  Let L be a logic. Say that L has the nonexplicit fixed point property
if for every model M = (X, R, IF) of L and for each A(p) in which the variable p is
boxed, there is a formula H such that M = A(H) < H.

It is obvious that every logic having the explicit fixed point property has the nonex-
plicit fixed point property.

Definition 2.4 Let X| = (W, Ry), ..., X, = (W,, R,) be frames. Then @l'.':l X;
denotes the frame (W, R) where

L W= {Ui_{Wi x {i}}} U {0},

2. OR(x,i) forall (x,i) e W,

3. (x,i)R(y, j)iffi = j and xR;y.

Definition 2.5  Say that L has the amalgamation property if whenever X1, ..., X,
are frames for L, @);_, X; is a frame for L.
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Definition 2.6  Say that a logic L has Craig’s interpolation property (see Mak-
simova [0]) if, for any formulas A and B, the condition L - A — B implies
LA — Cand L = C — B for some formula C, such that all its variables
are in both A and B.

We begin with a brief survey of some facts regarding the fixed point property (see
Sacchetti [©]).

1. The logic K + 0" L has the explicit fixed point property.
2. Let L be alogic having the (explicit or nonexplicit) fixed point property. Thus

(a) if L has the strong disjunction property then L is not canonical (i.e., the
canonical model of L is based on a frame which is not a frame for L);

(b) if L has the finite model property then L is complete with respect to a
class of reverse well-founded frames;

(c) L can be invalidated in every frame containing a cycle (in particular, in
every frame containing a reflexive node), hence every finite frame for L
is reverse well-founded,;

(d) every finite distinguishable model of L is reverse well-founded. Since
for every finite model there is an equivalent (i.e., validating the same
formulas) distinguishable model, every finite model of L is, up to equiv-
alence, reverse well-founded.

We now turn to other results. Throughout this section, we assume L to be a logic
having the (explicit or nonexplicit) fixed point property.

Proposition 2.7 L C K +UOlandL € K +Up < p.

Proof If L € K + Up < p then the formula —=[Jg has no fixed point. Since
every modal system is contained either in K + Op < p orin K + [J_L, the claim
follows. (]

It follows from Proposition that every logic having the fixed point property is
compatible with GL in the sense that if we add the axioms of GL to L we obtain a
consistent logic. The following corollary states this more generally.

Corollary 2.8 The union of any family of logics having the (explicit or nonexplicit)
fixed point property is consistent.

Proof The proofis trivial. g

We are going to prove a theorem regarding the connections between the fixed point
property and the amalgamation property. Recall that by a tree is meant (see [ | ],
p- 102) a frame (X, R) in which

1. R is a strict partial ordering, that is, R is transitive and asymmetric,
2. the set of predecessors of any element is finite and linearly ordered by R.

Observe that in this definition roots are not required.

Lemma 2.9 [f L has the amalgamation property then L is valid in every finite tree.

Proof Finite trees can be defined by induction as follows:

1. for all x {({x}, @) is a tree,
2.if Ty, ..., T, are trees so is P}, T;.
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Now ({x}, @) models K + [JL, so it models L. Since L has the amalgamation
property if T1, ..., T, model L, then @:': 1 T; models L. Thus every finite tree
models L. [l [l

Theorem 2.10  Let L be a logic having the amalgamation property. For every
formula A, if L - A then GL F A.

Proof Let L - A. Therefore A is valid in every frame for L, in particular, by
Lemma 2.9, L is valid in every finite tree. Since GL is complete with respect to the
class of finite trees, it follows that GL - A. Il

3 The Main Theorem

We are interested in the systems having the form K + A(V(p) — p) — A(p),
where A(p) and V(p) are modal formulas satisfying suitable conditions. The
main theorem of this section states that, under some conditions on A(p) and
V(p), every complete logic having the Craig’s interpolation property and such that
L+ A(V(p) = p) — A(p) has the explicit fixed point property.

3.1 A particular case ~ We begin with the case in which A = V.

Definition 3.1  Let B(p) be a formula such that

1. if L - p then L - B(p),

2. L+ B(p — q) — (B(p) = B(q)),
3. L+ B(p) — Op,

4. L+ B(B(p) — p) — B(p).

Proposition 3.2 L + B(p) — B(B(p)).

Proof Itis just arepetition of the proof that GL I 4 (see, e.g., Hughes and Cresswell
[5]1, p. 150). O

In the sequel, when there is no danger of confusion, we shall write Bp instead of
B(p).

Proposition 3.3 Let Bsp = Bp A p, then

1. L+ Bsp — p,

L+ Bp — OB;p,

L+ Byp — OBsp,

L+ Bp — BBysp,

ifL+ Bp — qthen L+ Bp — Bg,
if L+ Bsp — q then L - Bp — Bgq.

A

Proof We have for

1. itis an obvious consequence of the definition;

2. (a) L+ Bp — Op from Definition 3.1(3),
(b) L+ Bp — BBp from Proposition 3.7,
(c) L+ BBp — OBp from Definition 5.1(3),
(d) L+ Bp — OBp from (2b) and (“¢),
(e) L+ Bp — OB, p from (22) and (2d).

3. itis an obvious consequence of (2).
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Proofs of (4), (5), and (0) are completely parallel to the proofs of the analogous
statements for GL (see [ |], pp. 66—70, Lemma 1.4, Lemma 1.8, Lemma 1.11). One
has just to replace [1 by B. 0

We now prove the First Substitution Lemma.
Lemma 3.4 (FSL) Let A(p) be given. Then L - Bs(E < C) — (A(E) < A(C)).

Proof The proof is by induction on the complexity of A(p). Atomic cases and
propositional cases are trivial. Let A(p) be JD(p). We have
1. L+ By(E < C) - (D(E) < D(C)) by induction hypothesis;
L+ UOBy(E<+C)—U(D(E)<« D(C)) from () by MN and distributivity;
L+ By(E < C) - UBs(E < C) by Proposition 5.3(3);
L+ By(E < C) — U(D(E) < D(C)) from (2) and (9);
L+ By(E < C) — (UD(E) < UD(C)) from () by distributivity;
Lt By(E < C) = (A(E) < A(C)) from (5). ]

AN

We can now prove the Second Substitution Lemma.
Lemma 3.5 (SSL) Let A(p) be given. Then L + B(F < C) — (A(F) < A(QC)).

Proof SetD =F < Cand E = A(F) < A(C). Then

1. L+ By(D) — E by FSL;

2. L+ 0OBg(D) — OE from () by MN and distributivity;

3. L+ B(D) — UBs(D) by Proposition 3.3(7);

4. L+ B(D) — UE from (2) and (©). ([

In the following proposition we prove the uniqueness of fixed points.

Proposition 3.6 (Uniqueness of Fixed Points)  Let p be boxed in A(p) and let q be
a new variable. Then L = Bs(p < A(p)) A Bs(q < A(q)) — (p < q).

Proof Let A(p) = PUC((p),...,HC,(p)) be a Boolean combination of
OCi(p), ...,HC,(p) and of formulas without occurrences of p. We have

1. L+ B(p < q) — U(Ci(p) < Ci(q)) by SSL;
L+ B(p < g)— (UC;(p) < UCi(q)) from (1) by distributivity;
L+ B(p < q)— BUC;(p) < UCi(q)) from () by Proposition 3.5(5);
L+ B(p < q) — By(UCi(p) « UCi(g)) from (2) and (°);
LE B(p < q) = (A(p) < A(q)) from () by FSL;

L+ [Bs(p < A(p)ABs(q < A(@)AB(p < q)] = [(p < A(p)A(q <
A(@)) N (A(p) <> A(g))] from (5) and from the definition of By;

L= [Bs(p < A(p)) A Bs(q <> A(g)) A B(p < q)] = (p < q) from (0);
8. L Bs(p< A(p)) A Bs(g <> A(q)) = (B(p < q) — (p < ¢)) from (7);

9. LE B[(p < A(p)) A (g < Ag))] — B(B(p < q) — (p < q)) from (%)
by Proposition 3.5(6);

10. L+ Bg(p <> A(p)) A Bs(g < A(q)) - B(p < g) from () and from the
Lob axiom for B;

11. L+ Bg(p <> A(p)) A Bs(g < A(q)) — (p <> ¢q) from (10) and (?). ([l

A

~
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Proposition 3.7 (Beth Definability Theorem) Let L be a modal logic having the
Craig’s interpolation property. Let D(r) be a formula that does not contain the
atoms p or q. Suppose that L = D(p) A D(q) — (p <> q). Then there is a formula
H such that

1. H contains only sentence letters contained in D(p) other than p,
2. L D(p) — (p < H).

Proof See [/], Chapter 14. O

Proposition 3.8  Let L be a logic having the Craig’s interpolation property. Let p
be boxed in A(p). Then there exists a formula H containing only sentence letters
contained in A(p) other than p such that L+ B(p < A(p)) - B(p < H).

Proof We have
1. L+ Bs(p < A(p)) A Bs(g < A(q)) — (p < q) by Proposition 3.0;
2. L+ Bs(p < A(p)) — (p <> H) by Proposition 3.7;
3. L+ B(p < A(p)) — B(p < H) from (2) by Proposition 5.3(6). ([l

In the following lemmas we assume L, A(p) and H as in the previous proposition,
and we abbreviate A(p, q1, . .., qs) with A(p, g).

Lemma3.9 LF B(p < A(p,3) — (A(p.§) < AH®), §)).

Proof As p is boxed in A(p, q), there are formulas A{(p, q), ..., Ax(p, ) such
that A(p, g) is a Boolean combination of JA{(p, ), ..., JA,(p, ¢) and of formu-
las without occurrences of p. Therefore, if 1 <i < n, we have

1. L+ B(p < H(q)) — O(Ai(p, q) <> Ai(H(q), q)) by SSL;

2. L+ B(p < H(Q) — (UA;(p,q) < OA;(H(g), q)) by distributivity;

3. LF B(p < H(@) — (A(p,q) < A(H(G),q)) from (2) by the proposi-
tional calculus;

4. L+ B(p < A(p,q)) — B(p < H(g)) by Proposition 3.8;

5. L+ B(p < A(p.q)) = (A(p.q) < A(H(q), g)) from (3) and (). U

Lemma3.10 LF Bg(p < A(p.q) — (H(q) < A(H(q), §)).

Proof We have

1. L+ By(p < A(p,q)) — (p < H(g)) by the proof of Proposition 3.8,

2. LF By(p < A(p.q) — [(p < H(@) A (p < A(p,q))] from (1) by
definition of By,

3. L+ By(p < A(p,q)) = (H(q) < A(p, q)) from (2),

4. L+ Bg(p < A(p,q)) — (A(p,q) < A(H(g), q)) from Lemma 3.9,

5. L+ By(p < A(p,q)) — (H(q) < A(H(g), q)) from (%) and (). O

Lemma3.11 [If C is aformula in which p does notoccurand L - Bs;(p <> A(p, q))
— Cthen L - C.

Proof For the sake of readability we write F(p) for p <> A(p, g) (F comes from
‘Fixed point’), A(p) for A(p, q), and A(H) for A(H(q), q). Recall (Lemma 3.9)
that
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1. L+ B(F(p)) = (A(p) < A(H)). Now suppose L -+ By(F(p)) — C,
where p does not occur in C. Then

2. L —C — (=F(p) vV =B(F(p))), hence

3. LF =C — [(=F(p)) A B(F(p)) Vv =B(F(p))]. Now from () and from
the definition of F'(p) we have

4. L= (~F(p)AB(F(p))) = (—(p < A(p))N(A(p) < A(H))). Therefore,

5. LE (=F(p) AB(F(p))) — —(p <> A(H)). Now using L6b’s Theorem for
B, and letting B = —=B—,

6. L ':, —B(F(p)) — §(ﬂF(p) A B(F(p))). Using (5) and the monotonicity
of B,

7. LF =B(F(p)) — E(—-(p < A(H)). Therefore,

8. L+ —=B(F(p)) > —B(p < A(H)). Putting (©), (5), and (%) together, we
obtain

9. LF—=C — [~(p < A(H))V —B(p < A(H))]. Therefore,

10. L+ —=C — —=Bs(p <+ A(H)). Now L is closed under substitution. Replac-
ing p by A(H) in (10) (recall that p does not occur in C) we obtain

11. L+—=C — —=By(T). Thus L - C. O

We can now prove the fixed point theorem for L.

Theorem 3.12 (Explicit Definability of Fixed Points)  Let L be a logic having the
Craig’s interpolation property and such that there is a formula Bp satisfying the
following conditions:

1. if L+ pthen L I+ Bp,

2. L+ B(p — q) —> (Bp — Bg),

3. L+ Bp — Up,

4, L+ B(Bp — p) — Bp.
Let p be boxed in A(p, q). Then there is a formula H(g) containing only sentence
letters contained in A(p, q) other than p such that

(@ LEAH@G),q) < H(),

(b) L+ B(p < A(p)) = B(p < H(Q).

Proof

For (a) we have
(1) L+ By(p < A(p, @) — (H@ < A(H (), ) from Lemma 3.10;
(2) L+ H(g) < A(H(g), q) from (1) by Lemma

For (b) we have
() L+ A(H(G),q) < H(g) from (2);
(2) L+ Bs(p < A(p, @) A Bs(H(q) < AH(q),q) — (p < H(g)) from
Proposition 5.6;
(3) L+ By(A(H(q), q) < H(g)) from (1);
(4) L+ Bs(p < A(p,q)) — (p < H(q)) from (2) and (3);
(5) L+ B(p <> A(p)) — B(p < H(g)) from (4) by Proposition 3.3(5). ([l
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We close this section with some results regarding modal formulas satisfying a suit-
able semantic property. We shall use the following results in the subsequent section.
Definition 3.13  Let (X, R, IF) be a model; let x be a world in X. Let

L. S1(x) = {y|3n > 0: xR"y},

2. S1(x) ={y|3n > 0: xR"y}

and let

L S(x) = (S1(x), R 1 S1(x), IF] S1(x)),

2. 8(x) = (S1(x), R S1(x),IF] S1(x)),
where R | S1(x) denotes the restriction of R to S(x) and IF| S;(x) denotes the
restriction of I to S(x). The model S(x) is called the submodel generated by x.

Corollary 3.14  Let L be a logic such that

1. L has the Craig’s interpolation property;
2. there is a formula Bp such that
(a) pisboxedin Bp,
(b) L+ B(Bp — p) — Bp,
(c) for every model (X, R,IF) of L, for every x € X and for every formula

@, x IF Be iff S(x) E ¢.
Then L has the explicit fixed point property.

Proof It is easy to verify that if the formula Bp satisfies conditions 22, b, and
then it satisfies also conditions !, 2, 3, and 4 of Theorem . O

In [¢] we proved that K + [0" L has the explicit fixed point property. Corollary
allows us to obtain an alternative proof of this fact.

Corollary 3.15  Foreveryn > 1, K + " L has the explicit fixed point property.

Proof It suffices to verify that K + "L satisfies conditions | and ” of Corol-
lary . Set Bp = N\, O p. It is easy to verify that Bp satisfies conditions 71,

,and “c. It remains to be proven that K 4 1" L has Craig’s interpolation property.
Observe that K has Craig’s interpolation property (see Gabbay [“]), and K 4+ " L
is axiomatized over K by formulas without variables (i.e., K 4+ (0" L is a constant
extension—see [0] and Rautenberg [/]—of K). In [7] Rautenberg proves that if a
logic L has the Craig’s interpolation property, then any constant extension of L has
Craig’s interpolation property. It follows that K 4 [1"_L possesses Craig’s interpola-
tion property. Therefore condition | is also satisfied. ]

Proposition 3.16  Let L be a logic having the (explicit or nonexplicit) fixed point
property. Assume that there is a formula Bp such that
1. pis boxed in Bp,
2. for every model (X, R,IF) of L, for every x € X, and for every formula ¢,
x IF B iff S(x) = .

Then every frame for L is reverse well-founded.

Proof Let (X, R) be a frame for L. By way of contradiction assume that there is a
chain g Ra R . . . of length w. Set A = {«g, 1, ...}. Let g be a sentence letter. Set
A(p,q) = —~Bp V q. For every node x in X let x |- g if and only if x ¢ A. For any
sentence letter r, r # ¢, let the forcing be defined arbitrarily. It is easy to prove that
in this model A(p, ¢) does not have any fixed point. (|
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Proposition 3.17  Let L be a logic. Assume that there is a formula Bp such that

1. pis boxed in Bp,
2. for every model (X, R,I) of L, for every x € X, and for every formula ¢,
x IF Boiff S(x) = .
Let (X, R) be a frame of L. Then the following statements are equivalent:

1. R is reverse well-founded;
2. (X, R) = B(Bp — p) — Bp.

Proof Let (X, R) be aframe of L. Let R* be the transitive closure of R. Then under
our assumptions, B is the modal operator associated with R*. Now R* is transitive,
and it is reverse well-founded if and only if R is such. Moreover, it is well known
(see [! 1] or [1]) that reverse well-foundedness for transitive relations can be modally
expressed by the Lob axiom. The claim follows. O

3.2 The general case In this section we shall turn to the general case, that is, to
the modal systems of the kind K + A(V(p) = p) — A(p), where A(p) and V(p)
are modal formulas satisfying suitable conditions.

Definition 3.18 Say that a modal formula o (p) has the property (x) if for every
frame (X, R) and for every node x in X there is a subset 7, (x) of X such that for
every model M = (X, R, IF) based on (X, R) and for every formula ¢ we have
x IF o (@) if and only if Ty (x) = ¢ (Where T, (x) = ¢ means for every y € T, (x),

y IF @).

In the sequel, when there is no danger of confusion, we shall write Ap, Vp, and op
instead of A(p), V(p), and o (p).

Proposition 3.19  Let o1 p and o2p be modal formulas having the property (x).
Then

1. the formula o102 p has the property (x) with respect to
To10,(x) = {yl3z € T5, (x) : y € T, (2)}:

2. for every frame (X, R) the following facts are equivalent:
(a) foreveryx € X, Ty,6,(x) C Ty, (x),
() (X, R) Foip— o102p;

3. for every logic L, if L & p, then L \- o;p, fori=1,2;

4. forevery logic L, L o;(p — q) — (0ip — 0;q), fori=1,2;

5. for every frame (X, R) and forall x,y,z € X, if y € T5,(x) and z € T, (y),
then z € Ty, s, (X).

Proof It is a routine matter. O

Definition 3.20  Say that a modal formula o p has the property (sx) if

1. op has the property (x),
2. there exists n € N such that for every logic L, L - op — O"p.

From the definition it follows that if o' p has the property () then there exists n € N
such that for every frame (X, R), forall x, y € X, for every forcing relation I on X
and for every formula ¢, if xR"y and x IF ¢, then y I ¢.
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Example 3.21 Let Ay, ..., A, be closed formulas, and let k1, ..., k, be positive
integers. Then Ap = A\]_,; 0% (A; — p) satisfies the property (x). If, in addition,
K = A; for some A;, then Ap satisfies the property ().
In the sequel, we shall assume that o1 p and o, p are formulas such that, for every
logic L and foreveryi = 1, 2,

(@) if L+ pthen L Fo;p,

(b) L+ oi(p— q) = (0ip = 0iq).

Proposition 3.22  Let L be a logic. If L + o1(cap — p) — o1p then
LFoip— ojomp.
Proof We have

1. LF p — ((o2p A oa02p) — (p A 02p)), tautology;

2. LFo1p — o1((cap Aoroap) — (p Aoz p)) from (1) by rules (a) and (b);

3. LF+o1p — o1(o2(pAoap) — (p Aoap)) from (2) and by the distributivity
of o7;

4. L+ o1(02(p Ao2p) — (p Aoap)) — o1(p A oap) by hypothesis;

5. LFo1p — o1(p Aoz p) from (5) and (4);

6. L+ o1p — ooy p from (5). [l

Corollary 3.23  Assume L to be a logic such that L - A(Vp — p) — Ap where
Ap and V p are formulas having the property (x). Then L = Ap — AV p.

Proof It follows from Proposition and Proposition . ]

Proposition 3.24  Let L be a logic. If L - o1p — o102p then, for everyn € N,
L\-o1p— o105 p.

Proof The proof is easy. 0
This allows us to prove the following proposition.

Proposition 3.25 Let L be a logic. If L - o1(o2p — p) — o1p then, for every
neN,LFop— ojoyp.

Proof It follows from Proposition and from Proposition . O
Proposition 3.26  Let Ap be a formula having the property (x). For every frame
(X, R) and for every x € X we have

L. Ta(x) € Si(x),

2. if pis boxed in Ap then Ta(x) C S1(x).

Proof The proof is obvious. 0

In the sequel, we shall assume Ap and V p to be formulas such that

1. Ap and V p have the property (xx),

2. pis boxedin Ap and in V p.
Proposition 3.27  Let L be a logic. If L = Ap — AV p then there exists a formula
Bp such that

1. pis boxed in Bp,



76 Lorenzo Sacchetti

2. for every model (X, R,IF) of L, for every x € X, and for every formula ¢,
x |- By if and only if S(x) = ¢.

Proof Letn,m € Nbesuchthat L+ Ap - O"pand L+ Vp — 0" p. Now let
Bp = Ni_y O'p A A N\J_; TV p. We claim that for all 2, L + Bp — 0" p. The
claim is trivial for & < n.

Now let h > n. We can write h as h = n + gm + r, where r < m. Then
Bp — AU p. Since, by Proposition , L+ Ap — AVYp, substituting [I" p for
pweget L= A p — AV40Y p. Therefore L = ALY p — "4+ p and finally
L+ Bp — O"m4+7 p Thus L - Bp — 0" p for all h. It follows that if x |- By
then S(x) = ¢.

For the other direction, if S(x) = ¢ then x |+ Oip fori = 1,...,n and
x IF AQlp fori = 1,...,m, as Tami(x) = {y|Fz € Tax) : zR'y} and, since
Ta(x) € S1(x), Taomi(x) € S1(x). It follows that if S(x) = ¢, then x |- By. O

Corollary 3.28  Let L be a logic. If L has the (explicit or nonexplicit) fixed point
property and L = Ap — AV p then every frame for L is reverse well-founded.

Proof It is an immediate consequence of Propositions and . ]

The following proposition proves an interesting result about the modal definabil-
ity of well-foundedness. It is well known (see, e.g., van Benthem [ | 7]) that well-
foundedness is not modally definable alone but is modally definable together with
transitivity. The following proposition states that well-foundedness is modally defin-
able not only together with transitivity but also together with weaker conditions.

Proposition 3.29  For every frame (X, R), the following facts are equivalent.

1. R is reverse well-founded and, for every x € X, Tav(x) C Ta(x),
2. (X,R) EA(Vp — p) — Ap.

Proof (I = 2) Suppose (1) holds. Let, by contradiction, x € X be such that
x IFA(Ve — ¢)and x I Ag for some formula ¢ and some forcing I-. Then there is
x1 € Ta(x) such that x| I ¢. Since x IF A(Vp — @), x1 IF Vo — ¢. So x1 Iff V.
Thus there is x € Ty (x1) such that xs Iff ¢. Now from x| € Ta(x) and x; € Ty (x1)
we deduce, by Proposition , X2 € Tav(x), and, by (1), xo € Ta(x). Again,
x2 I ¢ and x2 IF Vo — ¢, therefore x, |} V. Iterating we get x1, x2, ..., Xp, . ..
such that x;+1 € Ty(x;). Since, by Proposition , Tv(x;) € Si(x;), there
are mi, ma, ..., My, ...such that xy R™ xo R™2x3...x, R™" x,+1, contradicting the
well-foundedness of R.

(2 = 1) From Proposition and from Proposition it follows that for every
x € X, Tav(x) € Ta(x). It remains to be proven that R is reverse well-founded.
By contraposition, assume that (X, R) contains a chain ¢gRo1 R . . . of length w. Set
A = {ap, a1, ...}. Define I by x I p if and only if x ¢ A, for any atom p and
any node x € X. We claim that every node forces Vp — p. The claim is trivial
for all nodes x such that x ¢ A. Assume that x € A. Let x = «o. By definition,
x I p. Since Vp has the property () there is m € N such that for every y € X,
if xR™y and x I Vp then y I p. Since ax R" ok and o1 I p, it follows that
ak I Vp. Hence x IF Vp — p. Therefore, for everynodex € X, x IF Vp — p.In
particular, for every node y € Ta(xo), y IF Vp — p. Therefore g IF A(Vp — p).
Since Ap has the property (), there is n € N such that for every y € X, if agR"y
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and oo IF Ap then y IF p. Since agR" o, and o, I p, it follows that o I Ap.
Therefore oo I A(Vp — p) — Ap. ]

Proposition 3.30  Let L be a logic. If L is complete and L - A(Vp — p) — Ap
then there is a modal formula Bp such that

1. pis boxed in Bp,

2. for every model (X, R,IF) of L, for every x € X, and for every formula ¢,
x I Bo iff S(x) = ¢,

3. L+ B(Bp — p) — Bp.

Proof If L+ A(Vp — p) - Apthen L - Ap — AVp. Therefore, by Propo-
sition there exists a modal formula Bp satisfying conditions | and ?. From
Proposition it follows that every frame for L is reverse well-founded. From
Proposition it follows that B(Bp — p) — Bp is valid in every frame for L,
hence, by completeness, L - B(Bp — p) — Bp. (]

We can now prove the main theorem of this section.

Theorem 3.31  Let L be a logic such that

1. L has Craig’s interpolation property,

2. L is complete,

3. L - A(Vp — p) — Ap, where Ap and V p are formulas having the
property (xx) and such that p is boxed in Ap and V p.

Then L has the explicit fixed point property.

Proof From Proposition it follows that L = B(Bp — p) — Bp where Bp is
a modal formula such that

1. pisboxedin Bp,
2. for every model (X, R, IF) of L, for every x € X, and for every formula ¢,
we have x |- By iff S(x) = ¢.

Since L has the Craig’s interpolation property, from Corollary it follows that L
has the explicit fixed point property. g

4 An Example: Weak Transitivity

Since any complete modal logic whose frames are transitive and reverse well-
founded is an extension of GL, in order to find new modal logics having the explicit
fixed point property, we will relax the transitivity condition, and we shall replace it
by a weaker condition.

We begin with the semantical notion of a weak transitive relation. Before turning
to the definition, we state the idea. Informally, just as transitivity can be thought of
as the condition imposing that if a node x sees a node y in two steps then x can see
y in one step, we can think of weak transitivity as the condition imposing that if a
node x sees anode y in n steps (where n € N, n > 2), then x can see y in one step.

Definition 4.1 Let (X, R) be a frame. Say that R is weakly transitive if there is
n € N, n > 2, such that for all x, y € X, we have if x R"y then x Ry.

Every transitive frame is obviously weakly transitive. Therefore any frame for GL
is weakly transitive. Furthermore, it is easy to see that every frame for K 4+ " L is
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weakly transitive. Therefore all the logics having the fixed point property known so
far are valid in weakly transitive frames.

Consider now the following formulas Cp and (0"~ !p. It is easy to prove that
each of them has the property (xx), and that, for every frame (X, R) and each node
x € X, we have To(x) = {y|xRy} and Tp-1(x) = {ylxR"1y}.

Proposition 4.2 Letn € N, n > 2, be given. Then

1. for every frame (X, R) the following statements are equivalent:
(@) (X, R) =0p — O"p,
(b) forallx,y € X, if xR"y then xRy;
2. K+00O" 'p - p)—» Op+0p — O"p;
3. for every frame (X, R) the following statements are equivalent:
(a) R is reverse well-founded and for all x,y € X, if xR"y then xRy,
(b) (X,R) EO@"'p — p) - Op.

Proof (1) follows from Proposition , (2) follows from Proposition ,and (3)
follows from Proposition , but it is a routine matter to prove them directly. [

Our goal is to reach the fixed point theorem for K + (0" 'p — p) — Op.
It suffices to verify that K + O(0" !'p — p) — [p satisfies the hypothesis of
Theorem . As we have already remarked, the formulas (Jp and (0"~ ! p have the
property (s). It remains to be proven that K 4+ (0"~ !p — p) — Op is complete
and has the Craig’s interpolation property.

4.1 Completeness  Our first task is to prove that K + OO 'p - p) - Op
has the finite model property. Let L be the logic K + (0" 'p — p) — Op.

Definition 4.3 Let A be a modal formula such that L I/ A. Let

S = {¢|¢isasubformulaof A},
Si = g, —¢lp € SHU{O'p, ~O'p|l <i <2n,¢ € S},

Definition 4.4 Let X be the family of maximal consistent subsets of S;. For all
x,y € X we define x Ry if and only if

L. forallg € S,if Uy € x then ¢ € y; .
2. forallg € Sand foralli < n, if ity € x then Oip € y;
3. there is some ¢ € S such that 0" "'¢ € y and O¢ ¢ x.

Obviously, X is finite.
Lemma 4.5 R is weakly transitive, irreflexive, and acyclic.

Proof We prove that R is weakly transitive. Suppose that xoR"x,. We must show
that xoRx,. We prove that xo and x, satisfy condition |. Let ¢ € S such that
Ogp € xo. Then "¢ € Sy and, since L + Oy — 0%, "¢ € xo. There-
fore D”_l(p € xi, D"_Z(p € x2,...,¢ € Xx,. We now prove that xo and x,
satisfy condition 2. Let ¢ € S such that 0l € xo. Then 0"y e S so,
since L F+ Oitly — Oy, 0"y e xo. It follows that 0" ~lg e xq,...,
0"+ ~"¢ € x,. Then D¢ € x,,. We finally prove that xo and x, satisfy condition .
From xoRx it follows that there is some ¢ € S such that (" ~'¢ € x; and Oy ¢ xo.
Therefore from (%" 29 € §; and from L - 0" '¢ — [0%*2¢ it follows that
Dz"_zfp € x1. Thus DZ”_3(p €EX2y.nn, Dzn_l_”q) € Xx,, that is, D"‘lfp € Xp.
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We prove that R is irreflexive. Suppose, by way of contradiction, that there is
some x € X such that xRx. From (3) it follows that there is ¢ € S such that
D"’I(p € x and Oy ¢ x. Thus, by (2), D"’2(p € x,...,Hp € x, acontradiction.

We finally prove that there are no loops. Suppose that xoRx;Rx. Since
R is weakly transitive we can assume, without loss of generality, that k < n.
Moreover, if k& = n then we would deduce xoRxg, against the irreflexiveness of
R. Sok <n—1landk+ 1 < n. Let xoRx1R...Rx;xRxo be a loop of mini-
mal length. Let n = g(k + 1) + r, with r < k + 1. Therefore xoRI*+D+7x, .
Since R is weakly transitive, it follows that xoRx,. Since by hypothesis the
loop has minimal length, we cannot have r # 1, otherwise there would be a
shorter loop. Therefore r = 1 and n = 1 mod(k + 1). From xoRx; it fol-
lows that there is some ¢ € S such that (0" !¢ € x; and O¢ & xo. Therefore

D"_Z(p €E Xy D”_k(p € Xk, Dn_k_l(p € X0, Dn—k—Zq) € X1yevry D”_Zk_l(p € Xk,
D"’zk’Zq) € xo. By an iteration argument we obtain D"’q(kH)(p € Xxp, that is,
"¢ € x¢. Since r = 1 we have Ug € x¢, a contradiction. 0

Definition 4.6 Let x € X. For any atom p, x | p if and only if p € x.

Lemma 4.7 Forallp € Sandforallx € X, x I ¢ ifand only if ¢ € x.

Proof The proof is by induction on the complexity of ¢. If ¢ is atomic the result
holds by definition of I-. Boolean cases are almost trivial.

Let o = Oy. Let Oy € x and xRy. Then ¢ € y. By induction hypothesis,
v IF 4. Therefore if Oy € x and xRy then y I . It follows that x |- Ovr. Vice
versa, assume that [Jir & x. Define

n—1
y={rly €5.0y exju | J{O61s € 5,076 € x} U (=, 0" ).
i=1
We claim that y is consistent. For otherwise
n—1
ylyeS.Oy exiu| JiOsls e 5.0 s ex) 0" 'y — .
i=1
From I' F A it follows that (II" - [JA. Therefore
n—1
{Oyly e 5.0y exju | JIOMs1s € 5.0 s e x) D@ 'y — y).
i=1
Thus {(y |y € S, Oy € x} U U/ {1818 € 8, 0715 € x} - Oy, Since
n—1
{Oyly € 8.0y exju | J{Os1s € 5,05 e x} S x,
i=1
we have x F [y. By the maximality of x, and since [y € S1, we obtain Oy € x,
a contradiction.

Therefore y is consistent so that y can be extended to a maximal consistent set y.
We must prove that xRy. Let LJy € x, y € S. Then, by definition, y € y, hence
y € y. This proves condition |. Let Oi*+ly € x,y € S, then, by definition, O’y €y,
then (0'y € y. This proves condition . Finally, 0y ¢ x and [(1"~'4 € ¥ C y. Then
condition 5 is also satisfied.
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Therefore x Ry. Since =y € y C y, ¥ ¢ y. By the induction hypothesis y I 1.
Thus there is some y € X such that x Ry and y I} ¢. This yields that x I Oy. O

Theorem 4.8 Foralln > 2, K + 0" 'p — p) — Op has the finite model
property.
Proof From the lemmas it follows that if K + (0" 'p — p) — Op i A then

there is a finite model in which the accessibility relation is weakly transitive and
reverse well-founded, invalidating A. O

4.2 Interpolation We now must prove that K + (0" ! p — p) — Op (which
in the sequel we abbreviate by L) has the Craig’s interpolation property. Fix A, B
and suppose no interpolant exists. We must show that L ¥ A — B. Let L(A) be the
set consisting of all formulas possessing only atoms occurring in A and let L(B) be
the set consisting of all formulas possessing only atoms occurring in B.

Definition 4.9  Two finite sets X C L(A), Y C L(B) are said to be separable if
there is a formula C € L(A) N L(B) such that

ILLFMNX—C,
2. LF MY - —C.

Say that X and Y are inseparable if they are not separable.

With this terminology, we can restate our hypothesis that there is no interpolant be-
tween A and B by saying that the sets {A} and {—B} are inseparable.

Remark 4.10 If X and Y are inseparable, then L + N\ X and L + N\ 'Y are
consistent.

Proof Suppose that L + /A X is not consistent. Therefore we have

LI—N\X—>J_andLI—/V\Y—>—-J_,

contrary to the inseparability of X and Y. The case in which L + A\ Y is not
consistent is treated in a similar manner. 0

Definition 4.11  For any formula D let
S(D) = {¢|¢isasubformulaof D},
SiD) = (9. ~¢lp € SO} U{O'p. ~D'gll <i <2n,¢ € S(D)).

Definition 4.12 A pair X € S1(A) and Y € S1(—B) of sets is called S1-complete
if

1. X and Y are inseparable,

2. forall D € Si(A),either D € X or =D € X,

3. forall D € S;(—B),either D e Yor—D €Y.

Thus if X,Y form an Sj-complete pair, then X and Y are maximal consistent with
respect to S1(A) and S1(—B), respectively. Moreover, the three conditions imply
for any D € S1(A) N S1(—B), D € X if and only if D € Y (if, e.g., there is
D € S1(A)N Si(—B) suchthat D € X and D ¢ Y then D € X and —D € Yagainst
the inseparability of X, Y).

Lemma 4.13 Let Xo € S1(A), Yo € S1(—B) be inseparable. Then there is an

S1-complete pair X, Y such that Xo € X, Yy C Y.
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Proof Let Ag,..., A, enumerate S;(A) and let By, ..., B, enumerate S;(—B).
Define sequences Xy, Yx inductively, beginning with Xy, Yy, as follows. Suppose
we have defined Xy, Yk.

Ifk < m, set

¥ | Xk U{Ag} if Xy U {Ax} and Y are inseparable,
1= X U{=Ax) otherwise.

If k£ > m, set Xy11 = Xx.
If k < n, set

Vewr — Y U {By} if Yx U {By} and X4 are inseparable,
M1=1 vy, U{=By} otherwise.

Ifk > n,set Y1 = Yx.

Finally, define X = (J, Xx = Xm+1.Y = U Y& = Yug1. We claim that X, Y
is an Si-complete pair. The completeness clauses 2 and 2 of the definition of S;-
completeness (+.!2) hold trivially. To establish inseparability, we prove the insepa-
rability of X, Y by induction on k. Suppose X, Y to be inseparable, but X1, Yk
not to be inseparable. This means that X; U {Ax} and Y and also Xy U {—A} and
Yy are separable. Thus, for some C1, Cy € L(A) N L(B), we have

L+ N\ Xk AAr — Cq,

L+ N\ Y. — —Cy,
and

L+ N\Xk A A — Cp,

LF N\ Y — —Cy,
hence

L= N Xy — (Cr Vv (),

L= MYy — —(CiV (),
contradicting the inseparability of Xy, Y. The inseparability of X1, Yr41 follows
from that of X1, Yk in a similar manner. O

Now we construct a countermodel to A — B from S;-complete pairs. Greek letters
agp, a1, . .. will denote such pairs, with Xy,, Yy, denoting the components of a pair
aj = (Xg;, Yy;). Fix @ = (Xg, Yy) to be a particular S1-complete extension of the
inseparable pair, {A}, {—B}.

Definition 4.14  Let (W, R) be the frame defined as follows: «; Re; if and only if
1. forallg € S(A) U S(=B),if Uy € Xo; UYy;, then g € Xo,; U¥q;;
2. forall ¢ € S(A) U S(—=B) and for all i < n, if 0"y € X, U Y,,, then
O'p € Xo; U Y,
3. thereis ¢ € S(A)US(—B) suchthat 0" ~!gp e Xo;UYo; and Uy ¢ Xo, UY,.
Let W = {«;| there is n € N with « R"«;}.

The set W is finite because W consists of subsets of a fixed finite set.

Lemma 4.15  The accessibility relation R is weakly transitive, irreflexive, and
acyclic.
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Proof Observe that if ¢ is a formula such that ¢ € S(A) and Ofp € X, UYy,
(for some k with 1 < k < 2n), then Dk(p € Xg,;. For suppose that Dkq) & Xo;.
Since ¢ € S(A) we have that Dk(p € S1(A), hence, by the S;-completeness of X, ,
—0%p € Xq,. From OFp € X,, U Yy, and OFg ¢ X, it follows that (g € Yy, .
From ¢ € S(A) it follows 0*¢ € L£(A) and from OFgp € Yy, itfollows O%p € L(B).
From —[*¢ € X,, and OFp € Y,, it follows that L = AN X4, — —O%¢ and
L+ MNYy — OFg. Since ¥ € L(A) NL(B) the last two implications yield the
separability of X, and Yy,, a contradiction. In a similar manner we prove that if ¢ is
a formula such that ¢ € S(—B) and Dk(p € Xo; UY,, (for some k with 1 < k < 2n),
then g € Yy, .

We now prove that R is weakly transitive. Suppose that oo R" ;. We must
prove that agRe,,. We first prove condition I. Let ¢ € S(A) U S(—B) be
such that O¢ € «p. Therefore Op € Xy, U Yy,. Suppose that ¢ € S(A) (if
¢ € S(—B) the argument is similar). Then g € X4, "¢ € S1(A) and, since
L+ O¢p — O% and L + N\ Xg, is consistent, 0"¢ € Xq, (as X¢, is complete).
Thus 0"¢ € Xgp U Yy, 0" 'p € Xoy UYqy, ..., 0 € Xg, UY,,, thatis, ¢ € ay.

We now prove condition 2. Letp € S(A)US(—B) such that Di“q) € Xy UYy,. Sup-
pose that ¢ € S(A) (if ¢ € S(—B) the argument is similar). Therefore Oty e X
and 0"tg € §1(A). Since L - Oitlp — O, 0"y € Xq,. It follows that
O"Hp € Xay U Yay, 0" 1p € Xo UYy,,..., 0" 9 € X,, U Y,,, that is,
Oy € ay.

We finally prove condition 5. From oo Rarp it follows that there is ¢ € S(A) U S(—B)
such that D”_l(p € Xoy UYy and o & X4, U Yy, Suppose that ¢ € S(A)
(if ¢ € S(—B) the argument is similar). Therefore O ly e Xg,. Thus, from
[0?"=2¢ € §1(A) and from L - 0"~ ' — 0?"~2¢ it follows that (1*"2¢p € X,,.
Thus, 3> 29 € Xo, U Yy, 0% 3¢ € Xo, U Yy,,..., 0% 1719 € X,, U Y,,, that
is, 1" g € Xq, U Y,,.

The proof that there are no reflexive nodes and no cycles is just a repetition of the
proof given in Lemma 4 .5. (]

Definition 4.16  Define a model (W, R, I-) based on (W, R) as follows: «; IF p if
and only if p € X, UY,,, for all ; and for every atom p.

Lemma4.17  For (W, R,IF) we have foralloa € W and forall D € S(A)US(—B),

(%) alF Diff D € Xo U Y,.

Proof We prove () by induction on the complexity of D. If D is an atom then the
result holds by definition of IF.

Boolean cases are routine. For example we treat the case D = E A F €
S(A) U S(—B). Without loss of generality, we assume D € S(A) (hence
E,F € S(A)). Suppose that ¢ I+ D, we want to prove that D € X, U Y.
From « |- D it follows that @ |- E and « |- F and then, by the induction hypothesis,
EeX,UY,and F € X, UY,. We show that E € X,. For suppose that £ ¢ X,
thus, since E € S(A), = E € Xq C L(A). From E € X, UY, and E ¢ X,
it follows that E € Yy, C L(B). Therefore we have L - AN X, — —E and
L+ N\ Yy — E, contradicting the inseparability of X, and Yy .
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For the converse, suppose that D € X, U Yy, and let us prove « |- D. Suppose
that E A F € S(A). Then E € S(A) and F € S(A). We show that D € X,. If
D ¢ X, then =D € X,. Moreover D € Yy C L(B). Thus L = /\\ X4 — —D and
L+ N\ Yy — D, contradicting the inseparability of X and Yy. Thus E, F € X,.
By the induction hypothesis, « I+ E, o |- F and, finally, « - E A F. The other
Boolean cases are similar, therefore they are left to the reader.

Consider the case D = [E. Let E € S(A) U S(—B). Suppose that
OE € X, UY, and let us prove that « I+ LJE. From JE € X, U Y, it fol-
lows, by definition of R, that for every B such that @ RB, E € Xg U Yg. Therefore,
by the induction hypothesis, for every g such that « R8 we have g |- E. Thus
o lFOE.

For the converse, suppose by contradiction that o |- OF and JE ¢ Xy U Y.
Define

Xp = {Yl¥ €S(A),0¢ € Xq} U
Oy € S(A),i <n, 0Ty e X} if E € L(A);

Xp = {Yl¥ € S(A),0¢ € Xo} U ¢y € S(A),i <n, Oy e Xy} U
(—E, 0" 'E}if E € L(A);

Yp = {YI¥ €SB), 0y €Yy} U
Oy € S(=B),i <n, 0%y € Yy} if E & L(B);

Y = (WY eSEB), 0y € YUy e S(—B),i <n, 0y e v,jU

(—E, 0" 'E}if E € L(B).

We prove that Y,g and 7;3 are inseparable. Suppose, by way of contradiction, that
there is some C € L(A) N L(B) such that

1.L|—/\/\Y,g—>C,
2.L|—N\?ﬂ—>—-c.

Case 1 Let E € L(A)\ £L(B). Then from (1) it follows that
LF Ayesa.Opex, ¥/
AvesayionT+ipex, 0¥ = (=C > (O"'E - E)).
By MN we obtain
L F Ayeswy,Opex, VA
AyesayionO+ipex, Y - (O-C - OO 'E - E)).
Since L + O(0" 'E — E) — OE, we have
L F Ayesw, Opex, BYA
NyesayionTitiyex, O Y = (O-C — OE).
It follows that
L + MNX,— (O-C — OE).

On the other hand, since JF ¢ L(B),UE € £L(A), JE € S(A),JE ¢ X, UY,,
and X is Si-complete, we have that =[JF € X. Thus

L+ N\ Xy — —0O-C.
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Since JE ¢ L(B), from () it follows that

LE Nyesen)Opere ¥ A Nyesp)icnOtiyeyr, O'Y — —C.
By MN we obtain

i+1
Lt /\WGS(—-B),DI/JGYQ Uy A /\WES(—'B),i<rl,Di+1¢EYa O*ly — O=C.
Thus L+ MYy, — O-C.

Therefore L+ M Xy —» -0-C,
L+ MYy —» O-C,
contradicting the inseparability of Xy, Y.
Case2 E € L(B)\ L(A). This case is treated similarly.
Case3 LetE € L(A)NL(B). From (1) and (2) it follows that
L F Ayesa)Opex, ¥A
Nyesay,i<n O+ pexy Oy — (EAD"'E) - O);

L F Ayeses)Oper, ¥A
AyesByionO+iyey, IV = (FEAD"E) > =C).
Hence, by MN,
L F AyesaOpex, DY
AvesayionDitipex, Y = O(=E AT E) - C);

L+ Ayeses),Oper, J¥A
AyesesyionT+yer, DT = O(=E AO"E) - =C).
Thus
L + MXy— O(EEADTE) > C);

L F MYy — O(—EAOE) - =0).

By hypothesis LIE € S(A) U S(—B). Without loss of generality we can suppose
OE € S(A). Since UE ¢ X, UY,,E & X,. Therefore —-LJE € X,,.
We prove that L = \A Xy — —O((—E A" 'E) — —=C). Observe

L@ 'EA=E. > =O)A (0" 'EA=E. > C)) — (0" 'E - E).
Thus, by MN,
L-OO" 'EA=E. > -C)AO@O" 'EA—E. > C)) > OO 'E > E).
Therefore, since L - O(0" 'E — E) — OE,
L+ OO 'EA=E. > =C) AO@O" 'EA—E. - C)) — UE.
On the other hand, we have

L + N\Xa — O~EAD"E. = ©),

L F N\Xa — —0E.
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Hence
L+ AN\ Xy > =0(=E AO"'E) > =0).
We have thus established that
L + /\/\Xa — =O((=E A" 'E) - =0),

L + /\/\Ya — O(—=EAO"'E) > =0).
Since E € £L(A) N L(B) and C € L(A) N L(B),
O((=E AD"'E) - =C) € L(A) N L(B),

contrary the inseparability of X, e Y.

In a similar manner we treat the case JE € S(—B). We have thus proved
that Xg and Y4 are inseparable. From Lemma it follows that there exist
Xp, Yg Si-complete such that Xg € Xp and Y C Yg. We show that «Rf. Let
¥ € S(A) U S(—=B) be such that Jy € Xy UY,. If Oy € X, then, by definition,
/NS Yﬂ C Xg. If Oy e Y, then, by definition, ¥ € 7,3 C Yg. At any rate
¥ € Xg U Yg. This proves condition |. Now, let / € S(A) U §(—B) withi < n be
such that 07!y € X, U Y,. If 0!y € X, then, by definition, 'y € Xg C Xp.
If Oty € Yy then iy € 7,3 C Yg. At any rate Oy e XgUYg. This proves con-
dition . Finally, we prove condition 3. By hypothesis JE € S(A) U S(—B) (hence
E e S(A)US(—B))andE & X, UY,. FromOE € S(A) U S(—B) it follows that
E € L(A)or E € L(B). If E € L(A) then, by definition, Ol e Yﬁ C Xp. If
E € L£L(B)then[""'E € Y C Y. Atany rate, "' E € Xg U Yg. We have thus
shown that if JE & X, U Y, then there is some B, aRB, such that E & Xg U Yg. If
E ¢ Xpg U Yg then, by the induction hypothesis, 8 ¥ E and therefore, since « RS,
a lf OE. (|

We can now prove Craig’s interpolation property for L.

Theorem 4.18 If L = A — B then there is a formula C possessing only atoms
common to A and B and suchthat L-A — Cand L+ C — B.

Proof Suppose no interpolant exists between A and B. Then (W, R, I), as just
defined, is a model for L, and there is @« € W such that« I} A — B, a contradiction.
O

We conclude this section with two open problems: (1) Is there a provability predicate
Pr(-) for PA whose provability logic is K + (0" ' p — p) — Op? (2) Is there a
constructive proof of the fixed point theorem for K + (0"~ 'p — p) — Op?
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