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1 Introduction  Writing an introductory book on category theory and topos the-
ory is aserious challenge, particularly if one wants to reach logicians, philosophical
logicians, and philosophers. The reason is simple: students in those fields are not
usually exposed to the vast sample of mathematical structures like monoids, groups,
vector spaces, rings, fields, topological spaces, manifolds, and so on, which are used
as examples and motivation for categorical structures and definitions. Thisis a seri-
ous problem since examples play acrucia role in the understanding and learning of
adiscipline. One therefore has to find a way to circumvent this difficulty, either by
finding smpleexamples, if thisis possible, which are neverthel essinteresting and rel -
evant enough or presenting thefield in such away that the reader can, maybe with the
help of an instructor, construct her own examples as she goes along. Colin McLarty,
in his book Elementary Categories, Elementary Toposes, has opted for the latter ap-
proach. Hissole presuppositionisthat the reader is skilled at abstraction and the only
real prerequisiteis afamiliarity with logic and formal systemsin general. The bet is
to present category theory and topos theory “asif” they were easy and almost mere
formal languages. Learning category theory then becomes, more or less, learning the
“language’ of commutative diagrams and diagram chasing, and learning topostheory
amounts to, again approximating roughly, learning a certain higher-order type theory
which isrelated to this diagrammatic language in a certain systematic manner.
Anyone with the required skill will certainly benefit immensely from McLarty’s
well-organized and clear book. All the basic definitions are given and whenever a
new concept isintroduced, the author takes the time to motivate it and indicates how
one can think about it informally. The book covers the fundamental notions of cate-
gory theory and topos theory. The choice of some topics might surprise somereaders,
but it is clear that it is not innocent and that it follows a definitive point of view of
the subject, though it is never mentioned nor discussed explicitly. McLarty, who has
published many papers on technical aswell as philosophical aspects of topos theory
and categorical logic, isfaithful to the spirit of those theories and certainly wantsthe
reader to understand what this spiritisby putting it in practice. By learning and doing
category theory and topos theory the way it is presented in this book, the reader will
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assimilate, probably without even noticing it, categorical ways of thinking about for-
mal matters. By covering the topics chosen, the reader will be led to reflect about the
point of category theory and topostheory, again probably without noticingit, in away
that is quite close to the way the practitioners of the field think about it themselves. It
is probably one of the very few booksin thefield, and certainly the only introductory
book I know of, which achievesthis result in an effective, sober, and economic style.
We will first look at the structure of the book, then at the content of the various
sections. We will afterward say a few words about how the book compares to other
books with more or |ess the same goal and end with afew suggestions to the reader.

2 The structure of the book The book opens up with a very nice introduction
which will probably be more appreciated after afirst reading of the entire work. It
ends with a short section with suggestions on further reading and a good bibliogra-
phy. In between, the book can be decomposed into two conceptual parts: thefirst one
on basic category theory, which covers roughly the first half, and the second one on
topos theory, which covers roughly the second half of the book. More precisely, itis
divided into four parts. Part | isentitled “ Categories’ and has 59 pages, Part |1 isenti-
tled “ The Category of Categories’ and has43 pages, Part 111 isentitled “ Toposes” and
is93 pageslong, and Part IV, whichiscalled “ Some Toposes’, is44 pageslong. Thus
the first two parts on categories make for 102 pages of the book and the last two parts
on toposes account for 137 pages. Each part is then cut further into short sections,
each of which ends with a series of exercises. As McLarty himself emphasizes, the
exercises constitute an intrinsic and inescapabl e part of the exposition, for they some-
times contain additional information or resultswhich are used later on. The difficulty
of the exercises ranges from the elementary verification to the more involved demon-
stration of new results. There are some exercises which presuppose more advanced
mathematical knowledge but they are not required for the rest of the book.

3 Part I: Categories This part introduces the basic definitions and concepts for
an individual category. In the first section, categories are defined and fundamental
arrow-theoretic concepts like monics, isomorphims, terminal, and initial objects are
introduced. One idiosyncratic element of the approach is also introduced, the so-
called generalized elements. Thisis not used by all category theorists and some even
wonder whether thisway of thinking about categorieswill be passed on to future gen-
erations. Bethat asit may, it isnot anecessary part of thetheory and it isapedagogical
choice on the part of the author. It is certainly justified by the fact that most philoso-
phers and philosophical logicians (and even mathematicians to some extent) are fa-
miliar with the notation of set theory and think “more easily” in terms of elements
than in terms of arrows only. But it might also be a bit confusing, for generalized
elements are not elements in the set-theoretical sense and have properties which are
incompatible with set-theoretical elements. Indeed, a generalized element T of an
object Aissimply an arrow x: T — A. Then one writes x et A and says that x
isageneralized element of A. Thus, it ismerely anotational device. The advantage
is that, written in this notation, certain results and definitions look like the familiar
set-theoretical results and definitions. But, the notation hasits limits and drawbacks.
For instance, since arrows always composein acategory, if x et Aandy e a B, then
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yx €7 B, where‘ yx' issimply the composition of x and y, whichisaform of transitiv-
ity which does not make sense from a set-theoretical point of view. Bethat asit may,
if the reader understands the notation and does not confuse it with the set-theoretical
notation, thenitis, at times, heuristically valuable, particularly when one starts using
the so-called external semantics of toposes. But it isreally amatter of taste and some
students might find it more confusing than helpful.

Section 2 introduces products, equalizers, and their dual and proves someof their
fundamental properties. Section 3 can be skipped altogether but it shows how the
language of diagrams can be used to define well-known mathematical structuresin
acategory, in this case, groups. The author is here just one step away from an inter-
esting development of categorical logic, though again not an indispensable one nor a
universally accepted one, namely, the notion of sketch. However, it might have been
interesting to point out the existence of sketches as an adequate syntactic framework
for category theory, although while the book was written, sketches had not been res-
urrected yet to their present form and use. The interested reader can consult Barr and
Wells [1] or Makkai for the definition of a sketch and their relevance in logic.
The next two sections introduce subobjects, pullbacks, the general notion of limit,
and the categorical treatment of relations and proves the usual results about them.

Section 6 introduces Cartesian closed categories and constitutes a conceptual, if
not atechnical, leap. | know by experiencethat thisisthe section where most students
start having serious problems. But thisis not due to any weakness in the exposition,
itisjust intrinsically more difficult than the previous sections.

Section 7 is very short, two pages, and offers a simple syntactical solution to
an interesting aspect of category theory. Indeed, the objects defined by categorical
means are only defined up to isomorphism. For instance, given two objects A and
B of a category C, aproduct for A and B is an abject P of C together with arrows
pa: P— Aand pg: P— Bsuchthat, for any object T witharrows f : T — A
andg: T — B, thereisauniquearrow h: T — Psuchthat pah= f and pgh=g.
Now P isany object of C with the appropriate pair of arrows. It can easily be shown
that P is defined up to an (unique) isomorphism thus: for any object Q with arrows
ga, g satisfying the foregoing condition, Q can be shown to beisomorphicto P and
any object Q isomorphic to P isalso aproduct for A and B. But, in practice, one has
to fix such a product for objects A and B. When this has to be done for all pairs A,
B of a category, then one has to use the axiom of choice. The question is whether
the axiom of choice can be avoided and, if so, how. McLarty’s solution is to extend
the usual axiomatization of category theory with new operators in such a way that
an arbitrary choice will be made once and for all. Since the nature of that choice is
irrelevant, we can work without thinking about it. Thereis an aternative, developed
in Makkai [IE which consistsin redefining the notion of functor and this allows one
to avoid the axiom of choice altogether. Moreover, the latter approach might have
some benefitswhen it is applied to higher-order category theory. Itistoo early totell,
but theissueisimportant sinceit isconnected with the foundations of category theory,
and thus, from a certain perspective, with the foundations of mathematicsperiod. But
questionsrelated to the foundations of mathematicsaretreated in Part 11 of McLarty’'s
book.
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4 Part Il: The category of categories Whereas the first part treated solely of in-
dividual categories and some of their “internal” properties, the second part considers
how categories are related to one another.

Functors and certain fundamental constructions on categories which are used
later on in the book are introduced and followed by a presentation of natural trans-
formations and the notion of equivalence of categories. Then comes the fundamental
notion of adjunction. This section is particularly interesting, for here the author has
to comply by hisrule of using exclusively first-order language concepts. This means
that the notion of adjoint functors has to be treated in a somewhat different fashion
than in most textbooks. Nonetheless, the presentation is convincing, clear and very
instructive. However, it might not be as “intuitive” as the standard presentation in
terms of hom-sets, at least for those readers who think in terms of sets. Again, thisis
apedagogical choice, but also a consequence of the decision to present “ elementary”
category theory. Indeed, elementary means that second-order variables are avoided
and hom-sets are second-order entities. Consequently, the notion of representable
functor, which played an important part historically, at least in the Grothendieck
schoal, is avoided too. Of course, the later is equivalent to the notion of universal
arrow and Section 10 opens with the latter notion and the usual presentation in terms
of isomorphism of hom-setsis*“recovered” viaan isomorphism of categoriesinstead.
Thus, the student who might afterward go on and read more advanced textbooks in
which hom-sets, representable functors and other similar notions are introduced and
used should not have difficulties seeing how they relate to McLarty’s elegant presen-
tation.

Section 11 presents slice categories and is clearly written with later chaptersin
mind. Section 12 treats the delicate question of the foundations of mathematics and
the foundations of category theory. Thisis seldom presented in an introductory book,
but it certainly should be. Two technical problems naturally show up in thisregard:

1. How can a set theoretical framework encompass large categories?

2. Isit possible to axiomatize directly the category of categories and proceed,
from then on, by ignoring a set theoretical framework altogether?

There are afew standard answers to the first question, though most authors adopt the
point of view of the so-called Grothendieck’s universes. McLarty introduces those
and also presents MacLane’'s simplification to one universe. The second question is
considerably more interesting, given the fact that it is not settled yet. Well aware of
this fact, the author briefly sketches a few axioms for the category of categories to
illustrate what they might look like. Needless to say, thisis an important issue, both
from philosophical and technical pointsof view and onewhichisvery much aliveand
in which important developments are in fact taking place while this review is being
written. Ironically though, the latter developments take into account the higher-order
nature of the category of categoriesand it seemsthat any discussion of this point will
have to take this additional structure into consideration.

One methodological remark about the first two parts has to be made. Thereis
some flexibility in the organization of the material presented. Indeed, one could very
well start with Section 1 and then jump immediately to Sections 8, 9, and 10, then
come back to Sections 2, 4, and 6, ook at those as special cases of the previous sec-
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tions, and finish with Sections 11 and 12. Thiswould be acompletely legitimate way
to present the material and would have some advantages. But then again, one might
start with Sections 1, 2, 4, and 6 and then jump immediately to Chapter 13 and come
back to the other sections only when necessary. It al depends on one's goals, but it
is clear that the book allows these possibilities.

5 Partlll: Toposes Section 13 introduces the basic definition of atopos and some
of the elementary properties following from the properties of the subobject classi-
fier. Thisisin fact the set up for the next important section. Section 14 introduces
the internal language of atopos. From this section on, the author uses the internal
language to prove various results about toposes. It is one of the striking features of
toposes that such alanguage can be introduced and effectively used in the proofs of
theorems. Thisiscertainly one of the most original features of the book, at least from
the pedagogical point of view, and certainly one of the most interesting. Very often,
authorsintroducetheinternal language but never really useit in the subsequent proofs
or useit in such away that the categorical aspects of toposes are lost or hidden. The
present book teaches the student how to work with the language by going from the
language to the topos and back. This interplay shows how to write up formulas in
the internal language, thus how to express mathematical facts in this language, how
to deduce certain facts in the theory, then how to interpret them in the topos and see
what they amount to from a categorical point of view.

Section15, which is optional, proves the soundness of the internal language and
briefly discusses completeness. Section 16 usestheinternal languageto provevarious
important facts about toposes. Thisis a very useful section, both conceptually and
pedagogically. In Section 17, the author provesthe so-called fundamental theorem of
topos theory, which says that every slice of atoposisitself atopos. The reason why
this theorem is deemed fundamental is that many important facts about the structure
of toposesfollow directly from thisproperty. Following the fundamental theorem, the
author discusses the case of Boolean toposes and the nature of the axiom of choicein
thetopostheoretical context. He proves the important theorem of Dianocescu, which
shows that if atopos satisfies the axiom of choice, then it is necessarily Boolean.

After a short section, Section 18, on the external semantics, also called the
Kripke-Joyal semantics, the author defines natural number objectsin atopos and de-
velops the fundamental s of arithmetic and its extensions, namely, the construction of
the rationals and the reals in atopos. Section 20 treats categories in atopos. This
section will probably ook very mysterious at first, for the treatment is very formal
and strange for the uninitiated. However, it is of the utmost importance, for it leads
to toposes of presheaves and sheaves, which is the topic of the next section entitled
“Topologies,” in which Grothendieck topologies are defined, their basic properties
proved, and the importance of this concept discussed.

6 Part IV: Some toposes In this section, the author introduces some examples of
toposes from various fields. Clearly, the motivation is to show that specific toposes
can be chosen for specific needs and that when one makes the appropriate choice, one
can then devel op mathematics within these toposesin aninteresting way. Thetoposes
chosen are: the topos of set, which could be described as a nontrivial, well-pointed
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topos with a natural number object, the topos of spaces, for the purpose of differen-
tial geometry, the effective topos, for the purpose of recursion theory, and lambda
calculus and results on regular categories, which are needed for the presentation of
the effective topos. These sections are not exhaustive and are not meant to be. The
author wants to introduce the reader to the basic definitions and exhibits the funda-
mental features and interesting aspects of these toposes. It should be pointed out that
these constructions, except for the topos of set, which is, in a sense, “well known”,
are not trivial and are demanding for the reader. They presuppose some knowledge
of recursion theory, calculus, and general set theory, that is, equival ence relations and
guotients. But they do have the advantage of showing that topostheory is not merely
a generalized set theory and is not done merely for the sake of generalization. This
is consistent with the history of topos theory and its use in mathematics. For toposes
were invented by Grothendieck in the sixties for specific purposes in algebraic ge-
ometry and algebraic topology. Later on, Lawvere and Tierney [11] axiomatized the
notion of an elementary topos with the goal of providing an appropriate foundation
for differential geometry. As MaclLane pointed out, the move toward topos theory
in the seventies and eighties in the community of category theorists reflected amove
toward concrete applications and not a move toward more abstraction. Toposes are
used by algebraic geometers, mostly via Grothendieck topologies and very often im-
plicitly, on aday to day basis. AsMcLarty himself has pointed out in [[L6], thisleads
to acertain view about toposes and the foundations of mathematics, aview whichis
quite different from what set theorists have in mind when thinking about foundational
issues.

Indeed, the goa here is not to construct an all-encompassing foundation for
mathematics, atheory which would cover in astroke all mathematical constructs and
fields. Rather, oneworks, soto speak, intwo steps. First, in order to understand apar-
ticular field, for example, differential geometry, onetriesto axiomatize thegivenfield
within thelanguage of topostheory, that is, to characterize aclass of toposeswhich are
well suited for thistype of mathematics. Then, oncethisisdone, one studiesthe prop-
erties of these toposes and the relationships of these toposes with other well-known
toposes, for example, the topos of set. This constitutes the second step. It should be
emphasized that this way of thinking of the foundational relevance of topos theory
isin fact the direct extension of the foundational relevance of category theory itself.
Indeed, it can be argued that category theory became foundationally relevant when
Grothendieck axiomatized, improving MaclL ane and Bushbaum earlier attempts, the
notion of an abelian category and used it in an essential way to extend homological al-
gebrato algebraic topology. Thisshowed how awholefield, inthiscase, homological
algebra, could be based on an abstract category. Before, mathematicians were using
particular concrete categories, such asthe category of topologica spaces and the cat-
egory of abelian groups, and concrete functors between them, such as the homology
functors. After Grothendieck, one could envisage the possibility of axiomatizingin a
categorical fashion, that is, abstractly or purely interms of structural features of acat-
egory or categories, whole areas of mathematics, including, in particular, set theory.
Lawvere quickly tried to provide a categorical axiomatization of the category of sets.
However, his first attempts were too specific. He then realized that Grothendieck’s
notion of topos was afirst step in the right direction. What was left to be done was
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to provide an elementary axiomatization of this notion, which he did with Tierney.
It iscorrect to say that the notion of an elementary topos constitutes an adequate ax-
iomatization of “the” category of sets and, in this sense, one can claim that a topos
isageneralization of auniverse of sets. Indeed, working within atopos, that is, with
itsinternal language, is like working within a universe of sets from a purely abstract
point of view. (Thislater claim hasto be qualified somewhat, for there are numerous
logical details one has to be sensitive to in this context, which are usualy taken for
granted in a classical set theoretical framework. Reading McLarty’s book is prob-
ably the best way to see and understand what these qualifications are.) The search
for specific axioms which extend the axioms of a topos and are suited for particu-
lar mathematical fields becomes agenuine foundational enterprise, one with concrete
and relevant results. Aswe have aready pointed out, McLarty’s book contains some
examples. Each one of his examplesis still undergoing development. To mention
but a few instances of these developments, Joyal and Moerdijk [[9]l provide an analy-
sis of models of ZF set theory, thus the cumulative hierarchy, within the universe of
toposes; what is how called Synthetic Domain Theory, which is the extension of the
ideas presented in the chapter on the effective topos, is a very active industry with
competing approaches, developments which one can find in Hyland [[Z], Taylor [19],
Fiore [[3], Fiore and Rosolini [4], Fiore [[5], and Rosolini [{L8], to mention but a few.

Of course, there is a'so a more general point of view, a search for an overall
foundation for mathematics. For toposes are categories and one can certainly con-
sider the category of all (small) categories and try to provide an axiomatization for
that field, considered as “ abstract mathematics’ in general. Aswe have already men-
tioned, work is presently being done in this area. One of its potential fruits, from
the philosophical point of view, is that it would provide flesh to the “structuralist”
approach to mathematical knowledge. It is, however, still too early to say what the
result will look like.

7 MclLarty’s book and other books in the field It is only natural to compare
McLarty’s book with other books which aim more or less at the same audience,
namely, introductory books which might be used by mathematicians and nonmath-
ematicians alike. We will here consider Goldblatt’s [lB] and Bell’s [E].

The most striking differences between McL arty’s book and these two books are
the choice of topics, their organization, and their styles. Both [§] and [2] cover topics
which are close to standard logical and set-theoretical concerns, for instance, Kripke
models or Boolean extensions, whereas McL arty’s book explores specific toposes
with a motivation which is not necessarily related to set-theoretical considerations.
Indeed, Goldblatt’s [] exposition relies on the fact that the reader is already familiar
with set theory and introduces toposes as a generalization of the latter. This might
be pedagogically sound, but as was pointed out by numerous people, it obscures one
of itsimportant aspects. In away, Bell proceedsin asimilar fashion, though less ex-
plicitly. Indeed, in [2], even though the contrast with set theory is not used as a peda-
gogical device, the way Bell useswhat he calls ‘local set theory’, that is, the internal
language, is very close to the way someone might use the language of classical set
theory and, thus, one losesthe arrow theoretic viewpoint. McLarty stays closer to the
categorical nature of toposes, both in the way he introduces the various concepts and
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in the way he proves various results. This difference shows also in the way category
theory is covered in these books. Whereas Goldblatt introduces categorical notions
as he goes along—and in this way ends up introducing adjoint functors at the very
end, even though adjunction isthe central notion of category theory—and Bell offers
asurvey of category theory which might be used more or less as areference to which
one turnswhenever necessary, McLarty devel ops categorical notions thoroughly and
provides the student with many elementary proofs as a guide and many exercises and
hints to help her assimilate the various abstract notions. Thisisto say that the styles
of the books are very different from one another. |1 want to emphasi ze thislatter point,
for, in away, these books are more complementary than it might at first appear. It al
depends on one's background and one's goals. For those who feel comfortable with
classical logic and set theory and want an introduction which uses this knowledge as
a springboard, Goldblatt’s book is certainly indicated. For those with a strong back-
ground in logic and set theory and who are used to thinking in terms of syntactical
properties of theories, Bell’s book might be appropriate. For those who want to get
into the categorical way of thinking right from the start and stay close to that way of
thinking, then, clearly, McLarty’s book is adequate. If one wants to understand what
topostheory is about, then one should definitely read McLarty’s book at some point.
However, the reader should be warned that McLarty’s book suffers from one draw-
back, apart from the examples of toposes at the end, very few examples are worked
out and this might make the reading quite demanding. But it is now quite easy to
circumvent this difficulty and we will now sketch arecipe.

8 Afew examples to carry along while reading any book on topos theoriiaving
used McLarty’s book in a graduate seminar on category theory and categorical logic
with philosophy students with no other prerequisite than the standard curriculum in
formal logic, | can attest that at least my group of students felt that McLarty’s ap-
proach was too abstract at moments. They did complain about the absence of afew
different, clear, and simple examples. Thus, anyone who intends to use the book in a
philosophy seminar should devel op right from the start a spectrum of good examples
to help the students master this“language game.” For that purpose, a short introduc-
tion to the category of sets, the category of directed graphs, and categories of evo-
[utive sets would certainly be more than useful and this can certainly be done with
the help of Lawvere and Schanuel’s excellent book Conceptual Mathematics [[10].
With these examples at hand, the student will not only be capable of learning the ab-
stract definitions and results presented in McLarty’s book, but will also be capable
of calculating particular important cases. This will allow her to see how these ab-
stract notions are implemented and, therefore, see how they can be used and devel-
oped. Thus, we do recommend the use of the category of sets, but as a category, right
from the start, together with the category of directed graphs and categories of evolu-
tive sets. These are quite easy to describe directly, that is, without any mathematical
prerequisites, and are al interesting examples of toposes. In each case, calculating
products, coproducts, equalizers, and pullbacks are more or less straigthforward and
one can also discover and compute what the subobject classifier ought to be in each
case. Thisisvery instructive, for students learn how to find and compute these im-
portant concepts in particular cases and they can develop visual representations of
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these abstract constructions. Moreover, these three categories are sufficiently differ-
ent from one another to provide students with areal sample of the variety of toposes
and their relationships. For there are “natural” or “obvious’ functors between these
simpletoposes and again, in each case, the student can compute the various construc-
tions and see what they “look like.” Moreover, the topos of graphs has been used by
Reyes and Zolfaghari to develop modal logic in atopos theoretical framework.
(See also Makkai and Reyes [[15] for completeness proofs of modal logic in a cate-
gorical setting.) Thus, one can aso cover topics in modal logic if the students have
already done somein their curriculum.

Armed with these examples, reading McLarty’s book can become not only in-
tructive and useful, but also avery pleasant and enjoyabl e experience which prepares
the reader for more advanced books such as Maclane and Moerdijk [[12] and John-
stone [[8].
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