Topological Methods in Nonlinear Analysis
Volume 54, No. 2A, 2019, 807-815
DOI: 10.12775/TMNA.2019.071

© 2019 Juliusz Schauder Centre for Nonlinear Studies
Nicolaus Copernicus University in Torun

REMARKS ON SOME LIMITS APPEARING IN THE THEORY
OF ALMOST PERIODIC FUNCTIONS

Kosma KASPRZAK

ABSTRACT. In this note we are going to present new short proofs concerning
either the existence or the non-existence of some limits appearing in the
theory of almost periodic functions. Our proofs are completely different
from those presented in the papers [1] and [3].

1. Introduction

In the rich theory of almost periodic functions (see e.g. [6]) problems con-
cerning the evaluation of the limit

, f(=)
(1.1) LN S cos(2v/2)’

where f: R — R is an exponential function or a polynomial (cf. [1] or [3]), quite
frequently appear. This is connected to the fact that the function

1
x> forz € R
2 + cosz + cos(1v/2)

constitutes a classical example of a function which is either almost periodic in the

sense of Levitan (briefly: LAP) or almost periodic with respect to the Lebesgue
measure (briefly: p.a.p.) (see e.g. [4]). In particular, in [1] the authors used
the theory of continued fractions to prove that the limit (1.1) is equal to zero if
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f(z) = e’ for x € R (A < 0). Let us notice that the proof of that fact given
in [1] is quite long.

On the other hand, it was proven in [3] that the limit (1.1) remains equal
to zero if one replaces the exponential function by a polynomial z — = 27¢,
x € Rt and € > 0. The proof of that result given in [3] is based on the well-
known Liouville’s Theorem (see e.g. [2]). Further, as it was proven in [3], the
limit (1.1) does not exist if f(z) = 272 for x € R*.

In this note we are going to present two short proofs of the fact, that the
limit (1.1) is equal to zero if f(z) = e~ for € R. Next, we consider a more
general case, namely we investigate the limit

p—2nt2—e

1.2 li
(1.2) 23400 2 1 COST + cos(zar)’

where « is an algebraic number of degree n. We also examine the upper limit
of the quotient appearing in (1.1), in the case when f(x) = 272 for x € R*.
In that investigation we use the classical Pell equation. At the end of this note
we present another short proof of Theorem 7 from [1]. In our proof we extensively
use the quinary system.

2. Main results

By {z} and [z] we will denote the fractional part and the entier of x, re-
spectively. Now, let us define relations >, <, ~ on the set of real functions
admitting positive values.

DEFINITION 2.1. Let f,g: R — R*. We say that f > ¢ if and only if the
following condition holds:

3C >0 Jz1eR Ve>z f(x) > Cg(x).
Obviously, we admit that
f<g ifandonly if g¢g:>> f.

Finally,
f~g ifandonlyif f<g and f>g.

The above definition obviously implies that ~ is an equivalence relation.
Moreover, if the limit, lower limit or upper limit of f at infinity is equal to 0
or +o00o, then the limit, lower limit or upper limit of g is equal to 0 or 4o0,
respectively.

In [1, Theorem 6.13] the following result was proven.

THEOREM 2.2. It holds:

e_(lf
lim =0.

@—+00 2 4+ cos x + cos(zv/2)
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Now we will prove the above result using two various techniques.

PrOOF 1. Fix ¢ € (0;2). Let it be equal to 2 + cosx + cos(zv/2) for some
2 > 0. Then

cosz = e —cos(zV2) —2 < e — 1.

Let a = w — arccos(e — 1). Then x € [27n+ 7 — a, 2mn + 7 + a] for some n € Ny.
Analogously 2v/2 € [2rm + 7 — a, 2rm + 7 + a] for some m € Ny. The function
x + 24 cos z + cos(xy/2) takes positive values, but they can be arbitrarily small.
Thus, for any constant M > 0, for small enough ¢ > 0 and for each z fulfilling
the equality 2 4+ cos x + cos(x\@) = ¢ we have x > M. Since a < 7, the intervals
[2mn 4+ 7 — a,2mn + 7 + a] and [27m + 7 — a,27m + 7 + a] do not contain any

negative numbers, so

\/izx\/i 2rm+mT—a 2rm+ 7T+ a
2mm+r+a’ 2mn+mT—a |

Let us substitute k =2m + 1, =2n+ 1, b = a/m. We get:
k—b k+0
) T T
Vze {H bl b}
and thus k — b < \/i(l +b),s0 k — V2 < b(1+ \/i) Analogously, we get
k—1v2 > —b(1+v/2), so [k — 1v/2| < b(1 + +/2). Therefore
k2 — 2% < b(1 4+ V2)(k + 1V?2).
The number k? —2/? is an integer and k% —2[2 # 0, so |k* —2{2| > 1 and therefore
1
2.1 k+1V2> ————.
21) b(1+V2)
As € approaches 0, numbers a and b (treated as functions of ) approach 0, so
for sufficiently small € > 0 we have b < 1/(2(1 + /2)), which implies
k
27
so 5k/2 > k+1v/2, and, by (2.1), we obtain k > 2/(5(1 + v/2)b). For & > 0 small

enough the number 21/2 — (2rm+7) can be arbitrarily small, so 2v/2/(2wm + 7)
is arbitrarily close to 1. Therefore, we get

kflﬁsz(uﬁ)zféz—

2 2 2
b V2T gy V2 T2
2rm+ 7 /2 2rm+7m /2 5(1+\/§)b
_ V2 o 27 _ V2 272 >1
C2mm+m V2 5(14v2)a  2mm+m 52++2)a  a

Thus, for a small enough € > 0, we have

e T e—l/a e—l/a e—l/a
(2.2) < = =
2+ cosx + Cos(:vﬁ) € cos(m—a)+1 1-—cosa

=: h(e).
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Now, let us consider € as a variable and, consequently, a as a variable de-

pending on €. Using de I'Hopital’s rule we can easily calculate that
e—l/a

Iim — =0
a—0+ 1 —cosa

Fix € > 0. Since 81% h(e) = 0, there exists an gy > 0 such that h(e) < €for all 0 <
€ < gg. Let €1 be such a positive number, that for 0 < & < ¢; the inequality (2.2)
is satisfied. Let e9 = min{eg;e1}. Fix z > 0. If 2 4 cosx + cos V2 < €9, then,
by (2.2), we have

o7

2+ cosx + cosx\@ =€

If 2 + cosz + cos zv/2 > €9, then

—T —x

e
< b
2+ cosx +coszy/2 T €2

e

and since for large enough x the number e™*

is arbitrarily small, x for large
enough, we have e~%/eo < €. Finally, for any € > 0 for large enough = we have

—x

e
<€
2+ cosz + cos zvV2

and thus

e—(lj
lim =0. O
=400 2 + cosx + cos V2

PRroOOF 2. First, let us notice that

\/2 + cos(2mx) + cos(2mzV/2) = \/1 + cos(27mx) + 1 + cos(2mzV/2)

= \/2 cos?(mx) + 2 cos?(rxV/2) & |cos(mz)| + |cos(mzV/2)|

= Jcos(m{x})] + cos(r{zv2})| ~ |{z} - ;‘ +

(02} - 5| = 0(o)

The graphs of the two components of the function g consist of line segments. The
first component can have a slope of 1 and —1, respectively; the second one: /2
and —v/2, respectively. Thus the graph of that function consists of line segments
of slopes 14 v/2; 1 —v/2; =1+ +/2; —1 — /2. Consider the local minima of that
function. They must occur in the points of non-differentiability, which are n/2
and nv/2/4 for n € N, because for other points we can find a neighbourhood,
which is a line segment of a non-zero slope. We can easily check that there are no
minima of the first type, and that minima and maxima of the second type occur
alternately. Let x,, = (2n + 1)3/2/4. Obviously, the function g is continuous and
it achieves minima in points x,,, so g(z) is greater or equal to the value in one of
the two consecutive elements of (z,,), between which lies z. Let us assign to every
x > x1 the point f(z), so that f(z,) = x, for all n € N and if z,, < < zp41,
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the value of f(x) is z, if g(z,) < g(zn+1) and x,41 otherwise. Since, as we
established, consecutive minima differ by v/2/2, so |f(z) — 2| < v/2/2 and thus

677"7: < efwf(a:) . ew(f(l‘)fm) - eiﬂ'f(z)
{z} —1/2[+ {av2} —1/2] = H{f(@)} —1/2] I{f(@)}—1/2]

Define 21 4+ 1 = 2y/2f(x) and k = [f(x)], where k and [ are treated as functions
of x. We can easily see that k and [ are integers, and that k ~ [ ~ f. Thus

‘{f(x)}_;‘ _ ’h2/§+¢4§_;_k‘ _ |(2l+1)\/§4—2(2k+1)|
:1‘2(2l+1)2—4(2k+1)2 >1‘ 1 >>1mi,
4120+ 1)V2+202k+1)| — 4|20+ 1)V2+2(2k+ 1) I f(@)
Hence, finally we get
e ™% - =TT
\/2 + cos(2mx) + cos(2mzV/2) T e} - 1720+ {av2) - 1/2]

eI @) r@)n) i@
{f@)} =172~ {f(=)}—-1/2]

As x approaches plus infinity, f(x) approaches plus infinity, so

< f(z)efﬂ'f(z) .

—T

e
0< lim
T @=+o0 2 + cosx + cos(zv/2)
2
. e . _
:<hm > g(hm e ”) =0,
pee \/2 + cos(27mx) + cos(2mr\/2) pee
which completes the proof. O

The following corollary, connected with the limit (1.2), actually is an exten-

sion of Corollary 1 from [3] (see also [5]).

COROLLARY 2.3. If a is an irrational algebraic number of degree n, then

x—2n+2—s

li =0 e>0.
23100 2 + COST + cos(za) Jor any

PROOF. We can easily assume that @ > 1 by showing that

x72n+27e u72n+275
lim =0 <« lim =0.
z—+o0 2 4+ cos x + cos(za) u—+o0 2 + cosu + cos(u/a)

Analogously to the above proof we can consider the function

T {ma}—»;’

(o} - 5+
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and conclude that its local minima occur at points z,, = (2m+ 1)/(2«). Defi-
ning the function f as above and letting k = [f(z)] and 21+ 1 = 2af (z) we have
k ~ 1~ f and we can apply Liouville’s Theorem to get

1| [(2041)— (2k+1a] _

) - 5| ~ k4| -

2k +1
> <2k 4 1)—n+1 ~ f(x)—n+1.

2 2c

Then carrying out similar calculations to the ones in the above proof yields the
desired result. O

In the following theorem we examine the asymptotic behavior of the function
=2
2 + cosx + cos(xv/2)

Actually, we are going to prove a generalization of Theorem 4 from [3].

T —

THEOREM 2.4. It holds:
=2
0 < limsu
zHJro? 2+ cosx + cos(x\@

)<+oo.

PrOOF. Notice that by Definition 2.1 and the second proof of Theorem 2.2

we just need to prove that
-1

x
0 < limsup < +00.
ootoo [{z} —1/2| + [{zv2} — 1/2]

We know that
L @)
{z} —1/2+ {av2} —1/2] — {f(@)} = 1/2]

where f is defined as in the second proof of Theorem 2.2. To complete the proof

< fl2)f(e)™' =1,

we will indicate a sequence (I,,) for which this function does not approach 0.
Consider the Pell equation k2 — 2[> = —1. It is well known that it is fulfilled
by infinitely many pairs of integers, and considering this equation modulo 4 we
easily see that k and ! must be odd. Let (I,) and (k,) be increasing sequences
of positive integers [,, and k,, appearing in those pairs. Then

ln 1 ln\/i 1 ln\/i kn 1 1

Hz}v’*\{ 2 }‘zH{ 2 —2+2}—2!
o 3}
L2k, + 20,2 2 20 2k, +20,V2°

20,1 L Fa
T2l 12+ la — 1 o TR

-1
1 < limsup x

P e — 12+ {ova) —1/2] ©

Thus

and

+00. O
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At the end of this note we are going to present another short proof of Theo-
rem 7 from [1] connected with the limit (1.1).

THEOREM 2.5. For every function f: R — R™, every a € R and everye > 0,
there exists a € R such that

la —a| <e and limsup /() = +o0.
a—+oo 2+ cosz + cos(za)

PrOOF. Fix a € R and € > 0. We will construct a number « and a sequence
(mly,) such that

ln

lim f(mln)

n—+oo 2 + cos(nl,) + cos(nl,a) = Foo

Let 8 = > 5%, where (ay) is defined recursively as follows: a; = 1 and a;41
i=1
is the smallest integer greater than a; for which
f(m5%)
2m - Hai—ait1

Such a;41 obviously exists and, since (a,) is increasing, the series defining 3 is

> 1.

convergent. Consider the interval (a —f —e,a—f+¢). It must contain a number
of the form m /5" for some integers m and N (expressions [5"(a — 3 + €)]/5",
while smaller than a — 8 + ¢, can be arbitrarily close to it, so for large enough
n € N they have to be larger than a — 3 — ¢). Now, let a = 3+ m/5". Let us
define the sequences (I,,) and (k) as l,, = 5% and k, = [5*" - a]. Notice that

oo

1
SR Qe |
Z —5—1 <
n=i+1

so for a; > N we have
k; = [m . 5ai7N + 5% . ﬁ] =m- 5”’1‘*]\7 + [5111- 5]
=m 5% N 4 5% 4 5ai—az 4 50T

and since 5% 3 — [5% 3] > 0, we have

0<lio—ki= Y 5% % <2 5% % <1,
j=it+1
Furthermore, if a; > N, the numbers k; and k;;1 have different parity, so one
of the sequences (kz2,) and (k2,+1) contains only odd numbers for large enough
n € N. Thus
G ()
2 + cos(wl;) + cos(ml;o) 1 — cos(ml;a — k)
flrl) )

o — k; 27 - HAi— i+t

> 1

for the subsequences (koy,) and (l2,,) or (kep+1) and (lo,41) for large enough n.
Thus « and one of the sequences (mlay,), (mla,41) fulfills desired conditions. O
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REMARK 2.6. In the above proof one could substitute 5 in the definition of
B by any odd integer greater than 1 (and consequently use it in the rest of the
proof). If we tried substituting it by an even number, e.g. 10, our [, would be
even and cos(7l,) would be equal to 1 instead of —1.

REMARK 2.7. Let us notice that the substitution f(z) = e~* in Theorem 2.5
and the application of Corollary 2.3 leads to a commonly known fact concerning
the existence of transcendental numbers. Indeed, since e” > x® for any a € R,
any number « satisfying

671‘,

lims =+
;EJ:;P 2 + cosx + cos(zq) >

also satisfies
m—n—&-l—e
lim sup = 400
z—4o00 2+ cosx + cos(za)

and so, from Corollary 2.3, we obtain that a is not an algebraic number of
degree n for any n € N, which means that « is a transcendental number. Then
Theorem 2.5 implies that the set of all transcendental numbers is dense in real
numbers.
Moreover, let us notice that if the sequence (@y41/an)nen is unbounded
for some increasing sequence (a,)nen of positive integers, then using Liouville’s
o0

Theorem we can easily prove that > 57% is a transcendental number. Let

=1
(en)nen be any sequence such that e,, € {0, 1} for all n € N. Tt is well-known that
the set of all such sequences is uncountable. If we then define a,, = (n+1)! + ¢,
then it can be easily checked that (a,)nen is an increasing sequence of integers,

o0

Gn+1/an > n and that the numbers Y 57% are distinct for different sequences
i=1

(en)nen. This implies that the set of all transcendental numbers is uncountable.
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