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A WEIGHTED TRUDINGER-MOSER TYPE INEQUALITY
AND ITS APPLICATIONS
TO QUASILINEAR ELLIPTIC PROBLEMS
WITH CRITICAL GROWTH
IN THE WHOLE EUCLIDEAN SPACE

FrANCISCO S.B. ALBUQUERQUE — SAMI AOUAOUI

ABSTRACT. We establish a version of the Trudinger—Moser inequality in-
volving unbounded or decaying radial weights in weighted Sobolev spaces.
In the light of this inequality and using a minimax procedure we also study
existence of solutions for a class of quasilinear elliptic problems involving
exponential critical growth.

1. Introduction and main results

We recall that if € is a bounded domain in R™ (n > 2), the classical
Trudinger-Moser inequality (cf. [31], [38]) asserts that e*!*I" € L'(Q), for all
we Wy™(€) and o > 0 and there exists a constant C(n) > 0 such that
(1.1) sup / eelul™ gy <Cn)|Q), ifa<ap,

HUHnﬁl Q

n— n 1/n
YO0 ll, = (f,y [Vulm d)™ and w,_y

is the surface area of the unit sphere in R™. Moreover, the inequality (1.1)

where ' = n/(n—1), o, = nw
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is sharp in the sense that if @ > «,, the correspondent supremum is +oco and
clearly as the Lebesgue’s measure || — 400 no uniform bound can be retained
n (1.1). In recent years, related inequalities for unbounded domains have been
proposed by D. Cao [18] and B. Ruf [33] in two dimensions and by S. Adachi and
K. Tanaka [1], J.M. do O [23] and Y. Li and B. Ruf [30] in high dimensions. See
also R. Adams [2]. On the other hand, Adimurthi and K. Sandeep in [4] extended
the Trudinger—-Moser inequality (1.1) for singular weights. More precisely, they
have proved that if {2 is a smooth bounded domain in R™ containing the origin,
u e Wy™(Q) and B € [0,n), then there exists a constant C(n, ) > 0 such that

(1.2)  sup / &da?<C(n,B)|Q\ if and only if O<a§an(1—ﬁ).
IVulln<1J/0Q n

Note that the supremums in inequalities (1.1) and (1.2) become infinite for do-

mains ) which do not have finite measure, and therefore the Trudinger—Moser

inequality is not available for this class of domains in the classical formulation.

In [23], the author has proved that if [|[Vull, < 1, |ull, < M < oo and

0 < & < ayy, then there exists a constant C(n, M, a) > 0 such that

L 22 gl
/ D, (u)dr < C(n,M,a), where ®,(s):=e*!" — Z %
n - J-
7=0

A further result in this direction was obtained by S. Adachi and K. Tanaka in [1]
who proved that for any 0 < o < a,, there exists a constant C(n,«) > 0 such
that

[ul ) [z 1
D, ( dx < C(n, ) - for all uw € Wy (R™).
/]R" Vul IVull; ’

In [30], the authors have proved that if the Dirichlet norm ||Vul|,, is replaced by
the standard Sobolev norm

1/n

e { / P
Q

[[u

then there exists a constant d,(«) > 0 (independent of ) such that for any
domain 2 C R™,

(1.3) sup /@a(u) dx < dp(a),
lull1,n<1JQ
where
< 00 if a < ay,

dn(a) =
=400 if a> a.

Moreover, this inequality (1.3) is sharp in the sense that the correspondent supre-
mum becomes infinite as & > a,. Finally, in [5], the inequality (1.2) has been
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generalized to the whole space R™, n > 2, as follows

D, . .
sup / (g) dr <oo ifandonlyif 0<a<a, <1 - ﬂ),
fulh,r <1 JRn |2 n

where 7 > 0 and

l/n
||u||1,T=< / (|Vu|”+7-u|”)d:c> we W),

R

Throughout this work, we consider some weight functions V (|z|) and Q(|z|)
satisfying the following assumptions:

(V) V e C(0,00), V(r) > 0 and there exist a, ag,a; > —n such that

lim inf Vir) > 0, liminfm >0 and limsup M < 00.
r—+oo 1@ r—0+ 7rao rosot+ Tt

(Q) Q € C(0,00), Q(r) > 0 and there exist b < a, by > —n such that
Q(r) Q(r)

limsup —— < oo and limsup —
r—ot+ 170 r—+oo T

< 0.

EXAMPLE 1.1. (a) The standard models of potentials V" and @ satistying (V)
and (Q), respectively, are of the form

Y1 f <1
viey= RIS L o) = e,

|z if || > 1,

with 73 > 0, 72 > —n and 0 < 73 < 7. Indeed, take a = 2, a9 = a1 = 71,
bog = 72 and b = 3.
(b) The potentials introduced by Ambrosetti, Felli and Malchiodi in [11] in
the frame of nonlinear Schrédinger equations,
A1 A3
—— <V <A d 0< < —
1+ “’E|71 = (|$|) > A2 all Q(|$|) =14+ |£C|'72

for positive constants Ay, Ag, As, with v, € (0,n) and 2 > 0 also satisfy (V)
and (Q), respectively.

In order to state our results, we need to introduce some notations. If 1 <
p < oo we define the weighted Lebesgue spaces

LP(R™; Q) := {u: R™ — R : u is measurable and / Q(|z])|ulP dx < oo},
R”L

LP(R™ V) = {u: R™ — R : u is measurable and / V(Jz])|ul? dz < oo}7
Rn

endowed, respectively, with the norms

1/p
T ( / Q(xI)IUI”dx>
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1/p
ol gy = ( / v<|x>|updx) |

Let C§°(R™) be the set of smooth functions with compact support and

and

Coraa(R") = {u € Cg°(R™) : w is radial}.

Here, we define the energy space er’g(R”; V') as the subspace of radially sym-

a
metric functions in the completion of C§°(R™) with respect to the norm

1/n

full = | [ (9ul 4 Vi) as

Equivalently, Wl’"(R"; V') can be considered as the Sobolev space modeled on

rad
the Lebesgue space L7 ;(R™; V) = {u € L"(R™; V) : u is radial} defined by
Wed (R V) == {u € Lig(R™ V) : |Vu| € Lig(R™)},
where the derivative above is understood in the sense of distributions. We use
the notation E = W1 "(R"; V).

rad

REMARK 1.2. Under the hypothesis (V) we can show that

" = [ (Vu + VilaDlul)da

is a norm in E. In fact, if ||u| = 0, then

/ |Vu|™ dz =0

and so u is a constant. But from behaviour of V at infinity, we should have
u = 0.

With the aid of inequalities (1.1), (1.2) and inspired by similar arguments de-
veloped in [18], [23], [33], we establish in this work a Trudinger—-Moser inequality
in the functional space E. More precisely, one has:

THEOREM 1.3. Assume that (V) and (Q) hold. Then, for any v € E and
a > 0, we have that ®,(u) € L'(R™; Q). Furthermore, if

a < X :=min{a,, a,(1+by/n)},
there holds

(1.4) sup Q)P o (u) dz < oo.
u€E:||u||<1 JR™

Moreover, if the function Q is nonincreasing in |x|, then

sup Qz)Pa(u) dr < co.
u€E:||u||<1 JR™
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Furthermore, if we also assume that —n < by < 0 and lim irJ}f Q(r)/rb >0, then
r—0

the value X\ is optimal, that is

Sup Q(|z])Pu(u) de = +o0, for all a > A.
wEE:||ul|[<1 JR™

REMARK 1.4. Here, we point out that in general, due to technical reasons,
the inequality (1.4) holds for @ < A but not necessarily for « = A. In fact,
the space E consists of radial functions that are not necessarily nonincreasing
in |z|, € R™. Thus, in general (i.e. without the additional condition that the
radial weight @ is nonincreasing in |z|) the “radial lemma” (see inequality (2.16)
below), which also has been used in [5] and [33], is not true.

We quote that inequality (1.4) is a natural generalization for high dimensions
to the one obtained in [8, Theorem 1.1] when n = 2. See also [6, Theorem 2.1] for
the sharpness and the existence of extremal function for this inequality. Here,
we have to highlight the fact that, in contrast with [8] and [6] (where it was
assumed that b < (a — 2)/2), we only assume that b < a. Thus, even in the case
where n = 2, there is some novelty in the result proved in the present paper.
Also, in two dimensions, do (’), Sani and Zhang in [28] have obtained a similar
inequality in the nonradial case but considering only the potentials introduced
by Ambrosetti, Felli and Malchiodi in [11] and in the subcritical case, that is, in
the sense that the range of the exponent is the open interval (0, \).

As an application of the previous theorem and using a minimax procedure,
we will study the existence of a nontrivial solution for the following quasilinear
elliptic problem:

—div(|Vu|""?Vu) + V() |u[""?u = Q(|z]) f(u) in R,

(1.5)
u(z) =0 as |z| — oo,

n > 2, when the nonlinear term f(s) is allowed to enjoy an exponential critical
growth. When n = 2, problem (1.5) has been treated in [8, 36]. In [36] the au-
thors considered the nonlinearity f(s) = |s[P~2s, with 2 < p < 2* = 2n/(n — 2)
forn >3 and 2 < p < oo if n = 2, and in [8] the authors have studied the critical
case suggested by the classical Trudinger—Moser inequality (1.1).

Here, we are interested in the case where the nonlinearity f(s) has maximal
growth on s which allows us to treat the problem (1.5) variationally. Explicitly,
in view of the classical Trudinger—Moser inequality (1.1) and [19], we say that
f(s) has ap-exponential critical growth at +oo if there exists g > 0 such that

lim f(s)efo‘ls‘n/ =0, for all a > ay,

s—+o00o

(1.6)

lim f(s)e™ " = 400, forall a < ag.
s—+o0

Similarly, we define ag-exponential critical growth at —oo.
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We would like to mention that problems involving exponential critical growth
have received a special attention in last years, see for example, [7]-[10], [13], [16],
[18]-[20], [27] for semilinear elliptic equations, and [3], [14], [15], [17], [21]-[23],
[25], [39], [40] for quasilinear equations.

In order to perform the minimax approach to the problem (1.5), we also need
to make some suitable assumptions on the behaviour of f(s). More precisely, we
shall assume the following conditions:

(f1) f:[0,4+00) — R is continuous and f(s)/|s|""! — 0 as s — 07F;
(f2) there exists @ > n such that

0 < 0F(s) ::9/S f)dt <sf(s), foralls>0;
0

(f3) there exist g > n and p > 0 such that

F(s) > eﬂseo, for all s > 0.
o

We observe that the hypotheses (fi)—(fs) have been used in many papers
to find a solution using the classical Mountain Pass Theorem introduced by
Ambrosetti and Rabinowitz in the celebrated paper [12], see for instance [24],
[26] and their references.

In this work, we say that a function v : R” — R is a weak solution of (1.5)
if u € E and it holds the identity

/n (IVu["*VuVe + V() u"Pup) de = [ Q(lz|)f(u)¢ dz,

Rn
for all ¢ € E. We point out that from (f;) the identically zero function is
the trivial solution of (1.5). So, our goal is to show the existence of nontrivial
solution for (1.5).

Next, we state our existence result.

THEOREM 1.5. Suppose that (V) and (Q) hold. If f has ag-exponential cri-
tical growth at 400 and (f1)—(f3) are satisfied, then there exists po > 0 such that
problem (1.5) has a nontrivial nonnegative weak solution u in E for all p > pg.

EXAMPLE 1.6. Let ¢ > n and a9 > 0 be constants. The hypotheses of
Theorem 1.5 are satisfied by the nonlinearity
f(s) = (q + sq+1/<n—1>)eaos“/‘“>, s> 0.
n—

n/(n—1)

For this example, we have: F(s) = sle®0® ,8>0.

REMARK 1.7. Our existence result complements the study made in [8], [36]
in the sense that, in this paper, we study a class of problems involving the n-
Laplacian (n > 2) with exponential critical growth and in [36] only the Sobolev
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subcritical growth was considered. Moreover, the conditions taken on the be-
haviour of the weight @ and the nonlinearity f are less restrictive. In fact, in
contrast with [8], we only assume that b < a. Furthermore, we no longer as-
sume the existence of a positive constant My such that F(s) < My|f(s)| for s
sufficiently large.

REMARK 1.8. If the nonlinearity f has exponential subcritical growth at 400
(or —o0), that is, if f satisfies the condition

lim f(s)e*a‘sln/ =0

s——+oo

for all & > 0, it is standard to check that the problem (1.5) has a Mountain Pass
type solution.

REMARK 1.9. The difficulties in treating this class of problems (1.5) are the
possible lack of compactness due to the unboundedness of the domain besides
the fact that the nonlinear term f(s) is allowed to enjoy the exponential critical
growth and the behaviour of the nonlinear operator div(|Vu|"~2Vu).

The outline of the paper is as follows: Section 2 contains some embedding
results and the proof of our Trudinger-Moser inequality; Theorem 1.3. In Sec-
tion 3, we set up the setting which will allow us to follow a variational approach.
Specifically, we check the geometric conditions of the associated functional, we
treat with the Palais—Smale sequences and we get a more precise information
about the minimax level obtained by the Mountain Pass Theorem. Finally,
in Section 4, we prove our existence result; Theorem 1.5.

2. Embedding results and proof of Theorem 1.3

In order to prove the Theorem 1.3, we need to establish some embeddings
from F into the Lebesgue weighted spaces LP(R™; Q) beginning by introducing
a radial lemma in the spirit of that due to W. Strauss [35] (see also [34]). In the
following, we denote by B(z, R) C R™ the open ball centered at z € R™ with
radius R > 0 and, to simplify notations, we set Br := B(0, R), B := R" \ Bg
and Bg \ B, denotes the annulus with interior radius r and exterior radius R.
We use C, Cy, C1,Cy, ... to denote (possibly different) positive constants.

LEMMA 2.1. Suppose that (V) holds. Then there exist C > 0 and R > 1 such
that, for all w € E, we have

u(z)| < Cllul||z| == D+/2* 0 for 2| > R.

The proof is very much similar to the case of n = 2 which is given in [§8], and
is omitted.
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Next, we recall some basic embeddings (see J. Su et al. [37]). Let A C R"
and define

Wor(A; V) = {uy, :u € E}.

rad

LEMMA 2.2. Assume (V) and (Q). For any fired 0 < r < R < oo, the

embeddings
Wi (Br\ Br;V) = LP(Br\ Br;Q), 1<p<oo

rad

are compact.

REMARK 2.3. For R >> 1, the embedding W (Bgr;V) < W' (Bg) is
continuous. That last result can be obtained by proceeding exactly as in [36,
Lemma 4].

LEMMA 2.4. Assume that (V) and (Q) hold. Then the embeddings E —
LP(R™; Q) are compact for alln < p < co.

PRrOOF. We first show the continuity of the embeddings. That is to show

[ v V() do
SP(V§Q) = ueg}\f{o} n/p
([ @tabiuras)

Suppose by contradiction that S,(V;Q) = 0. Thus, there exists (ux) C E such
that

> 0.

/ Q(z)|ux|P de =1, forall k e N,
(2.1) R
lim (IVug|™ + V(|z|)|ux|") dz = 0.

k=00 Jgn
By (V) and (Q), there exist constants Ry > 79 > 0 and Cy > 0 such that
V(|z|) > Colz|®,  Q(|z]) < Colz|®, for all || > Ry,
V(|z]) > Colz|®™, Q(|z|) < Colz|, for all 0 < |z| < 7.

Now for R > Ry, by Lemma 2.1, we have

Q)P dex < / Cole|? P de
B, Bg,

- / 2P g P Cole| g | de
BC

R

< Ch g [P / e Dm0y () " da,

By
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Since a > —n, b < a and p > n, we have that b—a—(n — 1)(p — n)(a + n)/n? < 0.
Thus, we obtain

2
22) [ QUaDlup d < CoRve Oy
R

= C R~ (n=Dp=m)(atn)/n® 5 (1) a5 k — oco.

Now, we estimate the integral on ball B,, for 0 < r < min{rg,1/2}. To reach

this aim, we introduce a cutoff function ¢ € Cf5,4(B1) such that

0<¢p<1inB;, ¢=1inBy;y, ¢=0inB;\B;y, and |Vy|<Cin B;.

Then gup € Wy ™" (By). Let o > 1 be such that boo > —n. So, by Holder’s
inequality, we have

(2.3) Q(|z))|ux|? dz < Co/ |$|b°|uk|p der = CO/ |x|b°\<puk|p dx

B, B "

1/o (e—1)/c
< CO(/ |l,|boa dI) (/ |S0uk|pa/(071) dd))
B, B,

(c—1)/c
ol [ o)
By
p/n
< CS rboa+n(/ |V((Puk)|n dl‘)
B

p/n
< C4rb°"+”(/ |ug V™ d:rJr/ loVug)|™ dx)
B1 Bl

p/n
< Cs rbo‘”"(/ lug|™ dx+/ |Vug|™ dx)
Bs3/4\B1/2 B

p/n
< Cg rb°”+"(/ V(|z|) ug|” d:z:+/ |Vuk”d1:>
B3/4\Bi/2 B1
< Cq rb°‘7+”||u;€||” =g rbo""’”ok(l),

as k — oo, where we have used the fact that min V(|z|) > 0. Now, writing
Bs/4\Bi1/2

/ QU] ugl? dz = / Q) |ug P da
R» B,

+ / QU] uue? dez + / QU)o de,
Bgr\B- B
using (2.2), (2.3) and Lemma 2.2 we get

lim Q(|z|)|uk|? dz = 0,

k—o0 Rn

which contradicts the fact that [,, Q(|z|)|ux|?” dz = 1. This proves the continuity
of the embedding. For the compactness, let (u) be a sequence in E such that
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|lug|l < C. Without loss of generality, we may assume that ug — 0 weakly in E.
We need to prove that, up to a subsequence, uy — 0 strongly in LP(R™; Q) for
all n <p < oco. As in (2.2), we infer

[ Qalunp ds < CrRY- e 0o 2
Bg
< CgRb—=(=1)(p—n)(a+n)/n*

Since b —a — (n —1)(p —n)(a +n)/n? < 0, given € > 0, for R > 0 sufficiently
large we deduce
(2.4) Q(|z])|ur P dz < CgRP—o— (=D p=m)(atn)/n? o £
BS, 3
On the other hand, as in (2.3) and by choosing r small enough, it yields

3

(2.5) / Q(|z])|ug|? dx < Corbootn <« 3
B.

Now, from Lemma 2.2, up — 0 strongly in LP(Bg \ B,; Q) for all 1 < p < oc.
Thus, for k € N large enough,

€
(2.6) / QUlel) g P d < 5.
BRr\B,
Combining (2.4), (2.5) and (2.6), we get

. p . . p _
] g = Jim [ Qe da =0,
and this ends the proof of Lemma 2.4. O

PROOF OF THEOREM 1.3. Let o < A. Recall that by the hypothesis (Q), we

have

(2.7) Q(|z]) < Colz|®  for |z| > Ry,
2.7
Q(|z|) < Colz|®  for 0 < |z| < ro.

Let R > 0 to be chosen later during the proof independently of u. We write
/ Q)P (u) dz = I (0, w) + In(a, u),
R"’L
where

Lo, u) = : Q) Py (u) dz, Iy(a,u) = . Q|z|) Py (u) dz.

We shall estimate I;(a,u) and Iz2(a, u). For the integral I (o, u), we have two
cases to analyze.
Case 1. by > 0. Since (@ is a positive continuous function, then there exists

C > 0 such that

(2.8) Li(a,u) <C el gz
Br
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Let us recall two elementary inequalities. There exists a positive constant A =
A(n) such that

(2.9) (514 s2)" <s¥ + As1/(n71)82 + 5%, forall 51,59 > 0.

If v and +/ are positive real numbers such that v +~' = 1, then for all £ > 0, we
have

(2.10) sYsg/ <es; + 5_7/7I32, for all sq, 59 > 0.

Let v(z) = u(x) — u(R) for x € Bg. Note that by Remark 2.3, v € W, (Bg).
Then by (2.9) and (2.10), for each € > 0 given, we have

n\ 1/(n—1)
(2.11) ™ < (14 &)™ +cn<“(f)|> .

Thus, by Lemma 2.1, there exists a positive constant C, , such that
|u|n’ <(1+ 5)|U|n' + ngnR—(a-i-n)/n”an’.

Then, fixing R > max {1, R, (C-,,)"/(**™}, we get lul™ < (1+e) o™ +|ul™.
Hence,

(2.12) / eolel™ gy < eollul™ / LI 00,

Br Br
by the classical Trudinger—Moser inequality (1.1). Furthermore, taking ¢ > 0
such that a(1+¢) < A < a, there exists C = C(n, R) > 0 such that

I

n
sup / el g < .
vEW(]lnL(BR):HvHWé,n(BR)Sl Br

From this, (2.8) and (2.12) we obtain

sup  I(a,u) <C.
uweE:||u||<1

Case 2. —n < by < 0. We write

- Q)" i = /B Q(|x\)6alu‘n/dx+/3 Qlz))e™!” dr

rR\Brg

’
| n

< Co/ |lz[Poe ™ da + C 1™ dy

ro Br\Br,

< CO/ |z|Poel”™ dz 4 C el d.
BR BR

By similar computations done above, we obtain

ea(1+s)|v|n/

(2.13) / |z|Poeclul™ dp < eollull” / ——— d
BR BR “r| 0

Z.
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Having in mind that a < ay(1 + bg/n), then we can take € > 0 such that
a(1+¢) < an(1+4by/n). Thus, since v € W) " (Bg),

ol gy = 190l < llull < 1
and —by € (0,n), thanks to (1.2)

pa(1+e) o]
sup / ———dx < C.
Br

—b
1,n x|~
VEWS T (Br) ol 1. ) < ]

Using that inequality together with (2.13), we obtain

TL,
sup / |zz|Poe!™ do < C.
u€E:||ul|[<1JBg

Therefore, in both cases we have

sup / Q(|x|)e°““|n/dz: < 00,
R

uwEE:||ul|<1

and consequently

(2.14) sup Ii(a,u) < co.
uwEE:||ul|<1

Next, we will estimate the integral Is(c, u). It follows from the first inequality
n (2.7), Lemma 2.4 and the Monotone Convergence Theorem that, for any
u €k,

(o, u) / Q(|x]) |u| dx

Jj= 71

J n—1
/lel > x+(§_1>!/gcQ(lx)IUI"dr

a -1
<Gy E — [z’ dz + Crflul™.
J B
j=n R

Using Lemma 2.1, we can estimate the last integral above as follows

/ |z[®|ul™ dz < (C||u||)”’j/ |ttt /n g
B, Bs,
Wn—1

W(C||UH)"/J’

— s (Ol [ bt g <
R

where we have used that a > —n, b—j(a+n)/n+n—1<b—a,foral j >n



A WEIGHTED TRUDINGER—MOSER TYPE INEQUALITY AND APPLICATIONS 121

and R > 1. Thus,

wn1Co = (aC™ Jul™)’

I < n
2(04,u> = (aib)Ra—b =~ 4! +Cl||u||
Wn-1C Lo | |lu||™ n
= (CLT)IRS—Z) (‘I’am' (u) — (n_lll),H> + C1Jul|™ < oo,

for all u € E. Hence,

(2.15) sup  Ia(ayu) < oo.
we B [lul|<1

Thereby, from (2.14) and (2.15) we conclude that

sup Q|z])Pq(u) dz < oo,
u€E:|ul| <1 JR™

and this ends the proof of the first part of Theorem 1.3. Now, we will try to prove
that, if we add the condition that the function @ is nonincreasing in |z|, then
the value av = A is permitted. A similar results have been obtained in [6] (for the
case n = 2) and [5] (for the case V constant and Q(|z|) = 1/|z|%, 0 < 8 < n). In
order to reach our claimed result, we need to replace the function v € E by its
Schwarz rearrangement to profit of its nonincreaseness in |z|, z € R™. Since @ is
assumed to be nonincreasing, then it is immediate that Q*(|z|) = Q(|z|), for all
x € R™, where @Q* denotes the Schwarz rearrangement of (. On the other hand,
taking w € E and denoting u* its Schwarz rearrangement, by the well known
Hardy-Littlewood inequality, it yields
[ QUehryds < [ QUiah@s(u)do.

For basic properties on rearrangements, we refer to [29], [32]. Therefore, we can
restrict our analysis to the functions v € F which are nonincreasing in |z|. Now,
we recall that V(|z|) > Co|z|?, for all |x| > Ry. Hence, for |z| > 2Ry, we infer

||

Il aosry = [ VDl ez [ violguole

x|

> ColpuoDl"al** (1~ (§)+)
— Golu(o)"laf*+" (1.~ <§)+>

where ¢, (t) = u(z), t = |z|. It follows,
(2.16) u(z)] < Cla| =™ ul|

ra

d(R"5V)’ for all |I| > 2R0

Observe that, since 1/(n — 1) < 1, then

1 1/(n-1) z
( ) >14+——, forallO<z<1.
1—=x n—1
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That last inequality implies

1/(n—1) 1/(n—1)
1 1 1
(2.17) _ ( ) > ( )

H“”Lgﬂd(u{n;v)
n—1
for all u € E such that |u] < 1. Choosing € in (2.11) such as 1 4+¢& = 1/|| V|
and using (2.17), we obtain

)

”uHTLLgd(Rv»;v)
- n—1 '
Taking R large enough such that R > 2Ry, by (2.16) we deduce the existence of
a positive constant C' such that
n\ 1/(n—1)
. (W(R)|> <c
€

Now, by (2.11), we infer

n/
|u|"' < ( [v > +C, forallue€ E, u is nonincreasing in |z|.
IVulln

Thus, for R large enough, we have
QDN dz < oy [ QL)) IIVul gy
Br Br

Taking into account that Vu(z) = Vu(z), € Bg, one can continue as pre-
viously (i.e. considering the two cases by > 0 and —n < by < 0, and using

(1.1) or (1.2)) and we can deduce that  sup  I1(A,u) < oco. The fact that
wEE:[|u||<1

sup  Iz(A\,u) < oo can be reached using exactly the same arguments as for
u€B:|ul|<1

the case a < A\ treated previously.
Finally, assume that —n < by < 0 and lim irij(r)/rbO > 0. We claim that
r—0

(2.18) sup Q(z))®o(u) de = 0o, for all @ > XA = ay(1+by/n).
uwEE:||ul|<1 JR™

For that aim, we recall the Moser sequence,
(log k)(»=D/mif || < r/k,

P I
k(z,7) =w, ) (log k)17 ifr/k <lz| <,

0 if |x| > r,

for x € R™, r > 0. Notice that

(2.19) / VM (x,7)|"dz =1, forallr >0, for all k> 1.
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Recall that by (V), there exist C; > 0 and r; > 0 such that
V(jz|) < Cylz|™, forall 0 < |z| < 7.

Thus, for r < rq1, we have
r/k
/ V(|z|)| My (z,7)t|"dx = w,_1(log k)" ! / V() tat
n 0

+ wn_1(logk)™! :k V(t)(log(r/t)) t"t at

(r/k)s+m
ar+n

r

+ Cywn—1(log k)*l/ (log(r/t)) =1 dt.
r/k

< Cy(log k)™t

Since, a; +n > 0, then (logk)"~!/k®*" — 0 as k — +o0o, and the function
t > (log(r/t))" t11+n=1 belongs to L'(]0,r[). It follows,

" 1
(2.20) /R V(|a]) [ Mi(z, r)["dz = o(logk) as k = +oo.

Let My, = My/||Mg|. Combining (2.19) and (2.20), we can easily see that
(2.21) M (z,7) = w;i{(n_l) logk + di, for all |z| <r/k,

where dj, is a bounded sequence of nonnegative numbers. On the other hand,
there exist Cy > 0 and r9 > 0 such that

(2.22) Q(|z]) > Calz|b, for all 0 < |z| < ro.

Using (2.21) and (2.22), and choosing r < 1o, we obtain

(2.23) sup Qa))®a(u)dz > | Q(a])®a (M) do
u€E: ||lul|[<1 JR™ R

z|) P, M) dx
> /MkQ(' )@ (My)

/(-1 r/k
> (eawn—/l( )1ogk+0(1) + O((log k)n72)> / Q(t)tn71 dt
0

Cyrbotn
> z2r
bo+n

If @ > (14 bg/n), then

kf(ngrn) (kna/a"eO(l) + O((lOg k)n72))

CQTbO +n

— fo~ (o) (gne/an O 1 O ((log k)"2)) — +oo,

as k — 400 and (2.23) leads to the claimed result (2.18). O

An immediate consequence of Theorem 1.3, which will be very practical and
useful in our application, is the following:
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COROLLARY 2.5. Under the assumptions of Theorem 1.3, if u € E is such
that ||ul| < M < (M\a)'/™", then there exists a constant C = C(n, M,a) > 0
independent of u such that

Q|z])Pu(u) de < C.
R’Vl

3. An application to a quasilinear elliptic problem

In this section, we consider the quasilinear elliptic problem (1.5) taken under
the hypotheses of Theorem 1.5. Initially, we introduce the functional setting for
a variational approach to the problem (1.5).

3.1. The variational formulation. Using assumption (f; ), we can see that
f(0) = 0 and since we are interested in nontrivial positive solutions, we will
assume, without loss of generality, that f(s) = 0 for all s < 0. Let a > ap and
¢ > n. From (1.6) and (f1), for any given £ > 0, there exist by, b > 0 such that

(3.1) I£(s)] < els|™ ! +b1|s|77 @4 (s), forall s € R,
(3.2) IF(s)] < S |s|™ + bo|s9®a(s),  forall s €R.
n
Given u € E, by (3.2) it yields
g
[ aahrds <= [ Qaluldo+be [ Qel)uft®a(u) da.
R™ n Jrn R™

Now, let r1, 72 > 1 be such that 1/r1 +1/ry = 1. Holder’s inequality, Lemma 2.4
and the first part of Theorem 1.3 imply that

/ Q) [u] 1 (u) da
.

1/r 1/rs
< ([ et ac) ([ leb®ratar) <.

where we have used the elementary inequality

(3.3) (es - ”2—22 S]'>T <e'* —g (Ti)j,

el J!

for all » > 1, s > 0. Therefore, the energy functional I associated to prob-
lem (1.5) and defined by

1
I(u) = —lul™ — - Q(lz)F(u)dz, wueE,

is well defined. Using standard arguments, one can easily show that I € C*(E,R)
with derivative given by

' (w)o = / (V" 2V + V (Jz])ful" ) dz — /]R Qlzl) f(u)v d,
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for all u,v € E. Thus, critical points of I correspond to weak solutions of the
problem (1.5) and reciprocally. In the next lemma, we prove that the functional
I has the geometric structure required by the Mountain Pass Theorem.

LEMMA 3.1. Suppose that (V) and (Q), (1.6) and (f1)—(f2) hold. Then

(a) there exist T,p > 0 such that I(u) > 7 for any u € E with ||u|| = p,
(b) for any uw € E\ {0} with compact support and u > 0, we have

I(tu) = —c0  ast — co.

ProoOF. From (3.2), we get
€ n
Q) Fwde < = [ QUablul dz+ b2 | Qal)lul'@a(u) da.
R™ n Jrr R»
Let r1,79 > 1 be such that 1/r; + 1/r; = 1. By Hoélder’s inequality and (3.3),

we infer

/ Q)| @ (u) dz
R’n

< ([ atenmrm )" ([ aepama)”

Choosing r, > 1 sufficiently close to 1 and 0 < M < (A/(rpa))™, then for
lu]l < M, it follows from Corollary 2.5 that

Q(z])Prya(u)de < C.
R’!‘L
From Lemma 2.4, we deduce that
Ce
A Qlz)F(u) de < —= [lull"™ + Co|ull*.

Therefore,
1 Ce 1 Ce
1= (5= Sl - callar = (5 - 55 -
n n n

n

and, choosing e > 0 sufficiently small such that Cy := 1/n — Ce/n is positive,
I(u) > Cyp" — Cypt.
Since ¢ > n, for p > 0 small enough, there exists 7 > 0 such that
I(u) > 7 for any u € E with [Jul| = p.

In order to verify (b), let u € E\ {0} with compact support and v > 0. We
notice that from the Ambrosetti-Rabinowitz condition (f3), there exist A, B > 0
such that F(s) > Als|? — Bs?, for all s € R. Thus,

(i) < ul — At° / QUal)|ul® d + B / QU] uf? d,

supp(u) supp(u)

which implies (b), since # > n > 2. This completes the proof of the lemma. O
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3.2. Palais—Smale sequences. First, we recall that (uy) C E is a Palais—
Smale (for short (PS)) sequence at a level ¢ € R for the functional I if

I(ug) = ¢ and I'(ug) — 0, ask — oo,

where the second convergence occurs in the dual space E’. We say that I satisfies
the (PS) condition if any (PS) sequence has a convergent subsequence.

LEMMA 3.2. Any Palais—Smale sequence for I is bounded.

PROOF. Let (ug) C F be a (PS) sequence at a level ¢ € R for the functional 1.
Thus

(3.4) %HukH" _ /]R Qe F(ux) dz — ¢ as k — oo

and

(3.5)

/ (IVug|**Vur, Vo + V(|a]) [uk " urv) da

= [ Q) f(ur)vdr
Rn

for all v € E, where ¢, — 0 as k — oo. From (3.4), (3.5) and the Ambrosetti-
Rabinowitz assumption (fy), we deduce that

el = (2-1)hul= [ QUa(OF ()~ flusu) do > (2 -1) sl

which implies that (uy) is bounded in E, concluding the proof of the lemma. O

< egllv]],

In view of Lemma 3.1, the minimax level

Cp = _;gg 012,%1 (9(1))

is positive, where I' = {g € C([0,1], E) : g(0) = 0 and I(g(1)) < 0}. Further-

more, we have the following estimate for c,,:

LEMMA 3.3. There exists pg > 0 such that

< 1.1 A " for all p >
‘n n  0)\ 2a9n or @ i = Ho-

PROOF. Since 6y > n, then E is compactly immersed in L% (R"; Q) (see

Lemma 2.4). Thus, there exists a nonnegative function ug, € E such that

Sgy 1= / (|Vu@0|” + V(|x\)|ueo\") dr and / Q(|x|)|ue0\00 doe = 1.
R™ Rn

By the definition of ¢, and (fs), we deduce that
0o /(60—n)
" 00 I 0o —n Sy
< =S —th 2| = o .
u= I?Za(?( [n So0 1 90} nby  pn/(Go—m) =0, asp = 4oo

Choosing p sufficiently large, we immediately reach our desired result. O
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4. Proof of Theorem 1.5

In view of Lemma 3.1, we may apply the Mountain Pass Theorem with-
out Palais-Smale condition to obtain a (PS) sequence (ug) in E which, from
Lemma 3.2, is bounded. Then, there exists u € E such that, up to a subse-
quence, u — u weakly in . We will prove that, up to a subsequence, uy — u
strongly in E. Set

Iei= [ QUel) () ux —v)da
Rn
We claim that Iy — 0 as k — 4o0. In fact, by Holder’s inequality
e < (Lf (i) | L s | (ke = @)l 2 sy -

By Lemma 2.4, the embedding E < L™(R™; Q) is compact which implies that
ur — u strongly in L™(R™; Q). Consequently,

||('U/]g — U)”Ln(Rn;Q) — 0, k' — +400.
At this point, it suffices to prove that

sSup ”f(uk)”Ln’(Rn;Q) < 4o0.
E>1

By (f1) and the ap-exponential critical growth of f at infinity, and using the fact
that 2ag > «p, there exists a positive constant C' such that
|f(ue)™ < Cllur]" + Paagns (ur))-
On the other hand, we have
1, 11 .
Hug) = Iur) = 5 I'(u)ure + 0 (1) = { = = 2 llull" + ok (1) = ¢

By Lemma 3.3, for any p > pg, we have

cu 1/n . A 1/n’
1/n—1/6 2c0n’ '

Hence, we deduce that

A 1/n
lim sup ||ug| < (2 ,) )
k—+o00 Qon

and in view of Corollary 2.5 we conclude that

sup Q|z|)P2agn’ (ug) dx < 4o00.
k>1 JRn»

Finally, using the fact that (uy) is bounded in L™ (R™; Q), our claim immediately
follows. Thus, since klim I'(ug) (u, — u) = 0, we obtain
— 00

/" (|Vug|" 2V V(ug — u) + V(|| )ur (ur, — u)) do = ok (1).
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Now, as an immediate consequence of the weak convergence ur — u in F, we
have

/n (IVu|"?VuV (u, — u) + V(|z])u(ur — u)) dz = ox(1).

Combining that last identities, we conclude that u; — w strongly in E. Since
I and I’ are continuous, then I'(uy) = ox(1) — I'(v) = 0 and I(u) — I(u) =
cu > 0, proving that w is a nontrivial critical point of the functional I. To finish
the proof, it remains to check that w is nonnegative. But, it just suffices to
observe that I'(u)(u™) = 0 which leads to ||u™ || = 0 and therefore u = u™ > 0,
where vt := max{u,0} and v~ := min{u,0} denote the positive and negative
part of u, respectively. O
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