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ON DIRECTIONAL DERIVATIVES
FOR CONE-CONVEX FUNCTIONS

KRzYSZTOF LESNIEWSKI

ABSTRACT. We investigate the relationship between the existence of direc-
tional derivatives for cone-convex functions with values in a Banach space Y
and isomorphisms between Y and cg.

1. Introduction

Starting from the seminal results of Asplund, many efforts are devoted to
characterisations of Banach spaces in terms of differentiability properties of some
classes of functions. In the present paper we investigate the relationships between
directional differentiability of cone-convex functions and the properties of their
image spaces. We prove sufficient conditions ensuring that a Banach space Y
does not contain an isomorphic subspace of ¢y (does not contain a copy of ¢p).
These sufficient conditions are expressed in terms of directional differentiability
of cone-convex functions taking values in Y.

Our aim is to relate the existence of directional derivatives for K-convex
functions F': X — Y, where cone K is normal, to the existence of isomorphisms
between image space Y and cg.

Isomorphisms of a Banach space Y and the space ¢y have been investigated
e.g. in [4], [10], [17], [18]. For example in [18] such spaces were investigated in
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terms of strongly summing sequences. In [17] it is proved that ¢ is embeddable
in Banach space X if and only if ¢/ is embeddable in X.
In [10], [9] we can find interesting results for Banach lattices.

THEOREM 1.1 ([9, Theorem 1.¢.7]). A Banach lattice does not contain a sub-
space isomorphic to cq if and only if it is weakly sequentially complete.

Taking into account our main result (Theorem 5.1) we get a characteriza-
tion of weakly sequentially complete Banach lattices Y in terms of directional
differentiability of K-convex functions, where cone K C Y is normal.

The organization of the paper is as follows. In Section 2 we present basic
notions and facts about cone-convex functions. Section 3 is devoted to normal
cones in Banach spaces. In Section 4 we present basic construction of cone-
convex functions (cf. [3]) which is used in our main result. Section 5 contains
the main result.

2. Notations and preliminaries

Let X be a linear space over reals. Let Y be a normed space over reals and
let Y* be the norm dual of Y. In the definition below, the limit is taken with
respect to the norm topology.

DEeFINITION 2.1. Let A C X. The function F: A — Y is directionally
differentiable at x¢o € A in the direction h # 0 such that xg +th € A for all ¢
sufficiently small if the limit

F th) — F
F'(xo; h) :=lim (2o + th) (z0)
L0 t
exists. The element F'(xo;h) is called the directional derivative of F at zp in
the direction h. If F'(xzg,h) exists for any direction h € X we say that F is
directionally differentiable at .

A sequence {y,} in a Banach space Y is weak Cauchy, if nl;rrgo y*(yn) exists
for every y € Y*. We say that Y is weakly sequentially complete, if every weak
Cauchy sequence weakly converges in Y.

A nonempty subset K of Y is called a cone if AK C K for every A > 0 and
K + K C K. The relation z <g y (y >k ) is defined as follows

rt<gy(yzxz) & y—zek.

We say that K C Y is generating, if Y = K — K, i.e. for every y € Y there are
k‘l,kg € K such that Y = k1 — ko.
The dual cone [8] of a cone K is defined as

(2.1) K ={y"eY":y*(y) > 0forall y € K}.
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In the space cg := {m = (x1,22,...), ; €R, lim z; = 0}, the cone ¢,
1—> 00

cf ={r=(x1,72,...) €Eco:1; >0, i=1,2,...},

is closed convex pointed (i.e. K N (—K) = {0}) and generating in ¢g i.e. ¢o =

cg —cg. We also have (cj )* = ¢ .

DEFINITION 2.2. Let K C Y be a cone. Let A C X be a convex set. We
say that a function F': X — Y is K-convex on A if, for all z,y € A and for all
A€ 0,1],

AF()+ (1—=MNF(y) — FAz+(1—-XMNy) € K.

Some properties of K-convex functions can be found in e.g. [3], [6], [13]. The
following characterization is given in [13] for finite dimensional case.

LEMMA 2.3 ([3, Lemma 3.3]). Let A C X be a convexr subset of X. Let
K CY be a closed conver cone and let F: X —'Y be a function. The following
conditions are equivalent.

(a) The function F is K-conver on A.
(b) For any u* € K* the composite function u* o F: A — R is conver.

3. Normal cones

In a normed space Y a cone K is normal (see [16]) if there is a number C' > 0
such that
O<ke<gy = [z <Cllyl.

Some useful characterizations of normal cones are given in the following lem-
mas.

LEMMA 3.1 ([14, Proposition 1.3]). Let Y be an ordered normed space with
the positive cone K. The following assertions are equivalent.

(a) K CY is normal.
(b) For any two nets {xpg : f € I} and {ys : B € I}, if 0 <k x5 <k yg for
all B €I and {yg} converges to 0, then {x3} converges to 0.

For lattice cones in Riesz spaces defined as in [2] we get the following lemma.

LEMMA 3.2 ([2, Lemma 2.39]). Every lattice cone in Riesz space is normal
closed and generating.

In some infinite dimensional spaces there are pointed generating cones which
are not normal.

EXAMPLE 3.3 ([2, Example 2.41]). Let Y = C'[0, 1] be the real vector space
of all continuously differentiable functions on [0, 1] and let cone K be defined as

K :={x € C'0,1] : z(t) > 0 for all t € [0,1]}.
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Let us consider the norm

2]l = [[#]lco + 12" [loo
where 2’ denotes the derivative of z € Y. Cone K is closed and generating but
it is not normal. Let z,, :=t" and y,, := 1, we have 0 <k z,, <g 1. There is no

constant ¢ > 0 such that the inequality [|z,| = |[t"]|oc + |Pt" oo =n +1 <
¢ = c||ly|| holds for all n.

Some interesting results (see e.g. [11], [19], [15]) for closed convex cones are
using the concept of a basis of a space.

DEFINITION 3.4 ([1, Definition 1.1.1]). A sequence {z,} C Y in an infinite-
dimensional Banach space Y is said to be a basis of Y if for each « € Y there is
a unique sequence of scalars {a, }nen such that

)
T = g Ap Loy
n=1

For basis {z,} we can define the cone associated to the basis {x,,}.

DEFINITION 3.5 [19, Definition 10.2]). Let {x,} be a basis of a Banach
space Y. The set

Ky = {yGY:y:Zaixierhere a; > 0, fori:1,2,...}
i=1

is called the cone associated to the basis {zy,}.

Cone Ky, ; is a closed and convex and coincides with the cone generated by
{z,}, i.e. it is the smallest cone containing {z, }.
For sequence {x,} of a Banach space Y functionals {z*} are called biortho-
gonal functionals if x}(x;) = 1 for k = j, and z}(z;) = 0 otherwise, for any
o0

k,j € Nand z = > zf(z)x; for each z € X. The sequence {x,,z}} is called

i=1
the biorthogonal system ([1, Definition 1.1.2]).
Tt is easy to see that {e;}, where e; = (0,...,1,0,...), i =1,2,... is a basis
—— ——

*

for ¢y and {e}}, ef := e; are biorthogonal functionals.

We also have ¢f = Ky.,} and (cj)* =1 = Kiery.

DEFINITION 3.6 ([1, Definition 3.1.1]). A basis {z,} of a Banach space Y is
called unconditional if for each x € Y the series . ) (x)z, converges uncondi-

n=1

tionally.

A basis {x,} is conditional if it is not unconditional. A sequence {z,} C X
is complete (see [20]) if span{z,} = X.
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THEOREM 3.7 ([1, Proposition 3.1.3]). Let {x,} be a complete sequence in
a Banach space Y such that x, # 0 for every n. Then the following statements
are equivalent.
(a) {xn} is an unconditional basis for'Y .
(b) For all N > 1, forallcy,...,cy and for alley, ... ,en = %1, there exists
C1 > 1 such that

(3.1) <G

N
g CnZnll.
n=1

EXAMPLE 3.8. The sequence {b;} C ¢y defined as

1
(32) bi:fei, i:1,2,...,
i
({e;} is the canonical basis for ¢p) is an unconditional basis.
Since |z|| = sup |z¢| for x = (z1,2%,...) € cp, inequality (3.1) is satisfied
i

1
5101(1;0,---)+~-~+5NCN<O,0,-~-7,0,--->H

:’(5101,...,51\761\[ >‘ H( 0,...)‘.

In [11, 19] we can find a characterization of normal cones in terms of uncon-

ditional basis.

THEOREM 3.9 ([19, Theorem 16.3]). Let {x,, fn} be a complete biorthogonal
system in a Banach space Y. The following are equivalent.

(a) {xn} is an unconditional basis for'Y .
(b) K,y is normal and generating.

EXAMPLE 3.10. Let us consider conditional basis {z,} for ¢ given by Gel-
baum [7], i.e. z, :=(1,1,...,1,0,...) = Z e;, ({e;} is the canonical basis for ¢g),
n = 1,2,... All calculations can be found in [19, Example 14.1, p.424]. From

Theorem 3.9 cone Ky, 1 C cp, where

an=(1,1...,1, 1 ,0,0,0...), n=12...
n

is generating pointed and not normal in cg.
Now let us present some facts about cone isomorphisms.

DEFINITION 3.11 ([5], [15]). Let X and Y be normed spaces ordered by cones
P C X and K C Y, respectively. We say that P is conically isomorphic to K if
there exists an additive, positively homogeneous, one-to-one map i of P onto K
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such that ¢ and s~ are continuous in the induced topologies. Then we also say
that 4 is a conical isomorphism of P onto K.

PROPOSITION 3.12. Let X be a linear space and let Y, Z be Banach spaces.
Let K and P be convex cones in Z and Y, respectively. Let function F': X — K
be K-convex. If there exists a conical isomorphism i: K — P, where cone K is

generating in Z, then the function F: X — P, where
F:=ioF
is a P-convex function.

PROOF. In view of the fact that K is a generating cone in Z, the conical
isomorphism i: K — P can be extended to the function G: Z — P — P defined
as

G(z) = i(z') —i(2?), where z =2' — 22 2!, 22 € K.

I — 22 and = = y' — 2, where

Let us assume that for x € Z we have z = =
zh 2?2 yl,y? € K. We have 2! + 32 = y' + 22, Since i is additive we get
i(xl) +i(y?) = i(y') +i(2?), i.e. G is uniquely defined.

Function G: Z — P — P is linear. Indeed, let us take x,y € Z, since K is
1

generating r = x! — 22, y = y! — y?, where 2!, 2%, yt,y? € K.
Glx+y)=G@E' -2 +y' —y*) =i(a' +y") —i(2® +y?)
=i(a') —i(a?) +i(y') —i(y*) = G(z) + G(y).
Let us take A < 0. We have
G(\z) = Gt = \2?) = i(= z?) — (=Azh) = —Xi(2?) + Ni(a') = \G(x).

For A > 0 the calculations are analogous.
Now let us take z1,22 € X and A € [0, 1]. By Definition 2.2 and the linearity
of G,
FAz1+ (1= Naxa) <g AF(z1) + (1 — N\ F(22),
i.e.
AF(z1) + (1 = N F(z2) — F(Az1 + (1 — N)ao) € K.
By the definition of G
GAF(z1)+ (1 = AN)F(z2) — F(Az1 + (1 — X)z2))
t(AF(z1) + (1 = N F(z2) — F(Ax1 + (1 — Nag)) € P.
Furthermore,
GAF(z1) + (L =N F(z2) — F(Az1 + (1 — Nz2))
AG(F (1)) + (1 = NG(F()) — G(F Qw1 + (1= A)a))
Ai(F(z1)) + (1 = A)i(F(2)) — i(F(Azy + (1 = M)ag)) Zp 0.
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The latter inequality is equivalent to
F()\.’L‘l + (1 - )\)l‘g) <p )\F(l’l) + (1 — )\)F(Jﬁg)
which completes the proof. O

PRrROPOSITION 3.13 ([17, Proposition 1]). Suppose that X, Y are normed
spaces ordered by the cones P, Q, respectively. If the cones P and Q are isomor-

phic, we have: P is normal if and only if Q is normal.
From Proposition 3.13 and Example 3.8 we get the following corollary.

COROLLARY 3.14. FEwvery Banach space isomorphic to cg contains a cone
which is closed convex and generating but not normal.

Let J be a James space, i.e. J := {x = (Zn)nen : lin%) Ty = O} with the norm
n—

n

1/2
lz]| = sup { (Z(xmzi_l - xm%)z) 0=mp<m; <...< mn+1} < 00.

i=1
An interesting result is the fact that James space does not contain an isomorphic
copy of ¢g or 7.

In [4] Pelczyniski and Bessaga proved the following theorem.

THEOREM 3.15 ([11, Theorem 6.4], [4]). A separable Banach space having
the space J of James as a subspace (e.g. C[0,1]) does not have an unconditional
basis.

It is easy to find not normal cones in infinite dimensional Banach spaces (see
e.g. [19]).

4. Useful constructions of convex functions

In this section we recall constructions of some convex functions which will
be used in the sequel, c.f. [3]. Let us start with the following lemma.

LEMMA 4.1 ([3, Lemma 4.2]). Let {am}, {tm} C R be sequences with {t}
decreasing (ty, > tymy1, m € N). The function g: R — R defined as
g(r) :==sup fin(r),

m

where
T —tm
fm(@) i=am + ——————— (@mt1 — am) forz €R,
tm+1 - tm

is conver on R with g(t,) = am if and only if

Am+4+1 — Qm Am+42 — am+1

(4.1) form € N.

tm+1 —tm tm+2 - tm+1
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PRrROOF. (<) Proved in [3].
(=) If, for some m € N the inequality converse to (4.1) would hold, then

Am+1 — Om Am+2 — Am4-1

thrl - tm tm+2 - tm+1 .
We get

(am+1 — am) <1 —
and it would be f,,,4+1 > fi, for z > t,,. By taking x =t,,, > t,,4+1 we get

fm+1(tm) > fm(tm) = Qm,

contradictory. O

r—1 r—1
uL > n mtl (am+2 - am+1) >0

tm+1 - tm m+2 — thrl

Let Y be a Banach space and {y;} be an arbitrary sequence of elements of Y.
Let {t;} be a sequence of positive reals tending to zero.

Let F': Xp:={z € X :2=ph, >0} =Y be a function defined as in [3],
ie forr >0

(4.2) F(rh) =Y Fi(rh),
i=1
where F;: {x € X : 2 = Bh, B> 0} — Y is defined as
T *tl .
t ty —yrty) ift
Fo(rh) := Y1 1+t2—t1 (yate —ynt1) ifta <,
0 lf?" S t2’
and, for ¢ > 2,
iti + et (Yig1tiv1r —yiti) it <r <ty
Fi(rh) := v tiv1 — i Yattbitr = Yibi i+1 < t,
0 if r ¢ (tiy1,ti]-

Observe that for r = t;, we have
F(tkh) = Fk(tkh) = Yitk-
The following proposition is a simple consequence of Lemma 4.1.

PROPOSITION 4.2. Let K C Y be a closed convex cone with the dual K* C Y*.
Let {y;} CY be a sequence in'Y . The function F defined by (4.2) with ty = 1/k,
k=1,2,...,1is K-convex on X}, if and only if

(4.3) Y 2Ukr1 — Yk — Ykt2) <0 forally* € K*, k=1,2,...

PrROOF. Let us observe that for z € Xj,, i.e. x =rh,r > 0 and any y* € K*
we have y*(F(rh)) = g(r), where g(r) is defined as in Lemma 4.1 for

—/(1 1
ar ::y*<F<kh>> :Ey*(yk), k=1,2,...
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Indeed, let € (0,1}, then there is k € N such that r € (1/(k+1),1/k] and

y*(F(rh)) = y" (Fi(rh))

=y" (ykllf t T 1 <yi+1 %4-1 y1]]€->> = fi(r) = g(r).

For r > 1, y*(F(rh)) = fi(r) = g(r). By Lemma 4.1, the function g is convex if
and only if inequality (4.1) holds, i.e.
eV (Wer2) — B U Wke1) g v (k) — 10 ()

D S 1 1
k+2 k+1 k+1 k

ky* (yrs1) — (K + Dy*(ye) < (K + 1Dy* (yes2) — (B +2)y" (yrs1)
(k4 1)y (2Ur+1 — Yk — Uks2) <0, k=1,2,...
0, k=1,2,...

Y (2Yk41 — Yk — Yt2) <
By Lemma 2.3, the function F is K-convex on X,. t

PROPOSITION 4.3. Let {y;} C Y be a sequence in a Banach space Y. If
{bp} C Y defined as
(44) 2yk:+1 — Yk — Yk42 = bk, k= 1,2,...,

forms an unconditional basis in'Y , the function F: X —'Y defined by (4.2) with
tr=1/k, k=1,2,..., is (—Ky,})-convex, where

K{bk} = {yEY:y:Zaibi, a; >0, 22172,}
=1

is a closed gemerating and normal cone in Y .

PROOF. In view of Theorem 3.9, the cone
K,y {yGY:yiaibieY:aizO, i1,2,...}
i=1
is normal and generating in Y. Let us observe that dual cone is defined as
K" = Ky,

where {b;, b7} is the biorthogonal system. Inequality (4.3) is satisfied because

y*(bg) = —ax, <0 for some ay, > 0.

By Proposition 4.2, the function F is (— K, )-convex. O

COROLLARY 4.4. Let Y = ¢o and let {b;} C co be defined as in Example 3.8,
i.e. by =-¢;/i,i=1,2,... Then there exists a sequence {yx} C co satisfying (4.4)
which is not weakly convergent.
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PROOF. Let us prove by induction that (4.4) is equivalent to

e

—2

(4.5) yp=(k—=1y2 — (b =2)y1 — ) (k—i—1)b;.

o
Il

Let us assume that equality (4.5) holds for all n < k. We have

Yk+1 =2Yk — Yr—1 — br—1
k—2
=20 = D = =21 = (k=i = b — s~

i=1

k—2
=2 (k= 1)y~ (b =2 = 30— i 1)t

i=1

k—3
=2 = o= 3y = - a2 ] -

i=1

Yk—1
k—1
= kyQ — (k’ — 1)y1 — (k} — Z)bz

=1

which proves (4.5) for k + 1.

=11,1...., 1  — — ... ).
yk (’7 I\ ;) k’k+17 >

The sequence {yi} forms a weakly Cauchy sequence in ¢y without weak limit.[]

5. Main result

Now we are ready to formulate our main result.

THEOREM 5.1. Let X be a linear space andY be a Banach space. If for every
closed convexr and normal cone K CY every K-convex function F: X — Y is
directionally differentiable at xo = 0, then in 'Y there is no subspace isomorphic

to cg.

PrOOF. The proof is based on Propositions 4.2, 4.4 and Corollary 4.4. We
proceed by contradiction. We assume that there exists a subspace Z C Y iso-
morphic to cg, i.e. there is a continuous one-to-one linear mapping i: ¢ — Z.
Basing ourselves on this assumption we construct a cone-convex function defined
on a linear space X which is not directionally differentiable at g = 0.



ON DIRECTIONAL DERIVATIVES FOR CONE-CONVEX FUNCTIONS 693

First let us define a cone convex function with values in the space cg. Let
us take h € X, h # 0 and ¢, := 1/k, k = 1,2,... Let {yx} C co be de-
fined as in Corollary 4.4, i.e. y1 = (0,0,...), y2 = (1,1/2,1/3,...) and y =
(L,1,..., 1 (k—=1/k,(k—1)/(k+1),...).

k—1
Let F': {z € X : 2 = Bh, 8> 0} — ¢y be defined as follows. For r > 0

F(rh) = Z Fi(rh),

where F;: {x € X : 2 = Bh, 3> 0} — cq is defined as

P r—t (t ) fr >t
= 141 2Y2 —11y1) U 71T =19,
Fl(rh) = to — 11
0 ifT‘<t2,
and, for i > 2,
tiyi + ————(ti1 i1 — tiyi)  if ti <7 <t
Fi(rh) := wer liv1 — ti( +1Yies ~ i) aa =
0 if & (tiy1,ti]-

We can see that F': — ¢ satisfies

—/(1 1
Fl-h)=- k=1,2,...
<k ) kyk7 y =

Let {b;} C Y be defined as in Example 3.8, i.e.

b= e = (0,...,0, 1 ,0,...), i=1,2,...
(2

Sequence {b;} forms unconditional basis for ¢y and satisfies (4.4), i.e.
2Uk+1 — Yk — Yky2 = bk, k=12,

From Proposition 4.3, cone K defined as K := —K{, ) is normal and generating
in ¢g. Furthermore, function F' is K-convex. By assumption, there exists an
isomorphism ¢ between ¢y and the subspace Z C Y.

Let us define F': X — Y by the formula F := 0 F. Applying Proposition 3.12
for P = i(K) we get that function F' is i(K)-convex. The directional derivative
for the function F' at xy = 0 is equal to

F(tyh) i(F(trh)) lim Z-(F(tkh)>
k—o00

173

— lim i '
k—oo  tg k—o0 tr i)

k—o0

By the fact that ¢ is an isomorphism and by Proposition 3.13, cone ¢(K) is closed
normal and generating in Z. Since {yy } is not weakly convergent (Corollary 4.4),
the function F is i(K)-convex and is not directionally differentiable at z¢o = 0.0
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If Y is weakly sequentially complete Banach space, then every K-convex
function, where K C Y is closed convex and normal is directionally differentiable
at zg € X, h € X\ {0} (see [21]). From Theorem 1.1 we get a characterization of
weakly sequentially complete Banach lattices in terms of existence of directional
derivative for K-convex functions.

THEOREM 5.2. Banach lattice Y is weakly sequentially complete if and only
if, for every closed convex normal cone K CY , every K-convex function f: X =Y
is directionally differentiable for all xo € X.

REFERENCES

[1] F. ALBIiac AND N.J. KALTON, Topics in Banach Spaces, Springer—Verlag, 2000.
[2] CH.D. ALIPRANTIS AND R. TOURKY, Cones and Duality, Graduate Studies in Mathemat-
ics, Vol. 84, 2007.
[3] E. BEDNARCZUK AND K. LESNIEWSKI, On weakly sequentially complete Banach spaces,
J. Convex Anal 24 (2017), no. 4, 1341-1356.
[4] Cz. BESSAGA AND A. PELCZYNSKI, On bases and unconditional convergence of series in
Banach spaces, Studia Math. 17 (1958), 151-164.
[5] E. CasINI AND E. MIGLIERINA, Cones with bounded and unbounded bases and reflexivity,
Nonlinear Anal. 72 (2010) , 2356—2366.
[6] L.M. GRANA DRUMMOND, F.M.P. RaupP AND B.F. SVAITER, A quadratically convergent
Newton method for vector optimization, Optimization 63 (2014), no. 5, 661-677.
[7] B.R. GELBAUM, Ezpansions in Banach spaces, Duke Math. J. 17 (1950), 187-196.
[8] J. JAHN, Mathematical Vector Optimization in Partially Ordered Linear Spaces, Verlag
Peter Lang, Frankfurt am Main, 1986.
[9] J. LINDENSTAUSS AND L. TZAFRIRI, Classical Banach Spaces 11, Springer—Verlag, 1979.
[10] G.YA. LozaNowsKll, Banach structures and bases, Funct. Anal. Appl. 1 (1967), 249. (in
Russian)
[11] C.W. MCARTHUR, Developments in Schauder basis theory, Bull. Amer. Math. Soc. 78
(1972), no. 6, 877-908.
[12] P. MEYER-NIEBERG, Zur schwachen Kompaktheit in Banachverbdnden, Math. Z. 134
(1973), 303-315.
[13] T. PENNANEN, Graph-conves mappings and K -convez functions, J. Convex Anal. 6 (1999),
no. 2, 235-266.
[14] A.L. PERESSINI, Ordered Topological Vector Spaces, Harper & Row, New York, Evanston,
London, 1967.
[15] I.A. PoLYRAKIS, Cones Locally isomorphic to the Positive cone of 11(I"), Linear Algebra
Appl. 44 (1986), 323-334.
[16] I.A. POLYRAKIS, Cone characterization of reflexive Banach lattices, Glasg. Math. J. 37
(1995), 65-67.
[17] I.A. PoLYRAKIS AND F. XANTHOS, Cone characterization of Grothendieck spaces and
Banach spaces containing co, Positivity 15 (2011), 677-693.
[18] H. ROSENTHAL, A characterization of Banach spaces containing co, J. Amer. Math. Soc.
7 (1994), no. 7, 707-748.
[19] 1. SINGER, Bases of Banach Spaces 11, Springer, 1970.
[20] P. TERENZI, Every separable Banach space has a bounded strong norming biorthogonal
sequence which is also Steintz basis, Studia Math. 111 (1994), no. 3.



ON DIRECTIONAL DERIVATIVES FOR CONE-CONVEX FUNCTIONS 695

[21] M. VALADIER, Sous-Différentiabilité de fonctions convezes & valeurs dans un espace vec-
toriel ordonné, Math. Sand. 30 (1972), 65-74.

Manuscript received December 7, 2017

accepted November 22, 2018

KRZYSZTOF LESNIEWSKI

Faculty of Mathematics and Information Science
Warsaw University of Technology

Koszykowa 75

00-662 Warszawa, POLAND

E-mail address: k.esniewski@mini.pw.edu.pl

TMNA : VOLUME 53 — 2019 — N°2



