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NEW RESULTS
OF MIXED MONOTONE OPERATOR EQUATIONS

TIAN WANG — ZHAOCAI HAO

ABSTRACT. In this article, we study the existence and uniqueness of fixed
points for some mixed monotone operators and monotone operators with
perturbation. These mixed monotone operators and monotone operators
are e-concave-convex operators and e-concave operators respectively. With-
out using compactness or continuity, we obtain the existence and uniqueness
of fixed points by monotone iterative techniques and properties of cones.
Our main results extended and improved some existing results. Also, we
applied the results to some differential equations.

1. Introduction and preliminaries

Throughout the paper, E is a real Banach space with norm || - ||. P is a cone
in E if it satisfies:

(1) if x € P, A > 0 then \z € P;
(2) ifx € P, —x € P thenz =10,

where 0 is zero in B, PT = P — {0}.
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We denote by P the interior set of P and the set P, = {z € E |  ~ h}. The
Banach space FE is partially ordered by a cone P C E, i.e. z < y if and only if
y—x € P.

We say that P is a normal cone if there exists a constant N > 0 such that
forall z, y € E, 0§ <z <y implies ||z| < N||y||, and the smallest N is called the
normality constant of P. For e € P, set

C. = {x € E | there exist positive numbers «, S such that ae <z < fe}.

For the sake of convenience, we introduce some definitions. For more details
see [2].

DEFINITION 1.1. A: P x P — P is said to be a mixed monotone operator if
A(x,y) is increasing in x, and decreasing in y, i.e. u;, v; € P (i = 1,2), u1 < uo,
v1 > vy imply A(uy,v1) < A(usg, va).

DEFINITION 1.2. Let A: C, x C. = C, be an operator and e € P*. Suppose
that there exists an n(u,v,t) > 0 such that

A(tu, t™ ) > t(1 4+ n(u,v,t))A(u,v) for all u,v € Ce, 0 <t < 1.
Then A is called an e-concave-convex operator.

DEFINITION 1.3. Let A: P — P be an operator and e € P*. Suppose that
Ae € C,, there exists a real number n = n(z,t) > 0 such that

Atz) > t(1+n)Az, forallz e Ce, 0 <t < 1.
Then A is called a generalized e-concave operator.

DEFINITION 1.4. A: P x P — P is a mixed monotone operator. An elements
x € P is called a fixed point of A if A(z,z) = z.

DEFINITION 1.5. An operator B: P — P is said to be sub-homogeneous if
it satisfies:

B(tx) > tBzx, forallte (0,1), x € P.

DEFINITION 1.6. A: P x P — P is a mixed monotone operator. If x,y € P,
z < y such that x < A(z,y), A(y,z) <y, then (z,y) is called a coupled lower-
upper fixed point.

Mixed monotone operators, e-concave operators and e-concave-convex op-
erators were introduced by Guo and Lakshmikantham [2]. Thereafter, many
authors have investigated mixed monotone operators and obtained meaningful
and important results (see [6], [7], [L0]-[14]). These results not only have impor-
tant significance in theory, but also have widespread applications in engineering,
chemistry, biology, etc.
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In [17], Zhao and Du studied fixed points of generalized e-concave (genera-

lized e-convex) operators and applied the results to the singular boundary value

problems for second order differential equations. The main results from their

papers is as follows:

THEOREM 1.7 (Theorem 1.1 in [17]). Let A: P — P be an incresing genera-
lized e-concave. Then:

(a)
(b)

(A1)
(A2)

(A3)

(A4)

(c)

(d)

A has at most one fized point in Cp;
Suppose P is a normal cone of E and one of the following conditions is
satisfied:
Jnf n(z,t) > 0;
For all t € (0,1), n(x,t) is nonincreasing with respect to x € Ce and
there exists wg € C, such that Awg < wo;
For all t € (0,1), n(x,t) is nondecreasing with respect to x € C. and
there exists vo € C, such that vy < Avg;
For all t € (0,1), n(x,t) is nondecreasing with respect to x € C, and
there exists xg € C, such that

lim n(xg,t) = 4o0.

t—0+

Then A has a fized point in Clg;

If A has a positive fized point z* € C.,, then constructing successively the
sequence T, = Ax,_1 (n = 1,2,...), for any initial zo € C,, we have
|z — 2*||e = 0 (n — 00);

If A has a positive fixed point x* € Cy, then

max{z € C, | x < Az} = min{y € C. | Ay <y} =z™.

In [16], Zhao investigated the existence and uniqueness of fixed points for

mixed monotone e-concave-convex operators and applied the results to an inte-

gral equation of polynomial type which possesses items of measurable functions.

They proved the following theorem:

THEOREM 1.8 (Theorem 3.1 in [16]). Suppose P is a normal cone of a real

Banach space E, e € PT, A: C, x C, — C. is a mized monotone and e-concave-

convex operator. Assume that one of the following conditions is satisfied:

(A5)

(A6)

There exists sequence {t,} C (0,1) and {s,} C (0,1) such that
+ inf
tn =07, inf {n(u,v,tn)} >0,
1=, i -
sn =17, inf {n(u,v,s0)} > 0;

For any t € (0,1), n(u,v,t) is non-increasing with respect to u € C.,
non-decreasing with respect to v € Cp;
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(A7) For any t € (0,1), n(u,v,t) is non-decreasing with respect to u € Ce,
non-increasing with respect to v € Ce, and there exist xg,yg € Ce, 2o <
yo such that lim n(zg,yo,t) = +oo.

t—0+

Then A has exactly one fized point. Moreover, constructing successively se-
quences

T :A(xn—hyn—l)y yn:A(yn—17x7L—l)7 n:172a'--7
for any initial values xo,yy € C., we have that
[zn — 2" =0, |y —2"[| =0, n— o0

In [8], the authors presented the definition of the t—7(¢, u, v) mixed monotone
model operator and gave a new existence and uniqueness theorem of fixed point
of these operators. Ome of the main results of the paper [8] is the following
theorem.

THEOREM 1.9 (Theorem 2.2 in [8]). Let P be a normal and solid cone of a
real Banach space E, and h > 6. For a class of operators A = B+ AC + D,
where A > 0 is a constant, we assume that

(A8) B: Pp X Py, — Py, is a mized monotone operator, and there exists a func-
tion a: Pp X Pp, x (0,1) = (0,1) and ug,vg € Py, up < vg such that
(a) for all z,y € Py,t € (0,1), B(tx,t~1y) > t*t2Y) B(z,y);
(b) wo < B(ug,vo)+AC(ug, vo)+ Dug and B(vg, ug)+AC (vg, ug)+ Dup.
(A9) C: Ppx Py, — Py, is a mized monotone operator, and there exists a func-
tion B: (0,+00) — (1,400) such that, for all z,y € Py, t > 0,

C(te, t™y) > t°IC(x,y);

(A10) D: P — P satisfies the following conditions:

(a) D(x —y) = Dx — Dy, for allz,y € P, x > y;

(b) D(tx) =tD(x), for allz € P, t > 0.
Suppose that

()= inf  t*ETY) S [14 A1 -tPOTH], e (0,1),

=,y€[uo,vo]

where ¢ = inf{r | C(z,y) < rB(x,y), x,y € [ug,vo]}. Then there exists a unique
fized point x* in [ug,vo] such that A(x*,x*) = x*. Moreover, for any initial
values xg € [ug,vo], constructing successively the sequences xp, = A(Tp_1,Tn—1),
n=12,..., we have ||z, — z*|| = 0, as n = oc.

Motivated by the above works, this paper considers the existence and unique-
ness of fixed points for monotone e-concave operators and mixed monotone
e-concave-convex operators with perturbation. We will consider the following
equations

(1.1) A(z,z) + B(z,z) =z,
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or
(1.2) Az + Bz =z,

where A: C, x C, — C, is a e-concave-convex and mixed monotone operators
and A: C, — C. is e-concave and increasing operators, and B is an increasing
sub-homogeneous operator. We obtain the unique positive solution of (1.1) and
(1.2). Our results extend and improve the main results of [17], [16], [8], [5], [9]
and [4].

The rest of this paper is organized as follows. In Section 2, we consider the
existence and uniqueness of fixed points for monotone e-concave operators or
mixed monotone e-concave-convex operators with perturbation. In Section 3,
we give an example to demonstrate the application of our theoretical results.

2. Main results

In this section, we consider the existence and uniqueness of fixed points for
monotone e-concave operators or mixed monotone e-concave-convex operators
with perturbation under appropriate conditions. We always assume that E is
a real Banach space with a partial order induced by a normal cone P of E. Take
e € P* and C, as given in Section 1. The following lemma is an important result
that is used the proofs of our main results.

LEMMA 2.1 (see [15]). Let E be a real ordered Banach space, P is a normal
cone in B, e € PT, and A: C, x C, — C. a mized monotone operator. There
exists a function n: : (0,1) x C. x Ce — (0,+00) such that, for all z,y € C,
t € (0,1), we have

Atz t™hy) > ¢l +n(t,z,y)] Az, y).
If (ug,v0) € Ce x C. is coupled lower-upper fized point of A, and
E)y=inf p(t,z,y) >0, te(0,1),

z,y€[ug,v0)
then A has exactly one fized point z* in Ce. Moreover, constructing successively
the sequence x,, = A(xp—1,Tn—1), n=1,2,..., for any initial value xog € C¢, we
have ||z, —z*|| = 0 as n — oo.

Now let give our results as follows.

THEOREM 2.2. Let P be a normal cone in E, Pt = P — {0}, e € P*. We
assume that:
(H1) A: C. x Ce — C. is a mized monotone and e-concave-convex operator

and in addition one of the following three conditions is satisfied:
(L1) for any e € (0,1), there exists § € (¢,1), such that

inf  n(u,v,8) > 0;

wuo<u, v<vg
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(L2) for anyt € (0,1), n(u,v,t) is non-increasing with respect to u € C,
and non-decreasing with respect to v € Cl,
(L3) for anyt € (0,1), n(u,v,t) is non-decreasing with respect to u € C,
and non-increasing with respect to v € C;
(H2) B: P x P — P is a mized monotone operator and for all t € (0,1),
x,y € P, the operator B satisfies B(tx,t’ly) > tB(x,y);
(H3) U, Vg € Ce, uy < Vo,

up < A(uo, vo) + B(ug, vo), A(vg, uo) + B(vg, ug) < vo.
Then

(a) the operator equation x = A(x,x) + B(x,x) has a unique solution z*
in [uog, vol;

(b) for any initial values zg,yo € [uo,vo], constructing successively the se-

quences
Ty = A(Tn-1,Yn-1) + B(@n-1,Yn—1),
Yn = A(ynfl,fnfl) + B(ynflvxnfl)a
formn=1,2,..., we have |z, —z*|| = 0, ||yn, —z*|| = 0 as n — oo.

PRrROOF. First we define an operator
T(x,y) = A(z,y) + B(z,y), x,y € [uo,vo].
Then T is a mixed monotone operator and
T (vg, up) = A(vg, ug) + B(vg,ug) < vg.

Since vg € C., A(ug,v9) € C., then there exists constant ¢ > 0 such that
cA(ug,vo) > vg. Thus

(2.1) T (vo,ug) — cA(ug, vo) < vg — cA(ug, vg) < 0.
From (2.1), we obtain
T(z,y) < T(vo,up) < cA(ug,vo) < cA(z,y), =,y € [ug, vo)-
According to the assumptions (H1) and (H2), for any ¢ € (0,1), we know
(2.2) T(te,t™y) = A(te, t™y) + B(tz,t™'y)
> t[1+n(z,y, )] Az, y) + tB(z,y)
=tA(z,y) + tB(z,y) + tn(x,y,t) Az, y)

> t(A(,y) + Blw,y)) + (e, - T(a,y)

= t{l + in(x,y,t)]T(x,y).
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Set

(2.3) Up =T (Up—1,Vn-1), Un=T(Vn-1,Un-1), n=12,...

Then up < vy and (2.3) implies u; < v;. Noting that there exists ¢’ such that
ug > t'vg, we can get u,, > ug > t'vg > t'v,, n=1,2,... It is clear that

(2.4) g <up < ..o <u, <<y, <Ll <o < .

So, if we set

(2.5) tn =sup{t' > 0| up, > tv,}, n=0,1,...,

then we know that, for n = 0, 1, dots, u, > t,v,. Also that wup41 > Uy > thv, >
tnUnt1. So we get t,41 > t,. Thus we have

0<to<ti<...<tp<tp1 <...<L1.

So there exists lim ¢, = t’, where 0 <t < 1.

n—oo
(i) Now we will show ¢t = 1 under the assumption (L1). Otherwise, we have

0 <t” < 1. From (L1), there exists § € (¢”,1) such that

2 inf  p(u,v,0) > 0.

uo<u, v<vg

¥

Applying (2.2) and (2.5) we obtain that

1 tn 61
=T >T — =T(—= ——
Un+41 (Un,Un) = (tnvna tn un) ( 5 51}1’” tn 5 un)

1 1
> t; T((Svna g un) >ty |:1 + - W(Um Unp, 5):| T(”n; Un)
C

1 1
> tn<1 + gp)T(vn,un) = tn(l + go)vnH.
c c

Thus, by (2.5), we have t,,11 > t,(1 + ¢/c) .

Let n — oo, then ¢ > (1 + ¢/c) > t”. This is a contradiction. Hence, we
know ¢ = 1.

(ii) Now we shall show that ¢’ = 1 under the assumption (L2). Otherwise,
we have 0 < ¢ < 1. Applying (2.2), (2.5) and (L2), we obtain that

1 th . 1
Un+1 = T(unﬂ)n) >T tnvnvaun =T yt ’Unaap Un

tn 1 1
> 7 T(t”vn, 7 U'n,> >ty {1 + - n(vn,un,t”)]T(vn,un)

1 1
>t, [1 + p n(vo, uo, t")} T (v, up) =ty [1 + p 77(110, UuQ, t")} Upt1-
Thus, by (2.5), we have

tn+1 2 tn |:]- + %77(’1}0, Uo,t/,):| .
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Let n — oo, then
1
" > ! [1 4= U(U03u07t1/)] > ¢
c

This is a contradiction. Hence, we know t” = 1.
(iii) Now we will prove that ¢t” = 1 under the assumption (L3). Otherwise,
we have 0 < ¢/ < 1. Applying (2.2), (2.5) and (L3), we obtain that

1 tn ., t" 1
Un+1 = T(un7vn) >T tnv’ruaun =T gt Uns ap Un

tn 1 1
Z t//T(t”vn7t,,un> Z tn |:1+ Cn(vnaun7t/l):|T(Un,un)
1 1

>ty |:]- + E n(u07007t//)}T(”nvun) =tn |:]' + E U(uOvUO’t”)} Un+1-
Thus, by (2.5), we have

1
thy1 =ty [1 + p 77(uo7vo,t”)}
Let n — oo, then
1
" > ! [1 4= n(uO7U07t//)] > ¢
c

This is a contradiction. Hence, we know t”/ = 1.
Thus for any natural number p, we get that

(2.6) 0 <uUppp—up < vy —tpvy = (1 —ty)v, < (1 —tp)ve, n=0,1,...,
(2.7) 0 < vy —Vpyp < Uy — Uy < Uy — vy < (1 —t)vo, n=0,1,...
Since the cone P is normal we have, for n,p=1,2,.. .,

(28)  Nunip— unl S NO—t)lools  Non = vnspl < N(L=t)lJuoll,

where N is the normality constant of P. So ||[tuntp — Un|| = 0, ||vn, — Upap|| = 0
as n — oo. Hence we know that {u,}, {v,} are Cauchy sequences. Because E
is complete, there exist u*, v* such that u,, — u*, v, — v* as n — co. By (2.4),
we know that u, < u* < v* < v, with u*,v* € [ug,vo], and

(2.9) 0 <v* —u* <wv,—u, < (1—t,)vp.

Then |[v* —u*|| < N(1—t,)|lvo||. Letting n — oo, we have ||[v* —u*|| — 0. Thus
u* =wv*. Let x* : = u* = v*, then we have

(2.10) Upt1 = T(Un,vn) < T(z*,2%) < T(vp,tp) = Vpt1, n=12...

Let n — oo, we have 2* = T'(«*, z*). That is, z* is a fixed point of T in [ug, vo].
Now we prove that z* is the unique fixed point of T in [ug, vg]. Suppose T is
another fixed point of T in [ug, vg] and T # x*. Then

u <T(Z,T) =T < vy.
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Repeating the above iterative procedure (2.6)—(2.10), we have u, < T < wv,.
Thus v* =7 = x* = v*.
Now, we construct successively the sequences

T :T(In—layn—l)a Yn :T(yn—lyxn—l)a n= 1723"'

for any initial points xg,yo € [ug,vo]. Applying the mixed monotonicity of the
operator T', we obtain that

T(ug,v0) < T(xo,y0) < T'(vo, uo).

It means that u; < x; < vy. Similarly, u; < y; < v;. By applying the same
method used in (2.3)—(2.10), we have u, < =, < vp, Uy < yn < vy, which
implies that ||z, —z*|| = 0, ||y, — z*|| — 0. =

REMARK 2.3. In the Theorem 2.2, if we reduce the operators A and B to the
operator of one variable, and reduce n(zx,y,t) to n(z,t) correspondingly, then we
obtain the same conlusions. That is, the operator sum equation z = Ax+ Bz has
a unique solution in C,, and we have the iterative sequence x,, = Ax,,_1+Bx,_1
such that ||z, — z*|] — 0.

THEOREM 2.4. Let P be a normal cone in E, Pt = P — {0}, and e € PT.
For a class of operators T = A+ AB + C, where X > 0 is a constant, we assume
that:

(H4) A: C. x C. — C,. is a mized monotone operator and e-concave-convexr
operator, and  inf  n(x,y,t) > 0;

z,y€[uo,vo]
(H5) B: C.xC, — C, is a mized monotone operator, and there exists a func-

tion ¢(t): (0,+00) — (1,400) such that
B(ta:, i) > o(t)B(z,y), wherex,y € Ce, t > 0;

(H6) C: P x P — P is a mized monotone operator and for all t € (0,1),
x,y € P, operator C satisfied C(tz,t~1y) > tC(x,y);
(HT) wo,vo € Ce, ug < vy,
ug < A(uo,vo) + AB(uo, vo) + C(uo, vo),
A(vo,up) + AB (v, u0) < vg + C(vo, up)-
Then, the operator equation x = T(x,z) has a unique solution x* in [ug,vo].

Moreover, for any initial values xo € [ug,vo], constructing successively the se-
quences T, = T(Tp_1,Tn-1), n=1,2,..., we have ||z, — z*|| = 0, as n — co.

PRrROOF. For any x,y € [ug, vo], since A(vg,ug), B(ug,vo) € C, there exists
constant ¢’ > 0 such that

B(%Z/) 2 B(’LLO,y) 2 B(u07/00) Z C/A(U07u0> Z CIA(U07y) 2 CIA((E,y).
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For any z,y € [ug,vo], since A(up,vp) € Ce and vy € Ce, there exists constant
¢ > 0 such that cvg < A(ug,vp). Then

cT (vo, ug) — A(ug, vo) < cvg — A(ug, vg) < 0.
So we obtain
cT(x,y) < cT(vg,up) < A(ug,vg) < Az, y).
Hence, for all z,y € [ug, vo)], t € (0,1), we have
T(tx,t 'y) = A(te,t'y) + AB(tz,t'y) + O(tz,t ™ 'y)
> t[1+n(z,y, )] A(2,y) + Ae(t) B(z,y) + tC(z,y)
=tA(z,y) + MB(z,y) + tC(x,y)
+tn(z,y, ) A(z,y) + Ae(t) — 1) B(z,y)
2T (2, y) + tn(z,y, )T (2, y) + Me(t) —
2T (x,y) + tn(z,y, t)cT (2, y) + Mp(t) —

>t|1+n(x,y, )c—l—/\( ) 'e| T (x

e Az, )
BT (a, y)

Let
0 = nlete+ 2 £ -1) e,

thus according to in }n(x, y,t) > 0, we know £(t) > 0 and
z,yE€|uo,v0

T(tx, ty) > t[L+ ()] T (x,y).

According to Lemma 2.1, the operator equation 2 = T'(x, ) has a unique solution
x* in [ug,vo]. Moreover, for any initial values g € [ug, vg], constructing succes-
sively the sequences z,, = A(zp—1,%n-1), n = 1,2,..., we have ||z, — x*|| — 0,

as n — 0o. O

REMARK 2.5. Comparing this result with above Theorem 1.9 (Theorem 2.2
of [8]), we notice three differences. Firstly, the operator B in (A8) of [8] needs
the condition B(tx,t~'y) > t*t=¥) B(x,y), where t*(*®¥) € (0,1). In the proof
of Theorem 2.2 in [8], authors let n(z,y,t) = t*&#¥)~1 — 1 € (0,1). This means
that they changed the condition of the operator B to satisfying B(tz,t ly) >
t[1+n(z,y,t)]B(x,y), where 0 < t[1+n(z,y,t)] < 1. But, in our Theorem 2.4, we
let the operator A also satisfy the condition A(tz,t ty) > t[1+n(z,y,t)]A(x,y).
Here we need only n(z,y,t) > 0.

Secondly, we replaced the special function ¢*(*) in (A9) of [8] with the function
©(t) in (H5). Obviously, our function is more general.

Finally, we generalize the operator D in (A10) of [8] from one variable to
two variables. Meanwhile, we generalize the operator D from homogeneous to
subhomogeneous. This means that our Theorem 2.4 improves Theorem 2.2 of [8].
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Since Theorem 2.2 of [8] improved the Theorem 2.1 of [5], our Theorem 2.4 also
improved Theorem 2.1 of [5].

Taking B = 6 in our Theorem 2.2, we get the following corollary.

COROLLARY 2.6. Let P be a mormal cone in E, e € Pt = P — {0} and
operator A: C, x Co. — C, be a mired monotone and e-concave-convexr. We
assume that:

(H8) wug, vy € C., there have ug < v, ug < A(ug, vg) < A(vg,ug) < vo;
(H9) one of the following conditions is satisfied
(L1) for any e € (0,1), there exists § € (g,1), such that
inf  n(u,v,8) > 0;

uo <u, v<vg

(L2) for anyt € (0,1), n(u,v,t) is non-increasing with respect to u € Ce
and non-decreasing with respect to v € Cl;

(L3) for anyt € (0,1), n(u,v,t) is non-decreasing with respect to u € C
and non-increasing with respect to v € Ce.

Then:

(a) the operator equation x = A(x,x) has a unique solution x* in [ug, vo];
(b) for any initial values xg,yo € [uo,vo], constructing successively the se-
quences

Tn :A(xn—layn—l)a yn:A(yn—laxn—1)7 n=12...,
we have ||z, —z*|| = 0, ||y, — x*|| — 0.

REMARK 2.7. Comparing the above Theorem 1.8 (Theorem 3.1 of [16] )
with our Corollary 2.6, we can see that Theorem 3.1 of [16] utilizes one of the
assumptions (A5)—(A7) to construct a coupled lower-upper fixed point first and
then to obtain the existence of a fixed point. But in our Corollary 2.6, the
coupled lower-upper fixed point has been given as an assumption. This gives the
differences between (A5) and (L1), (A7) and (L3).

We can remove the condition

{tn} C(0,1),  t, =07, inf {n(u,v,tn)} >0

from (A5) in our (L1). Also we can remove the condition that there exist zo, yo €
Ce, o < yo such that

tgl(l)l+n(x07y07t) +00

from (A7) in our (L3). Note, we keep (L2) is the as same as (A6).

Because the above Theorem 1.8 (Theorem 3.1 of [16] ) improves Theorem 2.1
and Theorem 3.2 of [9] when t(1 + n(u,v,t)) = t*® and t(1 + n(u,v,t)) =
t*(tuv) respectively. Consequently, we can make a similar comparison between
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our Corollary 2.6 and Theorem 2.1 and Theorem 3.2 of [9]. To some extent, our
Corollary 2.6 extends Theorem 2.1 and Theorem 3.2 of [9] also.

REMARK 2.8. In the Corollary 2.6, if we reduce the operator A(u,v) to A(u),
and reduce n(u,v,t) to n(u,t), then we can obtain the same conclusion as the
above Theorem A (Theorem 1.1 of [17]). Theorem 1.1 of [17] improved the main
results in [4]. Consequently, our result Corollary 2.6 improved the main results
of [4] also.

In the following theorem, we obtain the solution of the nonlinear eigenvalue
equation Az = A(z,z) and discuss its dependency on the parameter.

THEOREM 2.9. Assume that the conditions in the above Corollary 2.6 are
satisfied and 0 < t[1 + n(x,y,t)] < 1 for all t € (0,1). Then there exists A > 0
such that the operator equation \x = A(z, z) has a unique solution xy in [ug, vg].
Furthermore, we have the following conclusions:

(R1) if t[1 + n(u,v,t)] > t1/2, t € (0,1), then x is strictly decreasing in X,
that is, 0 < A1 < Ao implies Ty, > Tx,;

(R2) if t[l +n(u,v,t)] > 17, t € (0,1), B € (0,1), then xx is continuous in X,
that is, A = Ao(Ao > 0) implies ||xx — x5, || — O;

(R3) if t[1 + n(u,v,t)] > t°, t € (0,1), B € (0,1/2), then Jim sl =0,

lim ||| = oco.
—0t

PRrROOF. For any fixed A > 0, from corollary 2.6 we know that A/A: CexC. —

C, is mixed monotone and satisfies
1 . 1 1
X A (ta,t™1y) > " t[1 + n(z,y, )| A(z,y) = t[1 + n(z,y,t)] X A)(z,y).

From (H), we get that ug,vg € Ce, ug < vg, up < Aug,v9) < A(vg,ug) < vg
and A(ug,vg) € Ce, A(vo,ug) € Ce. So, there exist A > 0 such that

1 1
ug < XA(UO,UO) < XA(UO;UO) < vo.

Then, from Corollary 2.6, we know that A/X has a unique solution z in [ug, vo].
Thus Az = A(xx, zy).

(1) First we prove (R1). Suppose 0 < A; < Mg, then we have x),,zy, € C,.
So there exists ¢ such that xx, > txy,,xzx, > txy,. Let

to =sup{t > 0] xx, > txx,, Tr, > tTy, }.
Then we have 0 < ty < 1 and

(211) Ta, > toTrgy, Tr, > LTy, -
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Applying the mixed monotonicity of the operator A, we get
Mxy, = ATy, zr,) > A(tox,\z,talxh)
> to[l 4+ 1Ty, Tay, to)[A(Try, a,) = to[l + 1(Tx,, Tay, to)] N2,
Aoy, = A(Tx,, Tx,) > A(tol’)\l,to_l‘r)\l)
> to[l + (@, Tays t0)]JA(Tr,, Ty ) = to[l + n(@Ay, Ty, to)] A1 T, -
Furthermore, we get
T, > to[l + 1Ty, Tag, to)] A A2y, T, > to[l + 1wy, Tas to)] Ay T Az, -
Noting that to[1 4 1(zx,, Tx,, to)]A] *A2 > to, from the definition of o, we have
to[1+n(zxy, 2ar, t0)] A5 A1 < to.

Let n(x,y,t) = t*®=1 — 1. Then t*®) = ¢[1 + n(x,y,t)] for a(t) € [0,1). Thus
we can get

Ty, > tg(to))\fl)\gx,\z, Tr, > toa(to))\gl)\lxh.
So
AT At S AT A < g,

which implies that

A, \ /(o)
(2.12) to > (/\2> .
Then

B A\ a(to)/(1—afto)) Ao (1=2a(t0))/(1—a(to))

(2.13)  zx, > A A (/\2> Ty, = (/\1> T,

Note that t[1 + n(z,y,t)] > t'/? implies a(tg) < 1/2. Consequently, we have
(Ag/Ap)(1—2e(t0))/(1=a(t0)) > 1. Thus, zy, > 22,

(2) Next we prove (R2). Let t*®) = t[1 +n(x,y,t)], but t[1 +n(z,y,t)] > t°.
Then «a(t) < 8, for t € (0,1). From (2.11) and (2.12), we have

A\ AP A\ /et
(214) () Tx, < ()\) T, < Ty
2

A2
_ lx _ & 1/(1—0¢(t0))x _ é 1/(1—ﬂ)x
>~ to Ao )\1 Ao )\1 A2

/\1 1/(1-58) )\1 1/(1—a(to))
2.1 — <[ — <
(2.15) ()\2> Ty, < <A2) Ty, < Ty,
1)) g\ e
—X —_— X _— X .
>~ t() A1 )\1 AL Al A1

Moreover,

A\ /08 AN SN0
"”M‘(&) %<[(A1) ‘(AJ ]
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Then, from the normality of cone P and (2.14), we get

A 1/(1-5) A\ 1/(1=p)
()|
/\2 )\2

A\ YA A\ A\ B
<N|(Z2 (£ o -1
- KM) X Il =,

where N is the normality constant. Let A\; — A5, then we have ||z, —z»,|| — 0.
Similarly, let Ao — A, from (2.15), we have ||xx, — zx,|| — 0. Then the
conclusion (R2) holds.

(3) Finally we prove (R3). Let t*() = ¢[1+n(z,y,t)], t € (0,1), a(t) € [0, 1).
Then t[1 + n(z,y,t)] > t#,8 € (0,1/2) tells us that a(t) < B < 1/2. Let
A1 = 1,22 = A in (2.13), then we have

||x)\1 — Ty H <

HCL‘)\2||7

2y > A(1=20(00)/(=alto) 5 > A(1=20)/(1=B) . x5 1.

Thus ||zx]| < N/AA=28/0=8) for all A > 1, where N is the normality constant.
Let A — oo, then we get |zx|| — 0.
Similarly, if we let Ay = A, A2 = 1 in (2.13), then we get
xy > A~ (1-2a(t0))/(A-alto)) 5 > )\(1—25)/(1—5)xh 0< )< 1.

So ||lzall > N=IA=(=28)/0=8)||2, ||, for all 0 < X < 1, where N is the normality
constant. Let A\ — 07, then we know |z| — oco. O

REMARK 2.10. For the operator equation Az = Az, where A(x) is an e-
concave and increasing operator, we can still discuss its dependency to the pa-
rameter and obtain the solution of the nonlinear eigenvalue equation. These
conclusions can be obtained by reducing the operator A(x,z) in Theorem 2.9
to A(x).

3. Applications

In this section, we will give an example to demonstrate the application of
our main result Theorem 2.2.
Let

(3.1) U(ﬂﬁ)=/Gk(x,y)[f(y,U(y),U(y))+h(y,U(y)7U(y))] dy,

where G C R™ is a measurable set, k(z,y) is nonnegative and measurable on
G x G and

flz,u,v) =ap + Z a;(z)u® + amy1(x)u + Z b ()P,
i=1 j=1

p

h(z,u,v) = Z cs(z)urs + Z di(x)vh,
=1

s=1
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where 0 < o < 1, =1 < B; < 0,0 < v <1, =1 < g <0, ay, b;, cs, dy
are nonnegative and measurable on G (i =1,...,m, j=1...,n, s =1,...,p,
I =1,...,q9). We denote the measure of G by mG, the set of all measurable
functions on G by M(G), and

M*(G) = {u(x) € M(G) | u(x) is bounded and nonnegative, u(x) % 0}.

THEOREM 3.1. Suppose 0 < mG < co. Assume that there exist nonnegative
measurable functions o1(x), p2(z) not identical to zero, and g(x) € M+ (G) such
that

p2(y)g(z) < k(x,y) < @1(y)g(z), for all x,y € G,

/ o1f(z,g(x), g(x)) dx < oo, / p1h(z, g(z), g(x)) dz < oo,
G G

and there exists a real number R > 0 such that Y a;(z) > Ram+1(x),z € G,
i=0
and R+u > 1, where uw = sup u(z). Then we have:
zeG

(a) Equation (3.1) has exactly one solution u*(x) in M*(G).
(b) Constructing successively the sequence of functions

Kn = /G k(‘r7 y)[f(ya ”{n—l(y)v Hﬂ—l(y)) + h(yv Hn—l(y)v Rn—l(y»]dy’

for m = 1,2 ... and for any initial function ko(z) € MT(G), then
{kn(z)} must converge to u*(z) on M (G).

PROOF. First, we will show condition (H1) of Theorem 2.2 is satisfied. Let
E = M(G), the order of E derived by the cone

P={uz) € Blu(x) >0, G}, e=ga),

(3.2) C(u,v) = /G k(x,y)(ao + Z a;(z)u™ + Z bj(x)vﬁj) dy,

(33 D = [ ke ponn(@u(s)dy,
(3.4) A(u,v) = /G}c(ac,y)f(y,u(y),v(y)) dy, for all u,v € P.
Then

A(u,v) = C(u,v) + D(u),
C. ={u(z) € E | ayg(z) <u(z) < Bug(z), 3Py > ay > 0}.

For o« = max oy, — B}, then
1§i3m,1§j§n{ i =Fi

1
C(ru, v) >r*C(u,v), forallu,ve Pt 0<r<l.
r
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For any u(z) € C., we know

w=supu(z) and R+7u> 1.

zeG
Then, if uw < 1, we have
ap + Zal(a:)u i > Ram1(x) u(x)
=1
If w > 1, we have
m

i=1

So

: R
ap + Z a;(z)u® > Riu 1 ()u(x).
i=1

Then combining (3.2) with (3.3), we know that

(3.5) Cu,v) > R}i _ D) £ 1w, ) D(w),
From (3.4) and (3.5), we have
Clu,v) > A(u,v)

~ 1+ ((u,0) 7
Hence,

A<ru, % v) — rA(u,v) = C(ru, % v) + D(ru) — rC(u,v) — rD(u)
1

> [r* —r]C(u,v) > T+ ((wo)* [r® —r] A(u,v),
So
1 a—1
A<ru, = v) > 7“(1 + T ((a0)) [ro= — 1]) A(u,v).
Let
1 a1 .
TIZW(T —1) withr € (0,1) and « € (0,1).

Then n(u, v, r) is non-increasing in u, and non-decreasing in v, since [(u, v) is non-
increasing in u and non-decreasing in v. So the condition (L2) of Theorem 2.2
is satisfied.

For any u,v € C., take o, , > 0, such that

au,vg(x) < ’U,(IL') < g(x)a au,vg(x) < ”U(SU) <

Qo0 Qo0
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for x € G. Then

A(u,v) > g(r)n(g,g,au,v)/Gsoz(y)f(y,g(y),g(y))dy,

1
A(u7 ’U) < g(x)au,vn (au,vga T

u,v

g,au,v> /G o1 (0) (5. 9(9). 9(v)) dy.

Thus we know that A: C, x C. — C, is a mixed monotone and e-concave-convex
operator, and condition (H1) of Theorem 2.2 is satisfied.
Next, we will prove condition (H2) of Theorem 2.2 is satisfied. Let

Blu,v) = /G k(. 9)h(y, u(y), v(y)) dy,

then
1 P 122
( ) /kxy (ch ru%’—l—Zdl ( v) )dy
T G s=1
P
:/k (ch r%u%Jerl m’u’“)dy
G s=1

> / (Zp:c u%+;dl(x)w) dy = rB(u,v).

If uy > ug, v1 < g, it is clear that B(uj,v1) > B(ug2,v2). Then B satisfies the
condition (H2) of Theorem 2.2.

Finally, we prove that condition (H3) of Theorem 2.2 is satisfied. Take
zo,yo € Ce and xg < yg. Let 0 < tg < 1 be such that t%xo < yo. Then we
have

T'(z0,y0) = A(z0,y0) + B(wo,90) and T'(zo,y0) € Ce.
So, there exists m such that mag < T'(z0,yo). Let
B 1
1+ n(zo,y0,to) /¢

Take ¢ the same as in Theorem 2.2. Let ug = tozo, vo = yo/to. Then we have

1, 1
vy = toTo = — tgTo < — Yo = Wo-
to to
So

1 1
T (ug,vo) = T<t0$0a % yo) >ty <1 + p 7}($07y0,t0)>T($0,yO) > toxo = uo,

1
T(vo,up) = T<t0 Yo, tol’o)

-1
1 1 1 1
< - 1+*77 y07t0x0at0 T'(y0,20) < - Yo = vo.
to tO
Now all conditions of Theorem 2.2 are satisfied, thus we end the proof of Theo-
rem 3.1. (]
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REMARK 3.2. Note that the problem (3.1) can’t be solved by theorems in

[17], [16], 8], [5], [9], [4].
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