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ABSTRACT. A three-dimensional thermo-visco-elastic system for the
Kelvin—Voigt type material at small strain is considered. The system in-
volves the constant heat conductivity and the specific heat satisfying the
Einstein-Debye (§3+6)-law. Such a nonlinear law, relevant at relatively low
temperatures, represents the main novelty of the paper. The existence of
global regular solutions is proved without the small data assumption. The
crucial part of the proof is the strictly positive lower bound on the absolute
temperature 6. The problem remains open in the case of the Debye 63-law.
The existence of local in time solutions is proved by the Banach successive
approximations method. The global a priori estimates are derived with the
help of the theory of anisotropic Sobolev spaces with a mixed norm. Such
estimates allow to extend the local solution step by step in time.

1. Introduction

The aim. In this paper we study the three-dimensional (3-D) thermo—visco-
elastic system at small strains with the constant heat conductivity & > 0, and
the specific heat (heat capacity) c(f) satisfying the Einstein-Debye (63 + 0)-law,
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c(0) = 103 + 20, where § > 0 is the absolute temperature and cl, ¢2 positive

constants. The system describes homogeneous, isotropic, linearly responding
materials in the Kelvin—Voigt rheology at relatively low temperatures § < 0p,
below the Debye temperature p. According to the Debye theory the specific
heat ¢ depends on 6/0p with 6p as the scaling factor for different materials
(known for most materials, see e.g. the monograph by Kittel [16]).

The present paper continues our previous studies [23], [24], where we ad-
dressed the global regular solvability of thermo-visco-elastic systems with the
specific heat of the forms ¢(f) = ¢,0, ¢, = const > 0 in [23], and ¢(0) = ¢,07,
o € (1/2,1] in [24]. Such forms of ¢(#) are relevant at very low temperatures
below the range where the Debye law ¢(6) = ¢,6° is appropriate.

The Einstein—Debye (63 +6)-law combining the Einstein 6-law and the Debye
63-law is typical for metals at low temperatures at which the electron contribu-
tion becomes significant.

Prior to discussing mathematical motivations and pointing out the associated
technical difficulties for this type of problems, let us add few physical comments
(for more details see Section 2).

Specific heat has a weak temperature dependence at high temperatures 6 >
f0p above the Debye temperature 6p, but decreases down to zero as 6 ap-
proaches 0. The constant value of the specific heat of many solids is usually
referred to as Dulong—Petit law. In 1819 Dulong and Petit [26] found experimen-
tally that for many solids at room temperature specific heat is constant.

At this point it is important to emphasize that the global solvability of
3-D thermo-visco-elastic system with constant heat conductivity k£ and the con-
stant specific heat c is, in spite of great effort through many decades, still remains
open in dimensions n > 2. In dimension n = 1 it was established already at
the beginning of ninetieth of the last century by Slemrod [31], Dafermos [6], and
Dafermos and Hsiao [7]. For detailed references concerning solvability of thermo-
visco-elastic systems we refer to Roubi€ek [27]-[29], authors’ papers [23], [24], and
the recent review paper by Zvyagin and Orlov [35]. All known results on multi-
dimensional thermo-visco-elasticity deal with a modified energy equation. Mod-
ifications involve either the nonconstant specific heat or the nonconstant heat
conductivity. In view of the Einstein and the Debye theories it seems natural to
consider thermo-visco-elastic systems with the nonlinear temperature-dependent
specific heat. Our primary mathematical goal in this paper was to admit the
Debye 63-law, c¢() = ¢,03. To our best knowledge such problem has not been so
far addressed in the mathematical literature. Unfortunately, in the case of the
63-law we have been faced with a serious mathematical obstacle to prove strictly
positive lower bound for the absolute temperature. We have managed to prove
this after adding a linear (possibly small) term 26, ¢2 = const > 0. In other
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words, we have assumed the Einstein-Debye (03 + 6)-law, c(0) = cL6° + 6.
Having proved the strict positivity of 6 the existence of global regular solutions
to the thermo-visco-elastic system can be concluded by using similar arguments
as in [24]. These arguments, based on the idea of successive improvement of en-
ergy estimates by the application of the theory of anisotropic Sobolev spaces with
a mixed norm, indicate that the main role plays just the term c.62. Therefore, all
considerations could be repeated provided the lower bound for 6 is established.

Finally, let us remark that apart from the mathematical issues the system
under consideration may be of some practical interest in the cryogenic engineer-
ing problems where one needs to understand and characterize the behavior of
various materials on the basis of the mathematical model and recorded materials
properties.

Thermo-visco-elastic system. The system under consideration has the
following form

(1.1) uy — V- [Arg; + Az(e — )] =b in QT :=Q x (0,7),
(1.2) (c20® + 20)0;, — kAO = —0(Asax) - &, + (A1) ey +g in QF,

e=e(u) = %(Vu + (Vu)T), er=e(uy) = %(Vut + (Vauy)T),

and c}, ¢2, k are the positive constants.

Here Q C R? is a bounded domain occupied by a body in a fixed referen-
ce configuration, and (0,7") is the time interval. The system is completed by
appropriate boundary and initial conditions. We assume

(1.3) u=0, n-VO=0 on ST :=9x(0,T),
(1.4) Uli—0 = Uo, Ut|t=0 = w1, Oli=0 =0 in Q,
where S is the boundary of 2 and n is the unit outward normal to S.

The field w: QT — R3 is the displacement, §: Q7 — R, = (0,00) is the
absolute temperature, the second order tensors € = ()i =123 and & =
((et)ij)i,j=1,2,3 denote, respectively, the fields of the linearized strain and the
strain rate.

Equation (1.1) is the linear momentum balance with the stress tensor given by
a linear thermo-visco-elastic law of the Kelvin—Voigt type (cf. [10, Chapter 5.4])

S = Ae; + As(e — ba).
The fourth order tensors

A1 = ((A)ijkt)ijki=1,2,3 and  Ag = ((A2)ijki)i jk,i=1,2,3
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are, respectively, the linear viscosity and the elasticity tensors, defined by
(1.5) e Ape = ptrel +2u,e, m=1,2,

where A1, p1 are the viscosity constants and As, us are the Lamé constants, both
A1, p1 and Ag, po with the values within the elasticity range

(1.6) tm >0, 3Am + 24m >0, m=1,2,

I = (6;)i j=1,2,3 is the identity tensor, and tre denotes the trace of .

The second order symmetric tensor o = (a;)i j=1,2,3 with constant entries
«j; represents the thermal expansion. The vector field b: 0T — R3? is the exter-
nal body force.

Equation (1.2) is the energy balance in which the linear Fourier law for the
heat flux ¢ = —kV60 with the constant heat conductivity k£ > 0, and the Einstein—
Debye law for the specific heat, ¢(8) = cL03 + 26, with constant ¢, c2 > 0, have
been adopted.

The first two nonlinear terms on the right-hand side of (1.2) represent heat
sources created by the deformation of the material due to thermal expansion and
by the viscosity. The field g: Q7 — R is the external heat source. The boundary
conditions in (1.3) mean that the body is fixed at the boundary S and is there
thermally isolated. The initial conditions (1.4) prescribe displacement, velocity
and temperature at t = 0.

We remark that since our main goal is to focus on the existence of global
regular solutions we have assumed the simplest homogeneous boundary condi-
tions (1.3). However, with some additional technical complications, other types
of nonhomogeneous boundary conditions can be considered as well.

The system (1.1)—(1.2) can be derived by various arguments of thermody-
namics, see e.g. [13], [21], [27], [3]. In Section 2 we summarize its thermodynamic
basis. As a main point we put emphasis on the Debye and the Einstein—Debye
laws of the specific heat.

Above and hereafter the summation convention over the repeated indices is
used. Vectors (tensors of the first order), tensors of the second order (referred
to simply as tensors), and tensors of higher order are denoted by bold letters.
A dot designates the scalar product, irrespective of the space in question, e.g.
for w = (u;)i=1,2,3, v = (Vi)i=1,2,3, S = (Sij)ij=1,23, B = (Rij)ij=1,23 A=
(Aijki)igki=123, € = (€ij)ij=123, we have

u-v = Uuv;, S R= Sinij, Su = (Sijuj‘)izl)g’g,
Ae = (Aijricr)ij=1,2,3, (A€)-€ = Ajjrcnicij,
where the summation convention is used.

The term field means a function of a material point € R3 and time ¢. For
the reader’s convenience we use the notation wu; (instead of ) for the material
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time derivative of the field u (with respect to ¢ holding « fixed). The operators
V and V- denote the material gradient and the divergence (with respect to @
holding ¢ fixed). For the divergence we use the convention of the contraction
over the last index, e.g.,

0
V- (AE) = ((Ai'klgkl)> .
Ox; ! i=1,2,3
We write
of , af
f,i - 6371" 1= 172733 ft = aa €= (Eij)i,j:1,2,33

OF (g,0) OF (g,0)
FE ) = T a. ) F ) = "Qap
’ (6 9) ( asij )i,j—1,2,3 79(6 9) o0

where the space and the time derivatives are material.

For simplicity, whenever there is no danger of confusion, we omit arguments
(g,0) of the function f(e,6). The specification of tensor indices is omitted as
well. For vector b = (b;)i=1,2,3 and tensor B = (B;;); j=1,2,3 we denote

bl = (b:0)"/?,  |B| = (BijBi)""*.

Linear elasticity and viscosity operators. For the further analysis it is
convenient to formulate problem (1.1)—(1.4) in terms of the linear viscosity and
elasticity operators, @, and Q,, defined by

(1.7) u—Q,,u=V-(Aneu)) = pnAu+ Ay + pm)V(V-u), m=12,

with the domains D(Q,,) = H*(Q) N H ().
For the notational simplicity we introduce also the second order symmetric
tensor B = (B;;) defined by
(18) B = —A2a = —((Ag)ijklakl).
Then system (1.1)—(1.2) takes the form
19) Uy — Quy = Qou+ V- (0B) + b in Q7
1.9 )
(cL03 +c20)0, — kA0 = 0B -, + (A1e;) -es +g in QT

with the boundary and initial conditions (1.3), (1.4).

Assumptions and their implications. Throughout we shall assume that

(A1) Q C R? is a bounded domain with the boundary S of class at least C?;
T > 0 is an arbitrary finite number;

(A2) a = (wij)ij=1,2,3 is a second order symmetric tensor with constant en-
tries aj;

(A3) The fourth order tensors A; and As are defined by (1.5) with the coef-
ficients fim, Am, m = 1,2, satisfying (1.6).
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We list the implications of assumption (A3) which are used in the further
analysis. The conditions (1.5), (1.6) ensure the symmetry of tensors A,,

(1.10) (Am)ijrt = (Am)jikt = (Am)riij, m=1,2,
and their coercivity and boundedness
(1.11) am«le* < (An€)-e <allel?, m=1,2,

where @, = min{3X\,, +2pm, 21 } and af, = max{3\;, 42, 2pm }. Moreover,
(1.6) ensures the following properties of operators Q,,,, m = 1,2:

e @, are strongly elliptic (property holding true under weaker assumption
tm > 0, Apy, + 20 > 0, (see [25, Section 7])) and satisfy the estimate
(see [20, Lemma 3.2]):

112)  cullulzo < 1Quulliye) for we D(Q,), m= 1.2,
with the positive constants c,, depending on 2. Since clearly,
1Qmullz.) < Emlullaz@), €m >0,

it follows that the norms [|@Q,,u|[1,() and [|u| g2 are equivalent on

D(Q,,)-
e The operators @,, are self-adjoint on D(Q,,,):

(1.13) (Q,,u,v)p,) = —tm(Vu, V)1,
= (Am + 1) (V-u, V- v),0) = (0, Q,,0) 1, (0)

for u,v € D(Q,,).
e The operators Q,,, are positive on D(Q,,,):

(L14)  (-Quu,uw)ry0) = Hml[VullZ, @) + O + ) |V - ullZ, ) > 0

for w € D(Q,,). Hence, there exist the fractional powers Q/? with the
domains D(QY?) = H}(9), satisfying

(1.15) (Q%QU»Q%%)LZ(Q) = (—QmU,U)LQ(Q) = (u, —va)LQ(Q)
for u,v € D(Q,,).
Let us also notice that by (1.11) and the Korn inequality

(1.16) d"2||ull g ) < le(u)lp,) for uw e H(Q), d >0,
it follows that
(117) 1QullT, ) = tm I VullT, ) + O + 1) IV - w7, )
= (Apme(u),e(u)),0) = amslle(W)|7, @) = amed|ulFn g

Thus, the norms ||Q,}T{QUHL2(Q) and [|u g1 (o) are equivalent on D(QY?).
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Main result. This result is analogous to that proved in [24].

THEOREM 1.1 (Existence). Let assumptions (A1l)—(A3) formulated above be
satisfied, and

b€ Lyp+ (Q7) N Ly 12(0Q7), ug € W2,(Q),
w1 € BN (Q), g€ Lsi(0,T:Loc(®), g0,
0o € HY(Q) N B2 27 (Q) N Loo(9), 0o >0 >0,

where 0 is a constant. Then there exists a global solution to problem (1.1)—(1.4)
such that

u, € W2 QT) and 0 W2(QT),
where 51 is a number larger than 5 but close to 5. The spaces used above are
defined in Section 3. Moreover,

0(t) > fexp(—at) = 04(t) fort <T,

where a is a positive constant given by a = |B|/(2a1, min {c},c2}).

Plan of the paper. In Section 2 we present the thermodynamic basis of
system (1.1)—(1.2). In Section 3 we define spaces used in this paper, in particular
the anisotropic Sobolev spaces with a mixed norm. We recall the corresponding
imbeddings and interpolations as well as the trace and the inverse trace the-
orems for the Sobolev—Slobodetskii spaces with a mixed norm. Moreover, we
present auxiliary results on the solvability of linear parabolic initial-boundary
value problems in such spaces. Section 4 is devoted to the proof of a global
positive infimum of temperature. In Section 5, applying the Banach method of
successive approximations, we state the local existence of solutions such that
u; € W:f(ﬂt) and 0 € W52;1 (Q), where ¢ > 0 is sufficiently small. In the proof
we can use exactly the same arguments as in [24, Section 5]. In Section 6 we de-
rive a priori global estimates such that u; € W;f (Q') and 0 € W;;l(Qt) where
t > 0 is arbitrary finite. In this case the derivation is much shorter than in [24].

Combining the results of sections 5 and 6 in section 7 we conclude the global

existence of solutions.

2. Thermodynamic basis

We recall (see [23], [24]) the thermodynamic basis of the thermo-visco-elastic
system (1.1)—(1.2) with the special emphasis put onto the Debye #3-law and the
Einstein-Debye (6 + 0)-law of the specific heat.

The system (1.1)—(1.2) represents the local forms of the balance laws for the
linear momentum and the internal energy in a referential description, with the
referential mass density assumed constant, normalized to unity, og = 1:

(21) utt—V'S:b, €t+V'q—S'Et:g.
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Here S is the stress tensor, g is the referential heat flux, and e is the specific
internal energy.

The system is governed by two thermodynamic potentials. The first one is the
specific free energy f = f(e, 6) which by a thermodynamic requirement is strictly
concave with respect to 8 > 0 for all . The second one is the dissipation potential
D = ﬁ(st,VG;s,(‘)), which by a thermodynamic requirement is nonnegative,
convex in (&, V#) — variables and such that D(0,0;e,0) = 0 for all (,6). In
[14] and [3] D is referred to as the pseudopotential of dissipation.

The only difference of the present paper in comparison with [23], [24] is the

form of the thermal part f.(0) of the free energy

(22) f(Ea 0) = f*(g) + W(Ev 0))

where

(2.3) f(e)——ie“—ﬁe2 1 el =const >0
. * =15 5 0% Cys €y = CONS .

The second term in (2.2) represents the elastic energy

1
(2.4) W(e,0) = 5€ (Age) —be - (Azav).
In [23] it has been assumed that
(2.5) £.(0) = —%’ 62, ¢, = const > 0,
whereas in [24]

Cy il
(2.6) f*(e)z—m9 *
with ¢, = const >0 and 1/2 <o < 1.

The paper [24] provides an essential improvement of the theoretical results
from [23].

The thermal energy (2.3) is associated with the Einstein-Debye law of the
specific heat. The case ¢2 = 0 corresponds to the Deby law. Both cases are
relevant at low temperature range; see comments below.

In view of thermodynamic relations

n=—fo=n:0)+e-(Aax),
(2.7) = F+0n=rc.(0)+ %s (Ase),

c=eg=cC,



THREE-DIMENSIONAL THERMO-Visco-ELASTICITY 169

in case of (2.3) we have

Cl
1e(6) = 26+ 30,
1 2
(28) ea(6) = £.6) + n.(0) = S 0" + L 02,
cu(0) = exg = cL0® + 20.

According to (2.1) and (2.7)3 this gives rise to the term (c16® + ¢26)6; in tem-
perature equation (1.2).

Remarks on the theories of specific heat. There exists extensive liter-
ature in solid state physics on the theories of specific heat (see, e.g., [2], [5], [16],
[19], [30], [12]). It seems to be of interest to compile some basic facts on the four
well-known models of the specific heat:

o the classical Dulong—Petit model (1819) [26];

the quantum mechanical Einstein model (1907) [11];

the Debye model (1912) [8] expanding the Einstein model;
the FEinstein—Debye model for metals at low temperatures.

In the Dulong—Petit model the specific heat is constant. It is known to show
poor agreement with the experiment except at high temperatures. The Einstein
model yields good agreement with the experiment at very high and very low
temperatures, but not in between. The Debye theory provides a more accurate
model. The thermal energy expression from the Debye theory of the specific heat
is of the form (in our notation)

94 0p /6 73
2.9 «(0)=¢—= — dz,
(29) e<(9) CGSD/O expx—lx
where 0p is the Debye temperature and ¢ a positive physical constant. Thus, the
Debye specific heat is the function of the ratio £ = 6/0p, given by

(2.10) c(f) =e.p= cD(:)

D

where

1/¢ 1 1
_ 4¢3 -
(2.11) L&%Afl opr 17 Eopl/E—1)

is known as the Debye specific heat function. Even though the integral in (2.9)
and (2.11) cannot be evaluated in closed form, the low and high temperature
limits can be assessed.

For the high temperature case where 6 > 6p, the value of x is very small
throughout the range of integral. This justifies using the apprximation to the
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exponential by the exponential series exp(z) = 1 + x. This reduces the energy
expression (2.9) to (see, e.g. [30, Chapter 7])

ot [0/ ¢ 0t (0p\°
2.12 RO 2dp =< - (22) =
wi e s (5)

Hence, in this case

wl ol

(213) ca(8) = e =

)

wl ol

which yields the constant Dulong—Petit specific heat.

For low temperatures where 6§ < 6p, the exponential in the denominator
becomes very large before reaching the limit, implying that the integrand in
(2.9) is very small near the upper limit. This makes it plausible to approximate
the integral by increasing the limit to infinity to make use of the standard integral

o] 3 4
/ B
o expzr—1 15

Then the energy becomes

ert 94
(2.14) ei(0) = — —,
15 63,
so that the corresponding specific heat is
0\° 4
(2.15) (@) =esp=c1| — |, wherec; = )
’ 0p 15

This yields the Debye 63-law for the specific heat (see e.g. [2, Section 4.3]).
This 63-form of the specific heat at low temperatures is known to agree

with experiment for nonmetals. For metals the electronic specific heat becomes

significant at low temperatures and results in the additional linear term in 6

0\ 3
(2.16) cx(0) = ¢ <9) + cof, c¢g = const > 0.
D

Such form of the specific heat is referred to as the Finstein—Debye specific heat.
The 63 term arises from the lattice vibrations, and the linear term from the
electrons conduction. The Einstein contribution cof becomes dominating at
very low temperatures.

The dissipation potential. For system (1.1)—(1.2) it has exactly the same
form as in [23], [24]

1 2

k
(2.17) D=ge (Arg;) + 592

1
Va

)

where A; is the fourth order viscosity tensor given by (1.5), and k£ > 0 is the
constant heat conductivity.
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In particular, the free energy (2.2) and the dissipation potential (2.17) lead
to the same formulas for the stress tensor S and the heat flux q. Moreover, the
Clausius-Duhem inequality is satisfied

q g g
. B - J 57
(2.18) e
where
oD 1. 9D 1> 1
(2.19) o= 0V(1/9) V 6 - g, = k62 Vg + g(Alst) g >0

is the specific entropy productlon. This inequality together with the positive
lower bound for temperature constitute the basis of energy estimates in the
existence proof, see Sections 4-6.

3. Notation and auxiliary results

For readers convenience this section recalls basic facts from [24, Section 3]

and adds new ones.

Notation. Let  C R™, n > 1, be a domain in R™ with boundary S. Let
QT = Qx(0,T), ST = §x(0,T) with T > 0 finite. By W*(Q), k € NU{0} = Ny,
p € [1,00), we denote the Sobolev space with the finite norm

P
ullw oy = ( (/W%Fm>,
|| <Kk

where @ = (o, -, ) is a multi-index, a; € Ny, |af = a1 + ... + oy, D =
001 ... 00 Let HE(Q) = WE(9).

Next, we introduce the anisotropic Lebesgue spaces L, ,, (Q7) = L, (0,T
L,(82)), p,po € [1,00], with the finite norm

T 1/;00
ol ey = ([ T 0 a)

Moreover, W;ﬁ/Q(QT), k,k/2 € Ng, p,po € [1,00] are Sobolev spaces with
a mixed norm, which are the completion of C°°(Q27)-functions under the finite

po/p 1/po
o= ([ (5 s ")
P,PO

la|+2a<k

norm

By W;j}fo/ 2Q7), s e Ry, p,po € [1, 00|, we denote the Sobolev-Slobodetskil space
with the finite norm

||u||W;:;é2(QT) = Z ”Daaau”Lp po (27)
lal+2a<[s

D,O.‘ a — D ge / p Po/p 1/po
/ / / T at U(x, t) x 8t U(x ?t)| dl‘ dl‘l dt
aJa |z — a!|ntpls=lsD

|| 4+2a=[s]
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|D2Ofu(x, t) — Do‘at,u(:x P po/p , 1/po
M /0 (/ Z |t_t,|1+p(s/2 He) dz dedt'| |

|| +2a=]s]

where a € Ny and [s] is the integer part of s. For s odd the one before last term
in the above norm vanishes whereas for s even the two last terms vanish.

We use also the notation L,(QT) = L, ,(QT), Wp*/>(QT) = Wi/*(Q7),
and so on.

By B!, (), € Ry, p,po € [1,00) we denote the Besov space of functions

P,po
making the following norm finite

0o ||Am h Q ‘L (@) 1/po
l[ullpe. o () = = [Jullz, (@) + (Z/ TR k?)po dh) ,

where k € No, m € N, m > 1 —k > 0, AJ(h,Qu, j € N, h € Ry, is the
finite difference of the order j of the function w(z) with respect to z;, with
ALh, Qu = Aj(h, Qu = w(wr, ..., 21,2 + hyxit1, ..., xn) — u(T1,. .., T0),
AT (h, Qu = Ai(h, DA (h, Q)u and Al (h, Q)u = 0 for z; + jh & Q.

From Golovkin [15] it is known that the norms of the Besov space Bl , ()
are equivalent for different m and k satisfying the condition m > 11—k > 0.

By C**/2(QT), a € (0,1), we denote the anisotropic Holder space of func-

tions making the following norm finite

[ullgasarz@ry = sup |u(z, t)|
QT
lu(2’,t) — u(z", t)] lu(z, ') — u(z, t")]
S S
+ m/,lip,t |$/ — x//|a + m;/l’lit)” ‘t/ — t//la/Q

By 6 we denote a small positive number, and by ¢ a generic positive constant
which changes its value from formula to formula and depends at most on the
imbedding constants, constants of the considered problem, and the regularity of
the boundary.

By ¢ = ¢(01,...,0%), k € N, we denote a generic function which is a positive
increasing function of its arguments o1, ..., 0%, and may change its form from
formula to formula.

Boldface L, W, B are used for the corresponding spaces of vector and tensor
valued functions.

Auxiliary results. We use the following interpolation lemma

LEMMA 3.1. (see [1, Chapter 4, Section 18]) Let u € W;’;O/Q(QT), s € Ry,
p,po € [1,00], Q CR3. Let o0 € Ry U{0}, and
3 2 3 2

x=—4+—————+a|+2a+0<s.
P Ppo g Qo
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Then D20%u € WEa/2(QT), ¢ > p, qo > po, and there exists € (0,1) such that
D20l iy < & llyzsragary + el oy
As a special case of Lemma 3.1 we need

LEMMA 3.2. (see [1, Chapter 4, Section 18]) Let u € W;(Q), s € Ry, p €
[1,00], Q CR3. Let 0 € Ry U {0}, and
3 3
n=—-——+laf+o0<s.
p q

Then Dgu € W7 (Q), ¢ > p, and there exists € € (0,1) such that
| DZullwe @) < e *lullws @) + e llullr,@)-

LEMMA 3.3 (Imbedding between Besov spaces [1, Chapter 3, Section 18]).

Let u € BIA/™(Q). Thenu € BY,2/™(Q), Q C R?, if

1572

where vy >r;, i =1,2, and o > o’.

Let us consider the problem
w—Qu=jFf inQ7,
(3.1) u=0 onST,
Um0 =up in Q,

where  C R3 and
Qu = pAu+vV(V - u)

with p > 0, v > 0. Let us notice that @ replaces Q;, so u = p1, v = A1 + 1.
Hence assumption (1.6) implies that g > 0 and v > 0.

LEMMA 3.4 (Parabolic system in W21 (QT) [17], [22], [33], [32]).

Pp;Po

(a) Assume that f € Ly, (Q7), ug € Bi;i/pU(Q), p,po € (1,00), and
S e€C? If2—2/py — 1/p > 0 the compatibility condition ug|ls = 0 is
assumed. Then there exists a unique solution to problem (3.1) such that

2,1 (OT
ue Wy, (@) and
(32) ey, qrry < (11 o6 + 0l g-27o0 )

with constant ¢ depending on Q, S, p, po.
(b) Assume that f =V -g+b, g = (gi5), b= (b;), g,b € L, (2T), and

ug € Bll,;i/po (). Assume the compatibility condition

uols =0 if 1—2/py—1/p>0.
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Then there exists a unique solution to (3.1) such that u € W;Z%Q(QT)

and

(3‘3) ||u||W11)1}){)2(QT) < C(HgHLp,pO(QT) + ”b”LP,pO(QT) + ||u0Hle);%/PO (Q))
with a constant ¢ depending on ), S, p, po.

Let us consider the problem
afz,t)f, — Al =f in QT
(3.4) n-Vo=0 on ST,
Olt—=0 =6y in Q.

LEMMA 3.5 (see [18, Chapter 4], [24], [32]). Assume that f € Ly, (27), 0y €
Bﬁ;ﬁ“’“(m, p,po € (1,00), Q € R?, S € C?. Assume that 0 < ap < a < i <
oo, where ag and o, are constants, o € C®/2(QT), o, € L3/QM71/(1_M)(QT),
p € (0,1). Then there exists a solution to problem (3.4) such that 0 € W22 (QF)
and the following estimate holds

(35) 6lwzs @) < @(1/a0,0n, lallonsragary 1] Ly a1 ocer)
U1z, ey + 180112100 )

REMARK 3.6. The above result is a special case of the more general theorem
due to Denk, Hieber, and Priiss [9, Theorem 2.3].

REMARK 3.7. The constant ¢ in (3.2), (3.3) and the function ¢ in (3.5) do
not depend on T'. For T small the proof of these facts is evident. For T' large it
can be deduced by applying the arguments of the proof of Theorem 3.1.1 in [34,
Chapter 3|.

4. Lower bound for temperature

The existence of the lower positive bound on temperature ensures not only
the thermodynamic correctness of the model but is also of basic importance for
the proof of global estimates of the solutions. To show such property we use the
ideas of the proof of Lemma 4.1 [23].

LEMMA 4.1. Assume that equation (1.2), boundary condition (1.3)2 and ini-

tial condition (1.4)s hold, g > 0, 8y > 0 > 0, where 8 is a constant, as well

as k, cL, ¢ are positive constants. Assume that the coercivity and bounded-
ness condition (1.11) hold for viscosity tensor Ay. Then there erists a positive
constant

|B|
2a1., min{ct, 2}’

where B = —Asa, and aq, is defined in (1.11), such that
(4.1) 0(t) > Gexp(—at) = 0.(t) fort e [0,T).

a



THREE-DIMENSIONAL THERMO-Visco-ELASTICITY 175

PrOOF. For m € Ry we define the truncation 6,,, = max{f,1/m} and
Q) = {z € Q: 0(x,t) > 1/m}. Multiplying (1.2) by —6,,¢ with o > 4
(admissible test function) and integrating over Q,, () gives

(4.2) — { 1 / 036,02 dz + 2 / 00,02 dx] +k 07°A0 da
0 (1) () 0 (1)

+ / (Aiet) - &0 2 dx + / g0.,¢ dx = / 00,.°(Ascx) - €, d.
m(t) m (1) m(t)

Now we examine the terms on the left-hand side of (4.2). The first term is
equal to

(4.3) —[ci / 03 0,.40,,2 dz + 2 / O Or 10,72 dx}
Qo (1) Qp (1)

622 dx

v

02
2—p

o— 4dt 72dt/9 dz,

because 0;02¢ = 9,622 = 0 for z € \ O (t) ={x € Q: 0 (z,t) = 1/m}.
4ko

The second term equals
1
omt o (gm)

since Vb, = V0 for z € Q,,(¢t) and V0, = 0 for z € Q\ Q,,,(¢). On account
of (1.11) the third term is bounded from below by

45 lel®
( . ) a1« QT xX.
an(t) m

2
dx,

(4.4) k 020, de=Fk / 020, dz=
Qu (1) Q

The fourth term is nonnegative because g > 0.
In view of the boundedness of tensors A, and « the integral on the right-hand
side of (4.2) is estimated by the Cauchy inequality

(4.6) / U (Ara)-e,do — / em(Aga)-;;de

2, (1) O O () 02
2
sé/ el 4 4 1B 62 dz,
2 Ja,.) Om 26 Ja,. @)

B = —Asa. Setting § = a1, and incorpording (4.3)—(4.7) into (4.2) we arrive at

el d dx 2 d [ dr ko 1 2
4.7 v v = f =2y v —— )| d
a0 i Lo s e e L, (eggﬂﬂ) g
2
+a1*/ |E§)| dl’g ‘B| 92 e dx < ‘ | dx27
2 Ja,@m Om 2014 Ja,, (1) = 2ar. Jo 02,

where in the last inequality we taken into account that 6,, > 0 in Q.
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Let us introduce the positive quantities

By (4.8) we infer from (4.7) the inequality

ckod o, 2 d ., | B| _
4.9 v X v X0 < ==L XET2(4).
@) S X+ S LX) < ool X
Let us set now
C}) o—4 012) 0—2
(4.10) Y(Qvt):mjﬁ (t)+mX2 (t).
Then (4.9) yields
d

dt
where a = |B|/(2a1, min {c},c2}). Integrating (4.11) with respect to time from
0 to t leads to

(4.12) Y(e,t) < expla(o — 2)t]Y (¢, 0).

Hence, using the form of Y (p,t), we get

(4.13) Xo(t) < exp(at)

c}) 1/(e—2) 0—2 1/(e—2) B B
(&) () i)

or equivalently,

(4.14)  [16;," )|z, (o) < exp(at)

oL\ V(e-2) 0—2 Yie=2) _ _ _
. K ) () 161 OIS ey + ||9m1<0>|lmm>]

2 o—4
Letting o — oo, (4.14) implies the bound
(4.15) 0. (t) > 0,,(0) exp(—at) for t € [0,T].

Further, letting m — oo and noting that for sufficiently large m, 6,,(0) =
max{fy,1/m} > 6 > 0, we conclude the bound (4.1). O

5. Local existence

To prove the local existence of solutions we use the following Banach succes-
sive approximation method:

(5'1) U(n+1),tt — V- (Als(u(n+1),t)) =V [AQE(u(n)) + Be(n)] +b in QT;

(5.2) [611}9?”) + Cge(n)]e(nﬂ)’t — kAg(n+1) = G(n)B . €(U(n)’t)
+ Ale(u(n),t) : e(u(n),t) +9 in QT7



THREE-DIMENSIONAL THERMO-Visco-ELASTICITY 177

(53) U(n+1) = 0, n- VQ(,LH) =0 on ST,
(5.4) Uni1)lt=0 = U0, Umi1)r = U1, Opyr)li=o =0 in Q,
where w(,,), 0(n), n € NU{0} are treated as given.
Moreover, the zero approximations (u ), (o)) are constructed by an exten-
sion of the initial data in such a way that
(5.5) U(0)lt=0 = o, W()tlt=0 = u1, O)li=0 =0 in Q,
(5.6) U(O) = 0, n- V@(O) =0 on ST.
We note that problem (5.1)—(5.6) and that analysed in [24, Section 5| differ

f’ ) in (5.2) which has the same

only by the presence of the additional term cl6 '
properties as cgé(n). For this reason in order to prove the uniform bounded-

ness of the sequence {u(,),0y)} we can use exactly the same arguments as in
Lemma 5.1 [24].
We have

LEMMA 5.1 (Boundedness of the approximation). Let

Xo(t) = Hu(O),tHW?Jz;O(Qt) + HQ(O)”WQQ;C}O(Qt)v

where wy, 0(0) are introduced by (5.5), be finite. Let 6 > 0 > 0. Further, let
D(t) = HUOHWg(Q) + ||U1HBI2J;§)/P0(Q) + ||90||B§jq§/qo(9) + ||b\|Lp,p0(Qt) + ||9||Lq,q0(Qt)
be finite, and
3/p+2/po <1, 3/q+2/q0 <1+3/p+2/po.
Assume that there exists a constant A and time t sufficiently small such that
Xo(t) <A, @(t*A,D(t)) < A,

where a > 0 and the nonlinear function ¢ appears in the proof of Lemma 5.1
[24, (5.22)], and ct’/2A <0, 6 > 0. Then

(5~7) Xn(t) = ”u(n),t”WQv1

p,PO

@) 10w w2 @iy <A for anyn € N.

»40

To show the convergence of the sequences {w ), 0y} we introduce the dif-
ferences

(5.8)  Unlt) =u@)(t) —u@-n(t),  In(t) = 0m)(t) = 01 (2),
n € N, which are solutions to the problem
Uni1,u— V- (A1eUni1,) = V- [A2e(U,) + BY,] in Q7
(5.9) Uni1=0 on ST,
Uniili=0=0, Upyitlt=0=0  inQ,
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and
(cobiny + o0 Ons1e — kAD 1 = =y (00,) = 0,—1))0(n).t
— 30y + OnB - (Ui i) + 0n—1)B - €Uy 0)
(5.10) + A1e(Uny) - e(umye) + Are(umony) - €(Uny) in or,
n-Vid,;1 =0 on ST,
19n+1|t:0 =0 in Q.
Let
(5.11) Yo (t) = ||Un,tHW2,/1 o T Hﬁn”w{fﬂq, @
PPy 90

As for the uniform boundedness, we can repeat the arguments of the correspond-
ing proof of the convergence of approximation of [24, Lemma 5.3]. This lemma
required (see [24, (5.30)]) several technical restrictions on the indices p, po, g,
q0, P’y Pbs ¢, g of the involved Sobolev spaces with a mixed norm Wi:zljo (QY),

W2L(Qt), Wil (Qf), W2, (Q). As noted in |24, Corollary 5.5] these restric-

4,90 P} q',q5
tions and the restrictions of Lemma 5.1 can be satisfied for the following special

choice:
(5.12)  p=po=5", q=q=5", p=py=5  ¢=¢=5
where 57 is any number larger than 5 possibly close to 5. Then we have

LEMMA 5.2 (Convergence of the approximation). Let the assumptions of
Lemma 5.1 be satisfied and (5.12) holds. Then there exists a positive constant
d=d(A) and a > 0 such that

(5.13) Yota(t) < dt*Y,(1).
From Lemmas 5.1 and 5.2 it follows that

THEOREM 5.3 (Local existence). Let the assumptions of Lemmas 5.1 and
(5.2) hold. Then there exists a local solution to problem (1.1)—(1.4) such that
u; € W;f(QT), 0 e W;;I(QT), where T is sufficiently small.

6. Global estimates

In this section we prove some global estimates on an arbitrary finite time
interval (0,T) for a regular local solution. All estimates use the regularity of
local solutions. By Lemma 4.1 we know that there exists the lower positive
bound on the temperature

(6.1) 0(t) >60,:=0,(T)>0 fort<T.

Throughout we assume that assumptions (A1)—(A3) of Theorem 1.1 hold.
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LEMMA 6.1 (Energy estimates). Assume that

wo € H'(Q), wuy € Ly(Q), 6y € Ly(Q),
be Ly(Q), geLi(Q), ¢g>0,t<T.

Then solutions to problem (1.1)—(1.4) satisfy the estimate

(62) Nu(®)llz @) + lue®)li, @ + 10OIL, @) < c®luolz g
HlluillZ, ) + 100ll7, @) + 1Bz, 00 + 9l @) = cr(t),

where ¢(t) is an increasing positive function.
PrOOF. Multiplying (1.1) by u; and integrating over 2 yields

1d

(63) ianutniz(ﬂ) + /Q(A1€t) - E¢ dr

7/[V~(A2€)]‘utdx+/9B~etdx:/b'utdx,
Q Q Q

where we recall (see (1.8)) that B := —Asa. Integrating (1.2) over §2 implies

1
¢, d

2 d
A4y 22— [ ¢* “® [ g2q:= [ 0B / Ajey)- / .
(6.4) 1 dt/gg dz+ 5 o 99 dx OB -e; dx+ Q( 1€¢) € dz+ dia:

Q

From the properties of the operator As (see (1.5)) we have

(6.5) — /Q[V - (Age)] - updx = — /Q[,ugAu cup + (Ao + p2)V(V - u) - uy] de

14,
C2dt
where the boundary condition (1.3); was used. Applying (6.5) in (6.3) gives

pal|Vullz, o) + A2 + p2) IV - ull7, o],

| &

(6.6) [||UtH%2(Q) + N2HV“||%2(Q) + (A2 + p2) ||V - UH%Z(Qﬂ

N
Sy

t
+/(A1€t)'€td$+ GBEtdI:/b’U/tdl‘
Q Q Q

By adding (6.4) and (6.6) we have

d

ck c2 1
(6.7) it ZHGH%AQ) + EHQH%Q(Q) + §||Ut||%2(sz) + N2||Vu||%2(sz)

+ (o + )|V - uizm)} = /Qb e +/dix'

Integrating (6.7) with respect to time, using the lower bound (1.17) for the sum
of the last two terms in the squared parenthesis, and eventually applying the
Gronwall inequality we get (6.2) which concludes the proof. O
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To derive “stronger” estimates for u and 6 we apply the regularity theory of
parabolic systems in Sobolev spaces with a mixed norm, stated in Lemmas 3.4
and 3.5. Let us first consider the viscoelasticity system (1.1), (1.3)1, (1.4)1,2,
expressed in the form

uy — Quu; =V - (Ae+60B)+b in QF,
(68) u; =0 on ST7
Ueli—0 = U1, U|i=0 = Ug in ,

where B is defined by (1.8).
We have

LEMMA 6.2. Assume that
0€L,. (), beL,,. (O,
ug € WH(Q), w1 € BLY(Q), pre(lo), t<T.

Then for solutions to problem (1.1)—(1.4) the following inequality holds

(6.9) levl,.
< c@®)(0llz,.. 1) + 1Bz, @) + [wollwy ) + luall gr-zir ()
= 02(tapa T) + c(t>||9||Lp,r(Qt)'

PROOF. Applying Lemma 3.4 (b) to problem (6.8), using the boundedness
of tensors A,, B we have

levllz, .0 < el gz g
< cllellz, @) + 10l ) + [1bllL, @) + 1wl g2 q)-
Using the Gronwall lemma to the latter inequality we conclude (6.9). (|
Now, using (6.2) in (6.9) implies the estimate
(6.10) ez, . n < c(t)ey (8) + e2(t, 4,7) = es(t,r), € (1,00).
We have also the following

LEMMA 6.3. Let VO € L,,(Q), b € L, (), ui € B2,*"(Q), uy €
Wi(ﬂ), p,r € (1,00), t < T. Then for solutions to problem (1.1)—(1.4) the
following inequality holds

(6'11) ”Et’HW;Z}/?(Qt) < CHut’HWf,:}\(Qf)
< c(O)(IVOlz, . + [Ibllz, @) + luollwz @) + [uill go-2/r (o))
= c(t)|VO|L, . ) + calt, p,7).
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PROOF. Applying Lemma 3.4 (a) to problem (6.8) and the boundedness of
As, B yields

et llyyr1r2 ey < ellIVellL, ) + VO, ) + [1bllL, @) + 1wl gz-2/rq))-
Hence, by the Gronwall lemma, (6.11) follows. O

On account of (6.10) we obtain “better” estimates on 6.

LEMMA 6.4. Let (6.10) for r = 2 holds true and the assumptions of Lem-
ma 6.1 be satisfied. Let 6y € L5(Q2) and g € L5;q1(Q). Then the following
inequality holds

(6.12) 013, ) + 10D13, @) + V03,0 < [ (es(t,2)
4
+a O 2) + 11917, @) + 100112, )] = e5(0):

PRrROOF. Multiplying (1.2) by 6, integrating with respect to time and using
(1.3)2, (1.4)3 gives

(6.13) /95d33+/93d33+/ |V9\2da:dt'gc/ 0%|ey| dx dt’
Q Q Ot Ot

+c/ 9|€t/|2dmdt'+c/ g@dmdt’—i—c/@%dm—i—c/ 05 da.
Qt Ot (9] Q

The first term on the right-hand side of (6.13) is bounded by

t t
| ar [ et < [ 1615 o lev o @
0 Q 0
t
s&”mlnamdeS&”wW%wﬂ»
and the second one by
t t
4
[t [ oepar < [ 10llerlf o < 0.2

The third term is bounded by
t
100l oy’ < 0 1015 ol o

c 5/4
< sup 0112, 0) + 911z, 4y

for 6 > 0. Applying the above inequalities in (6.13) we conclude (6.12). This
completes the proof. O

Let us note that from (6.9) and (6.12) it follows that
(6.14) e llny r) < ea(t,5,7) + c(t) et (t) = es(t,r), € (1,00).

We continue with further estimates for 6.
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LEMMA 6.5. Let the assumptions of Lemma 6.4 be satisfied, and the estimate
(6.14) holds. Moreover, assume that 0y € L15(), g € Lsg/2512(Q), t < T.
Then

015 10010+ [ 10120t + [ 90 Par
<c(c(t,12) 4+ cg*(t,12) + ¢(12,¢)

+ ||9||L36/25 () T ||90||L15 sz)) = cr(1).

PROOF. Multiplying (1.2) by #“~! where o > 1, integrating the result
over (2, taking into account the boundedness of tensors B, A; and the boundary
condition (1.3)2, we obtain

k(e —1)
1 o¢+3 a+1 / «/2|2
(6. +3dt/9 +1dt/9 v+ IV de
Sc/ 90‘|€t|dx+c/9a_1|€t|2dx+/gﬁa_1dx.
Q Q Q

Integration of (6.16) with respect to time gives

1
9a+3d$+
a+3 Q a+1 Q

<c | 0%ey|dxdlt +c/ 0% ey | dx dt’ —|—/ g0 da dt/
St t

4(a—1
(6.17) 0t da + % / |VO~/2|? da: dt’

Q

+ 7|| Oollz S+ g IIGOIITL(Q

Prior to deal with the terms on the right-hand side of (6.17) we first estimate
from below the third term on the left-hand side by applying a Sobolev imbedding.
Setting u = /2 this term takes the form

4a—1) [
%/ /|Vu|2dxdt’.

Now we add to the both sides of (6.17) the term

— 1
(a / / w? dx dt’.
Then we have

(6.18) //|Vu|2+u )dz dt’ > ( )/ [ullF g0 dt’

20(0471) L
=T, 10117, o) "

The additional term on the right-hand side of (6.17) equals

/|9a/2|2d:cdt //ef’d:cdt
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so, by applying the Holder and the Young inequalities, it is bounded by
o1 sttlp/QGO‘Jr?’ dx + ¢(1/61,a,t), &1 > 0.
Consequently, employing (6.18) in (6.17) gives
1 1
(6.19) m”é’”%ﬁg(ﬂ) + mH@II%ﬁl(Q)
+ 20(0‘21)/t 10115, . dt’ + Q(L;”/ IVO~/2)2 da dt!
w/mmﬂﬂwmﬂw+JWmmmmm%m@w
—mjwmmmmmw ar

o — 7 I0lIZ7 ), (@) + clant),

+3

where 1/A1 +1/d2 =1, 1/p1 + 1/,u2 =1, 1/y1 +1/ve =1.

On account of (6.14) we can assume that Ay = 5, so A\; = 5/4. Setting
S5a/4 = o+ 3, we get @« = 12. Then the first term on the right-hand side of
(6.19) is bounded by

5?/Hwﬁfﬂadf+—f“”““@1m 5 > 0.

In the second term on the right-hand side of (6.19) we assume that pus = 5/2,
1 = 5/3 and (o — 1)pg < 3a, so 5(a —1)/3 < 3a. We note that the latter
inequality is satisfied for any o > 1. Hence, the second term is bounded by

t
« c (e}
%/nm@mﬁ+ /nwmmﬁ@&AH%MMW+gimm»

where (6.14) is used.
In the third term on the right-hand side of (6.19) we assume that vy =
3a/(a — 1) so v; = 3a/(2ac+ 1). Then this term is bounded by

t t
« / c « /
i [ 0N+ 5 [ N0l >0

From the above considerations it follows that we can take o = 12. Employing
the obtained estimates in (6.19), choosing dx, & = 1,...,4, appropriately, in
particular assuming that o, d3, 04 are sufficiently small, we arrive at (6.15).
This concludes the proof. O

Let us note that using (6.15) in (6.9) yields

(6.20) el p ,r) < calt, 15,7) + c(t)er’ P (1) = es(t,7), 7 € (1,00).
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We proceed now to prove that € Lo (0,t; L,(2)) for any finite a. For
this purpose we repeat and improve appropriately the arguments of the proof of
Lemma 6.5.

LEMMA 6.6. Let (6.15) and (6.20) with r = o« € (1,00) hold. Moreover,
assume that

90 € La+3(Q) and g < L3a/(2a+1),a(ﬂt), t < T.

Then, for a < oo,

]' o «
(6.21) 3 100157 o) + 7 60T, )
4k(a
7/ V622 da: dt’
<C(C7(t) es(t, @) +ellgllz,, por @)
parrd| 00|37 () = coltsa).

PROOF. Let us turn to the inequality (6.17) from the proof of Lemma 6.5.
We proceed now as follows. The first term on the right-hand side of (6.17) we

/ /9“ 19|y | da dt’.

On account of (6.15) and (6.20) it is estimated by

express in the form

/ 1915 Bl ller L @t
1/15
/ 10157 ller o 42
t
1 lo «@
<5, / 1010 0+ e(01/81.5"0)) [l 5,0

<1 [ 101+ 150,60, 800, ),

0
for §; > 0, where we used the relation 15(« — 1)/13 < 3¢, holding true for any
finite . Similarly, the second term on the right-hand side of (6.17) is bounded
by
(6.22) / 10150 e llev 3oy @

t
< b [ 101, +c(1/82) [ v

t
<o [0,y + e(1/82) 21,0,
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for 62 > 0. Finally, the third term on the right-hand side of (6.17) is bounded by

t t t
1
a—1 a
/0 ||9||L3Q(Q)HQHL?,Q/(MH)(Q)dt/ < 53/0 ||9HL3Q(Q) dt’ + E /0 ||g||%3a/(2a+1)(9) dt/7

for 63 > 0. Employing the above estimates in (6.17), and setting &, sufficiently
small, we arrive at (6.21). O

Let us note that from (6.21) it follows in particular that
(6.23) [|0]l L. (0,0:00(2)) < [(@+ B)eo(t, )]/ ) = ¢1g(t, ) for any a < oc.
We obtain now an estimate on 6;.

LEMMA 6.7. Let the assumptions of the previous lemmas be satisfied, in par-
ticular the lower bound (6.1) holds, 6y € H'(Q) and g € Ly(Q?), g >0, t <T.
Then

(6:24) 100117, ) + 1017 0,01 )y < €(1/0:)(co(t, )5 (2, 4) + c5(t,4))
+c(1/0.)ll9l17, 00 + €llfoll () = ¢ (0.

PROOF. Multiplying (1.2) by 6;, integrating over ¢, ¢ < T, using boundary
condition (1.3)2, the boundedness of tensors Ay, B = —Asa, and the global
lower bound (6.1) for 6, we get

k c
k
+ |€t,‘2|0t/\dxdt’+/ 9] |9t/|dxdt’] + 511 8oll3 o,
Qt Qt

Therefore, by the Young inequality, we have
2 k 2 c 2 2 /
(6:26) 10¢[l2, ) + 5 VOO Izy(0) < %l ) 0%lev|” dx dt

k
[ levltasar + [ loPdzar ] + £ 160l
Qt Qt 2
Hence, on account of estimates (6.20) and (6.23) we conclude (6.24). O

We shall apply now the elliptic regularity result. In view of estimate (6.24)
we express (1.2), (1.3)2 in the form of the following elliptic problem

EAO = (cL03 +c20)0, — 0B e, — (A1ey) -6, —g inQ, t<T,

(6.27)
n-Vo=0 on S, t<T.

We have
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LEMMA 6.8. Assume that estimates (6.20), (6.23), (6.24), and the lower
bound (6.1) for 6 hold. Then for problem (6.27) the following estimate is satisfied
3 6o
(6.28) [0l (0,tw2()) < clo L, -, cui(t)
+ ot 4) es(t,2) + (1, 4) + cllgll o) = cia(t, 0)
for 0 <27, where 27 stands for a number less than but very close to 2.

PROOF. We estimate the terms on the right-hand side of (6.27);. First, by
the Holder inequality, using (6.23) and (6.24) we have

t 1/2 t
( / / <|939ﬂ|@dx>2/0dt') s( / ||9|6L6,_,,<2_m<metflim)dt’)

6o
< sup 101125, @100 |l 20ty < €io (t’ H)cll(t)7

1/2

where ¢ < 2 but is very close to 2. Similarly,

t 1/2 t
([ [oeteavprear) ™ < ([ 1012, o loel, o)
0 JQ 0
2 6
f’g>cll<t> < 10 (t, R _QQ>C11(t)~

Finally, using the boundedness of tensors B, A;, and applying (6.20), (6.23)

t 1/2
(/ / aB.st/dedt’)
0 JQ

t 1/2
< cow Bl ([ levlumdr) < cultes(t2)

1/2

< sup (01, 0o @ 10 [ o020y < €10 (t, 5

yield

and

t 1/2
(/ / [(Aiew) ~€t/2da:dt’>
0 JQ
t 1/2
S C</O ||€t/||4L4(Q) dt/> = C‘|€t/||i4(ﬂt) S Cg(t,4)

On account of the above estimates we conclude (6.28) and thereby complete the
proof. O

From (6.24) and (6.28) it follows that

(6.29) 19l w2100y < e11(t) +c12(t, 0) = caa(t, 0)  for 0 <27,
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Hence, by the imbedding (see Lemma 3.1) it follows that V6 € Ls,/5(9"),
0 < 27. Consequently, due to (6.11),

(6.30) ||Et’|\Wg=1/32(Qt) < c(t)(cas(t, 0) + ca(t, 50/3,50/3)) = ca(t,0), 0<27.

Further, by the imbedding, we have the estimates

(6.31) llew i, < cca(t,0) for ¢ <10, o <27,
and
(6.32) llew | Lo0,6:00 () < ccralt, 0),

which holds for 3/2 < ¢ < 27. The latter estimate plays the key role in getting
Lo (2T)-norm bound for 6.

LEMMA 6.9 (Lo (2T)-norm bound on ). Assume that 6y € Loo(Q), g €
L1(0,t; Lo (), g > 0, t < T, and estimate (6.32) holds. Then

(6.33) 101 L) < @lera(t; 27), 100l 9]l 0L ()) = €15 (t)-
PROOF. Multiplying (1.2) by 6", r > 1, integrating over €2, and using (6.32),
we get
630 01 oy e 101, + IO, ) 0] e
+2)/2
+( +12/|V9(T )/| dx

<clledlze @0l o)

+ledz @100z, @) + 19l @ 10117, )
Taking into account that § > 6, > 0 we deduce from (6.34) that

s T d
(6.35) cullOl7 o dt||0||Lr+4(Q) S [ PSS d [ PRES
< c(1/0)lletloiey + llecli @ + ol @O, o)
r+4
= a( )||9||Lr+4(Q)'
Expressing (6.35) in the form
d r+4 r+2
T Jr 4
Oé(t) r v
< ?v +4>[ L0157 g + -

and introducing the notation

2
Y(t) = BN o) + 535 10O, @)

r+4
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we have

d a(t)(r+4)

(6.36) Y@< Y (t).

1
Cy

Integrating (6.36) with respect to time yields

Y (t) < Y(0) exp (7;4 /Ota(t’) dt’), t<T.

v

From the above inequality we get

1 t
Cy r+4 r+4 / /
IO oy < YO 00 (5 [ty ar ).

Hence,

4 1/(r+4) 1 t
630 1000z < (T v0) oo (5 [aw)ar)
0

C’U v

e (r+4 (r+2)/(r+4) I
< <||90||LT+4(Q) + c%( >||90| Loea(Q) ) exp (C%/O a(t') dt’).

r+2
Now, letting r — oo in (6.37) we conclude (6.33). O

To prove the Holder continuity of 8 we follow exactly the arguments from
[24, Lemma 6.14 and Corollary 6.15] related to thermo-visco-elasticity with the
specific heat ¢ = ¢,07, o € (1/2,1]. Consequently, we have

LEMMA 6.10 (Holder continuity of ). Assume that 8(t) > 6, >0 fort <T.
Let M = ||0HLOC(Qt) < 615(T) (866 (633)), HQOHLOO(Q) <k, and M — k < 6
for some sufficiently small 6 > 0. Let g € L(Q), er € Lax(QF), where A =
1/(1 =2(143)/r), 2/r+3/qg = 3/2, q, r are positive numbers, and > > 0. Then

(6.38) 0 c CPP2QY, Be(0,1), t<T,
where B depends on 0., M, d, s, r.

To prove the global existence of solutions to problem (1.1)—(1.4) we need the
existence of local solutions and a global estimate in the norms in which the local
existence is proved. More precisely, we are going to obtain a global estimate for
u, € W2HQ!) and 0 € W2 (QF).

LEMMA 6.11 (Global a priori estimates compatible with estimates for local
solution). Assume that b € Lis.(Q), ug € W24 (Q), u; € B;I?F(Q), g€

Ls+(0,t; Lo (), g >0, 6 € HY(Q) N B;;Qk,)/fﬁ () N Lo (2). Then solutions to
problem (1.1)—(1.4) satisfy the estimates

(6.39) HutHng(m) < o(t,1/6,,d(t)),
(6.40) 10122 ey < ¢(t,1/0s, d()),
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where, fort <T,
d(t) = [1bllp15 o (2) + llwollwz, @) + ||U1||B§1?;i+ @

+19llz,4 045202 + [160ll

(@NB2 /T (@NLoe ()]

2
5
PROOF. In Section 5 we proved the existence of local solutions such that

u, € WEHQY), § € W2HQ!) for ¢ sufficiently small. Then e, € W1/%(Qh).

To prove the global existence we need a global estimate for solutions to problem
(1.1)—(1.4) in these classes. For this purpose let us recall estimates from Lemmas
6.1-6.10. From (6.2) we have

(6.41) Jlw(®)llm @) + lue@®lZ, @ + 1607, @

< C(t)(”uo‘l%{l(ﬂ) + lwrllZ, ) + 100l 7,0y + 10117,y + 9l @)
Let 6 € L, (Q). Then (6.9) yields
(6.42) lletllz, ) < @Ol L, ) F b, ) Flluollws @ +Hlull gr-z/r g))-
Estimate (6.41) implies that 6 € Ly ('), r € (1,00). Then (6.42) implies that

(6.43) leellzy. @
< erllluollwy)s [[uill gi-2/r ) [1BllLa ), 100l Laes 91l )
where (7 is an increasing positive function. Later on we shall always denote by
vk, k € N, an increasing positive function of its arguments.
Let VO € L, (). Then from (6.11) it follows that
(644) ||Et||W11)171"/2(Qt) < CHut”Wgﬁ(Qt)
< c®)(IVOllz, .0 + [1bllz, .0 + [[uollwz o) + ||u1||Bg;2/T(Q))7

where p,r € (1,00) and will be chosen appropriately later on. From Lemma 6.4
and (6.41), (6.43) we get

(6.45) [10t)]z50) + VO 1,0
< @2 (lluollwiey Il i), 1B, 200y 1911 Ls 0 1 @05 100l 25 ) -
Using (6.45) in (6.42) yields

(6.46) lledllzs,. o)
< 903(||u0HW\})(Q)7 ||u1||Bé7,r,2/r(Q)’ ||bHL5,r(Qt)’ HgHLS/AL,l(Qt)’ ||90||L5(Q))7
for r > 2. Further, applying (6.5) with = 24, Lemma 6.5 provides the estimate

(6.47) (10) ][ 215 (2) + 10l L3612 0)

< @4(““’0”W})(Q)v ”ulHB;_ﬁ/M(Q)? ||bHL5,24(Qf‘)7 ||g||L36/25712(Q")7 ||00||L15(Q))'
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Employing (6.47) in (6.42) we have

(648) [letllzys 20 < @5 (llwollwi, @) [l grozrze g,
||b||L15,r(Q‘)ﬂL5,24(Qt)7 ||g||L36/25,12(Qt)7 ||90||L15(Q))

Now we use Lemma 6.6. The estimate (6.21) holds true provided &; € L1524 (")
with a > 12 (see (6.15)). Then (6.21) takes the form

o 2/«
(649) 100 1o agon + 1907212500, < 6 (ol s a1

||b||L15,2cx(Qt)’ ||g||L3a/(2a+1),a(Qt)7 ||90||La+3(9))'

Continuing, Lemma 6.7 yields

(6.50)  [16e]l Loty + 101l oo 0.7 (02)) < 07 (1/05 [wollws, s
[l ||B};§fa(ﬂ)a Hb||L15,20(Qt)a ||9|‘L2,Q(Qt)7 H90|‘LQ+3(SI)HH1(SZ))~

In the next step we use Lemma 6.8. It implies that

(6.51) ||9||L2(0,t;wg(sz)) <7, 0<2

where @7 is defined by (6.50) with « arbitrary large. Hence, (6.50) and (6.51)
imply

(6.52) 10llw21 ey < 7

with « arbitrary large (see (6.50)) and ¢ < 2. Hence, by the imbedding from
Lemma 3.1 it follows that V@ € Lj,,5(2"), 0 < 2. Consequently, due to (6.44),
(6.53) ||5t||Wé;1//32(Qt) < c(pr+ [wollwz, (@) + ||u1|\B§;/23{<5593/33>(Q))

= ¢s(1/0s uollwi, @nwz, (@) [lw ||B;;g{3a(Q)mng—/zs(;sge//sB)(9)7

Hb||L15,2a(Qt)7 ||gHL2,a(Q”)v HGOHLQ+3(Q)QH1(Q))7

where o < 2 and o = 69/(2 — p). Further, Lemma 6.9 yields the estimate

(6.54) 10l oty < clws +[1gllLy 065000 (@) + 100l L))

where the following imbeddings were used
(6.55) letllz, @) + letllL.0.6:00 @) < 0||€tHW;,gl/32(Qt)

for 3/2 < o < 2, where ¢ < 5/(3/0 —1).

Finally, Lemma 6.10 implies that § € C%#/2(Q%), g € (0,1) for g € Lx(QY),
et € Lox(QY), A =1/(1 —2(1+4 3)/r), 2/r + 3/q = 3/2, 5 > 0. Hence, we can
choose \ = 2. Moreover, 6 € C?(Q).

Since @ is the Holder continuous we can apply the theory of parabolic equa-
tions described by Lemmas 3.4 and 3.5. However, looking for u € W;f (QY) we
need that VO € L+ (Qf). Because, up to now, we have not proved such estimate



THREE-DIMENSIONAL THERMO-Visco-ELASTICITY 191

for # we consider problem (1.2), (1.3)2, (1.4)3 for . By (6.48) it follows that
€t € L1524(Q%), @ > 12 and 0 € Loo(Q'). In result we have

(6.56)  [10llwz1(qry < @o(l0llzn ey el zan o) 190 2o @0): 1001l 2270 ) )
for o = 57. Hence, by the imbedding,
VO] Lty < c||9||W§J,rl(Qt) for any 6 > 1.

Then problem (1.1), (1.3)1 2, (1.4)1,2 implies

(6.57) ||ut|\wgv+1(nt)
< c(IVOllz,, ) [1bll L, @) ||U1|\W2;2/s+(9)a l[wuollwz, @)-
5

therefore (6.56) and (6.57) imply (6.39), (6.40), respectively. O

7. Global existence

PrOOF OF THEOREM 1.1. Theorem 5.3 provides the local existence of solu-
tions to problem (1.1)—(1.4) such that u, € W2, (Q!) and § € W' (Q), where ¢
is sufficiently small. By virtue of Lemma 6.11 we have global a priori estimates
for problem (1.1)-(1.4) such that u; € W;f(Qt) and 6 € W?f(Qt) for any t
finite. These estimates are compatible with the estimates for local solutions on
the time interval of the local existence. This implies a possibility of extension of
the local solution for any finite time. O
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