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GLOBAL AND LOCAL STRUCTURES
OF OSCILLATORY BIFURCATION CURVES
WITH APPLICATION
TO INVERSE BIFURCATION PROBLEM
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ABSTRACT. We consider the bifurcation problem
—u(t) = Mu(t) + g(u(®?))), u®) >0, tel:=(-1,1), wu(£l)=0,

where g(u) = g1(u) := siny/u and g2(u) := sinu?(= sin(u?)), and A > 0
is a bifurcation parameter. It is known that A\ is parameterized by the
maximum norm a = |[uy|lcc of the solution u) associated with A and is
written as A = A\(g, &). When g(u) = g1 (u), this problem has been proposed
in Cheng [4] as an example which has arbitrary many solutions near A =
n2/4. We show that the bifurcation diagram of A\(g1,a) intersects the
line A = 72/4 infinitely many times by establishing the precise asymptotic
formula for A(g1, ) as o — oo. We also establish the precise asymptotic
formulas for A(g;, ) (i = 1,2) as @« — oo and o« — 0. We apply these
results to the new concept of inverse bifurcation problems.
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1. Introduction

This paper is concerned with the following nonlinear eigenvalue problems:

(1.1) —u(t) = Mu(t) + g(u(t))), tel:=(-1,1),
(1.2) u(t) > 0, tel,
(1.3) u(—=1) =u(l) =0,

where g(u) is an oscillatory nonlinear term and A > 0 is a parameter. If
u+ g(u) >0 for u > 0, it is known from [13] that, for any given o > 0, there
exists a unique solution pair (A, us) of (1.1)—(1.3) with a@ = ||ual|co and A is
parameterized by a as A = A(a). Furthermore, A(«) is continuous in o > 0.
Since A also depends on g, we write A = A(g, «).

The study of the global and local structures of bifurcation diagrams is one of
the main interest in the field of nonlinear eigenvalue problems, and many topics
arising from mathematical biology, engineering, etc. have been investigated by
many authors. We refer to [2], [3], [5], [6] and the references therein.

In particular, when the equations contain oscillatory nonlinear terms, some-
times the bifurcation curves have the oscillatory structures, which reflect the
oscillatory properties of the nonlinear terms. We refer to [7], [9], [11], [14]-[16]
and the references therein.

Relevant to the viewpoint above, the equation (1.1)—(1.3) with g(u) = sin/u
has been proposed in Cheng [4] as a model problem which has arbitrary many
solutions near A\ = 72/4.

THEOREM 1.1 ([4, Theorem 6]). Let g(u) = g1(u) = sin/u (u > 0). Then,
for any integer r > 1, there is § > 0 such that if X € (7%/4 — 6,72 /4 +6), then
(1.1)—(1.3) has at least r distinct solutions.

Certainly, Theorem 1.1 gives us the information about the structure of the
solution set of (1.1)—(1.3), and it is quite natural for us to expect that A(g1, @)
oscillates and intersects the line A = 72 /4 infinitely many times for o > 1.

In this paper, we first prove that the expectation above is valid. Precisely, we
establish the asymptotic formula for A(¢g1, ) as @ — oo, which gives us the well
understanding why (g1, «) intersect the line A = 72/4 infinitely many times.
We also obtain the asymptotic formula for A(g1, «) as @« — 0. These two formulas
clarify the whole structure of A(g1, ).

We next calculate the asymptotic length L(g1, ) of A(g1, @) as a — oo,
where

2c
(1.4) L(g,a) := V14 (N(g,s))?ds.
(e}
This concept was introduced in [15] as a new idea to distinguish two unknown
nonlinear terms g and g by the difference between L(g, ) and L(g, o) for a > 1.
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Now we state our main results.

THEOREM 1.2. Let g(u) = g1(u) = sin/u. Then as a — 00,

2
(1.5) g1, o) = % — 73275/ cos <\/E %7‘() + 0(04*5/4)’
(16) )\/(gla O[) == %77_3/20477/4 sin <\/a — Zﬂ') + 0(0[77/4)7
1

(1.7) L(gi,0) =a+ 0 )a5/2 + o(a™"/?),

1
1
(-7
THEOREM 1.3. Let g(u) = g1(u) = sin /u.
(a) As a — 0, the following asymptotic formula for A(g1, ) holds:
3 3
(1.8) g1, ) = Z012\/54r 5010204+0(a3/2),

where

(1.9) C-—/1 Ly Cy = 3/1 L=
: VR Viler 2T ), s

(b) Let vg be a unique classical solution of the following equation:

(1.10) —ug(t) = 1 C%\/uo(t), tel,
(1.11) vo(t) > 0, tel,
(112) ’Uo(—l) = ’Uo(l) =0.

Furthermore, let vo(t) == ua(t)/a. Then vy — v in C*(I) as a — 0.

For the uniqueness of the positive solution of (1.10)—(1.12), we refer to [1].
By Theorems 1.2 and 1.3, we see that the shape of A(g1, @) is like in Figure 1
below.

T2 /4 o TN N T NG

FIGURE 1. Bifurcation curve for A(g1, ) with g1 (u).

When we consider an oscillatory nonlinear term g(u), the most natural one is
g(u) = sinw, which has been already considered in [15]. In general, it seems quite
difficult to treat the case g,(u) = sinu™, where n > 2 is an integer. Therefore,

the second purpose of this paper is to consider the case where g(u) = sin u?.
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THEOREM 1.4. Let g(u) = g2(u) = sinu®. Then, as a — oo,
2

il w2, 2 3 -2
(1.13) Mgz, o) = 4T g @ cos <a Zw) +o(a™*),
3/2
(1.14) N(g2,a) = T sin <a2 — %W) +o(a™t),
o
3
(1.15) L(gs,a) = a + g—a +o(ab).
THEOREM 1.5. Let g(u) = g2(u) = sinu®. Then, as o — 0,
21 1 1
(1.16) A(g2,a) = % ~3 TAia + (§ A2+ 8 7TA2)0¢2 + o(a?),
where
Lo —g8 1 (1—s%)?
A
2 /4

)\(g27a)

FIGURE 2. Bifurcation curve for A(g2, a).

We now consider an application of the asymptotic length obtained above to
the inverse bifurcation problem, which has been proposed in [15]. Assume that
there is an unknown nonlinear term g(u). Then is it possible to distinguish g;
(¢ =1,2) and g by using L(g;, @) and L(g, «)?

The advantage to consider L(g, @) in the inverse problem is as follows. On
the theoretical side, we encounter the difficulty to obtain the precise shape of
bifurcation curves. However, on the practical side, it sometimes happens that
it is rather easy to measure the length of these curves. Therefore, if we can
distinguish two unknown nonlinear terms from the information to get easily,
then this approach may give us the new light to inverse bifurcation problems.

However, without any conditions on g, it is quite difficult to treat the prob-
lem above. Therefore, we assume that g(u) € C*(]0,00)) satisfies the following
assumption (A.1), which was introduced in [15].

(A.1) g(0) =4'(0) =0, g’'(u) > 0 for u > 0 and g(u) = Cu™ for u > 1, where
C >0 and 0 < m < 1 are constants.
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A

2 /4

Mg, a)

FIGURE 3. Bifurcation curve for A(g, o) with g(u) ~ Cu™.

Then can we distinguish g(u) from g;(u) (i = 1,2) by L(g, «)?

THEOREM 1.6 ([15]). Let g(u) satisfy (A.1). Then, as a — oo,

~ 22m—3 1 2 2m-3 2m—3
(1.18) L(g,0) = a+ 2em=3) A(m) « + o(a ),
where
_ (L= mpr0C(m) [
(1.19) A(m) := T+m ) C(m) = y (1— s2)3/2 ds.

By Theorems 1.4 and 1.6, we can distinguish go and g. On the contrary, if
we put m = 1/4 and C = 5/(6y/27C(1/4)), then we see from Theorems 1.2 and
1.6 that the second terms of L(gi,«) and L(g,a) coincide. From this point, we
might go to a more precise consideration of the concept of the asymptotic length
of the bifurcation curves.

The proofs of Theorems 1.2 and 1.5 basically depend on the time-map argu-
ment and the asymptotic formulas for Bessel functions. In particular, the key
tool of the proof of Theorem 1.2 is the asymptotic formula for the Bessel func-
tions obtained in [12]. From this point of view, the proofs of Theorems 1.2 and
1.5 are different from those used in [14]-[16].

2. Proof of (1.5) in Theorem 1.2

In what follows, we eliminate g from A(g, o) and write A = A(«) for simplicity.
In this section, let a > 1. Furthermore, we denote by C' the various positive
constants independent of a.. For u > 0, let g(u) = g1(u) = sin /u and

(2.1) G(u) = /Oug(s) ds = 2sinv/u — 2y/ucos/u.
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It is known that if (ua, A(a)) € C%(I) x Ry satisfies (1.1)-(1.3), then

(2.2) Ua(t) = ua(—t), 0<t<1,
(2.3) u(0) = ,?L%’élua(t) = aq,
(2.4) u(t) > —1<t<0.
By (1.1), we have

(um(t) + Mua(t) + sin y/uq (1)) )ul(t) = 0.
By this and putting ¢ = 0, we obtain
% ul () + )\<% U (t)? + G(ua(t))> = constant = )\<% o? + G(a)> :
This along with (2.4) implies that for —1 <t <0,
(2.5) = VA2 = ua(t)? +2(G(a) — G(ua(t))).
For 0 < s <1, we have

‘G(a) — Glas)|
a?(1—s?)

Jos 9(8)dt

a(l —s) 1
~a2(1 — s?) = '

(2.6) S22 @

By (2.5), (2.6), putting s := us(t)/a and by Taylor expansion, we obtain

Ug (1)
(2.7) VA= / VZ = ua(0)? + 2(G(a) — G(ua(?))) “
1

ds
/\/152+2G(04) G(as))/a?

1
/ﬂ—s? V1+2(G(a) - G(as))/(a?(1 - s2))

<
:/0 T L e s

o1 L G(a) - Glas
=3~ (1+ 0(1))/0 7(1 — ds.

ds

We put
. L G(a) — G(as)
(2.8) K(a) ._/0 st.
LEMMA 2.1. As o — 00,
(2.9) K(a) = vma’/* cos (\/a - %TF) + o(a®/?).

It is clear that (1.5) in Theorem 1.2 follows immediately from (2.7) and
Lemma 2.1. We prove Lemma 2.1 by the series of several lemmas.
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LeEMMA 2.2. K(a) = v2a??2R(a) for a>> 1, where

/2 2
(2.10) R(a) := / \/1—= ? cos? 0 cos(v/asin 0) df.
0

PROOF. We put s =sinf in (2.8). Then, by integration by parts, we obtain

w/2
(2.11) K() :/0 @ (G(a) — G(asin6)) db
/2
:/0 (tan 0)'(G(a) — G(asin6)) do
=[tan 0(G(«) — G(asin 9))]3/2
+ Oz/W/2 tan f(cos 0 sin Vasin 6) df.
0

By 'Hopital’s rule, we obtain

(2.12)  lim sin y/a — sin Vasinf — y/acos y/a + Vasinf cos Varsin

0—m/2 cos

. o« cos fsin v sin 0
= lim - =0
0—m/2 2sinf

By this and (2.11), we obtain
/2
(2.13) K(a) =al(a) := a/ sin 0 sin Vasin 6 d6.
0
We put ¢t = v/sind. Then by (2.13) and integration by parts, we obtain
213

(2.14)  L(a) :/01 ﬁsinﬂtdt = —/01(\/1 — t4) sin v/ait dt

1
:\/5/ V1 —ttcos(v/at)dt (putt = sinf again)
0
/2
:\/a/ V1 — sin® f cos(y/asin 0) cos 6 df
0
/2
:\/5/ V1 + sin? 6 cos? § cos(v/asin 0) df
0

/2 cos? 0
=V 2a/ 1- — cos? f cos(v/asin @) df. = v2a R(a).
0

Thus the proof is complete. O

Let v be a positive integer, and J,(z) be the Bessel function. Then we see
from [12, Theorem 4] that for z > 0,

(2.15) Ju(x) =4/ 2 cos(z — wy) + Oepx™3/2,
T
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where w, = (2v 4 1)7/4, 0 is a number with the absolute value not exceeding
one, u = |[v? — (1/4)| and

c=4/5 0<z</m, v>1/2),
c=2/m (z>+/m, v>1/2).
LEMMA 2.3. Fora>1,

(2.16) R(a) = \/g a3/ cos <\/a — Zw) + o(a™3/%),

PROOF. We know from [8, p.424] that for n = 0,1,.. .,
/2 -
(2.17) / cos?(" ) @ cos(z sin 0) df = ) 2n+ Dz~ g (2).
0

We know that for |z| < 1,

(2.18) \/1—3@:1—%% n

Let N > 0 be an integer specified later. By (2.10), (2.15), (2.17) and (2.18),
Taylor expansion and Lebesgue’s convergence theorem, we have

oo

(2.19)  R(a) = / " { Z (2n — )M Cosine}cos26’cos(\/asin9) a0

n!2n

2n—3) © (2n+ 1!

@l 2 gtz e (Ve)

N
:mﬁ(\/&)f;

o) /2 (27’L _ 3)” COSQ(n+1) 0 .
> /0 2n)!! 5 cos(Vasing) df

= \/gofw4 cos (\/a - Zﬂ') +0(a™* - Q1 — Q.

3

Here
Cn+1)'=02n+1)2n-1)---3-1, (n=1,2,...),
2n)l=(2n)-(2n—2)---4-2, (n=1,2,...),
@n—3)1=(2n—3)2n—5)---3-1, (n=2,3,...),
(2n =3 =1, (n=1).

We show that @)1 and Q2 are remainder terms. We first calculate Q2. Clearly,
for n € N,

/2
(2.20) / cos?(™ ) glcos(v/arsin 0) | df < g
0
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By this, we obtain

. 2n-=3) 1 [7/?
(2.21) Q2| < Z (7127”) 2—n/ cos?(™ Y g|cos(y/asin §)| db
n=N+1 ( n) 0
< = 11 oo 1
= 227 2 9N+L
n=N+1

We next calculate Q1. By (2.15), (2.17) and (2.19), we have

N
X @n-3 @nan [ 2
(222) Q=) TGN 3 gtz | 7al?

n=1

3
X {cos(\/a — Wpt1) + ec(nQ Lo+ Z)04—1/2}
N
o fr 1 (2n—3)!! 2n+ 1!
“V2a Z:l 2n)ll 2nan=1)/2
3
X {COS(\/E — Wpt1) + ec(nQ +2n+ Z)Oé_l/Q}.

We choose N satisfying N < a'/6 < N + 1. Then, for 1 < n < N, we have

Cn+1!" n+(1/2) n—(1/2) (5/2) 3
(2:23) ongn—1/2 —  gl/2 T gl/2 T a1/2 9 <l
Moreover,
al 3
2.24 2ron+ S a2 <
(229 3 (ot )i s

By this, we obtain
(2.25) Q1| < Ca /4N < Ca~13/02),

Furthermore, for a > 1, we have 2=(V+1 = o(a=3/4). Then by this, (2.19),
(2.21) and (2.25), we obtain

3
(2.26) R(a) = \/?CYB/4 cos (\/5 -1 77) +o(a™?4).
This implies (2.16). O

Now Lemma 2.1 follows from Lemmas 2.2 and 2.3. Then we obtain (1.5) of
Theorem 1.1 from (2.7) and Lemma 2.1. Thus the proof is complete. O

3. Proofs of (1.6) and (1.7) in Theorem 1.2

In this section, let o > 1. By direct calculation, we obtain

(3.1) N(a) = 2 VN@) = (VA@)).

da



612 T. SHIBATA

We see from (3.1) that (1.6) in Theorem 1.2 follows from (1.5), (3.1) and the
following Lemma 3.1.

LEMMA 3.1. As a — oo,
d

(32) %(\/@) = % V™ sin (\/a - %w) +o(a”/*).

By (2.6), (2.7), Lemma 2.1 and Lebesgue’s convergence theorem, we have
(3.3)

d d 1
—(/Ma)) =— ds
da< () da/ V1—82+2(G(a) — G(as))/a?

1 p—
N / g(a) —sglas)
0

T(1—s2)32
1
G(a) — G(as)
1+0 /0 (1 523/2 ds
- i1 1g(o‘*sgo‘s)d 2 14K
-z o) [N 4 2 (o))

1 -
= = = (1+o(1))M(a) + Ofa /4,
Therefore, Lemma 3.1 follows from (3.3) and the following Lemma 3.2.

LEMMA 3.2. As o — 00,
3
(3.4) M(a) = 7? o/*sin <\/a -1 w) + o(a/?).

Lemma 3.2 is proved by a series of lemmas.

LEMMA 3.3. As a — oo,

1
(3.5) M(a) = 5 a2 M (@) + O(a™ %),
where
w/2
(3.6) Mi(a) = / sin®/2 0 cos Vasin 0 d6.
0

PROOF. By putting s = sinf in (3.3), (2.12), (2.14), (2.16) and Lemma 2.3,
we obtain

61 M) = [ 2 (f_;;ji?gr :

/2
/ 77 {sin/a — sinfsin Vasinf} do
o COS
:[tan@{sin\/afsiHQSin\/asinH}]O
w/2
+/ tanﬂ{cos@sinx/asin@
0
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1
+ ia 1/2 sm1/29cost9c05\/asin9} do

1
2
1

A 2My(a)+ L) = - a

2 My (o) + O(a

Thus the proof is complete.

LEMMA 3.4. As a — oo,

M (a) = —/ma~ Y4 sin (ﬁ - %w> + o(a™ /%),

(3.8)

PROOF. The proof is divided into several steps.
Step 1. By putting ¢ = +/sinf and integration by parts, (2.14) and (2.16),

we obtain

(3.9)

oy oo
Ml(a):2/ \/1_(:05\/_tdt /0 Vi

/{ tH1/2} (t cos v/at) d
- [(1- )1/2tcos\/_t]

71/4)

(tcosvat) dt

+ /1(1 — tY1/2{cos V/at — /at sin/at} dt
0

/1(1 — 1Y% {cos v/at — v/atsin /at} dt
0

- \/5/1(1 — t2tsin /at dt + V2R(«)

:f\/_/ tHY 2t sin/at dt + O(a™/*).

By this, (2.18) and putting ¢ = sin f, we obtain

(3.10)

Adi(a)

/2
= - \/a/ (1 +sin? 0)'/2(1 — sin? §)1/2
0
- sin @ sin(v/a sin §) cos 6 df 4+ O(a~3/%)
/2
= - \/a/ (1 +sin?9)'/2
- cos? 0 sin O sin(y/asin ) df + O(a™3/*)
B 7\/—/ 00529

- cos? 0 sin 0 sin(v/a a51n9)d9+0( 73/4)

613

w/2 w/2
041/2/ sin3/29c05\/o<sin9d9+/ sin 0 sin vV« sin 0 d6
0 0
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oo

— [T/? (2n —3)N cos?"
== 20&/0 { Z nlan on }

-cos? fsinf sin(\/a sinf) df + O(a~3/4)

/2
-V 2a/ cos? f'sin 0 sin(+/arsin 0)df

™2 (20 — 3)!! cos? 0
V2
+ a Z nlon on

n=1

- cos? O sin @ sin(y/a sin 9) df + O(a™3/%)

(2n-=3)I 1
— 204M2 )+ V2 Z |2n on Qn

vy B Lo o

n!2n
n=N+1

= —V2a My(a) + V2a Ms(a) + V2o My(a) + O(a™%/%),

where N > 1 will be an integer specified later, and
/2

(3.11) Qn = / cos?(+D) 6 sin 0 sin(y/asin 0) df.
0

Step 2. We show that —v/2a My («) is the leading term of M;(«). By (2.15)
and (2.17), we have

/2
(3.12) Msy(«@) :/ cos? fsin § sin(y/asin 0) d
0

/2 1 /
:/ (— gcos?’ 9) sin(y/a sin 0) df
0

/2

= [ — % cos® @ sin(y/a sin 9)}

0
1 71'/2
+ 3 \/a/ cos? 0 cos(v/asin 6) df
0

1 /2 A ) B ™ 31
=3 \/E/O cos*  cos(v/asinf) df = \/_ 2 (Jar

=7 g {\/;cos (\/_— ZW) +O(04_3/4)}

— [ Z oa3/4sin (\/a — %ﬂ) + o(a—3/4).

J2(Va)
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Step 3. We show that v2a Ms(a) and v2a My(e) in (3.10) are negligible.
By using integration by parts, (2.16) and (2.17), we obtain

w/2 /
(3.13) Qn = / ( ~3 1+ 3 cos?mt3 9) sin(yv/asin 6) df
0 n

/2

o o 1 2n+3 : :
= K 73 % 9> sin(y/asin 9)]

1 7T‘/2
T3 \/a/ cos?("2) g cos(y/arsin ) df
n 0

1 (2n + 3)!
~ 213 VO e (V)

1 (2n + 3)!
T on4+3 Va a(n+2)/2

X [\/%cos <\/_ g (n+2)— iﬂ) +90ua3/4].

We choose N satisfying N +1 < o'/ < N + 2. Recall that ¢ and 6 are the
constants defined in Lemma 2.1. Then by (3.13), we obtain

0

(2n+ 1 -1/4 2 15Y 34

o+ [ )y 9 15\ 34

By this and (3.10), we obtain

N
2n—30 Cn+ 1) 1
(3.15) |M3(a)| <C Zl Va (2n)I! onan/6  (n+3)/3

1
X (a_1/4 + (n2 + 4n + 15)04_3/4)

<CaB2N < 0o~ 11/12,

Since |@Qn| < /2 for n € N, we have
(3.16) |My(a)| < C27N < Ca™t.

By (3.10), (3.12), (3.15) and (3.16), we obtain (3.8). Thus the proof is
complete. (I

Lemma 3.1 follows from Lemmas 3.2-3.4. Then we obtain (1.6) in Theo-
rem 1.2 by (1.5), (3.1) and Lemma 3.1. Thus the proof is complete. O
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PROOF OF (1.7). By (1.4), (1.6) and Taylor expansion, for o > 1, we obtain

2c 1 3
(3.17) L(g1, / \/1 + = 1 73s~7/2(1 + o(1)) sin (\/E - - )

4

:/a {1+%7r(1+0 % sin? <\/§ >}ds

3
4
1 V2a 3
=a+ -7 (1+0(1))/ tGSin2< —7r> dt.
1 va 1

By integration by parts, we obtain

V2o 3 1 [V2e
(3.18) / 70 sin? (t—w) dt = —/ t~5(sint + cost)? dt
va 4 2 )va
1 V2 1 V2
:—/ t*ﬁdt+—/ tOsin2t dt
2)va 2 )va
V2a !
1 1 1 1
= (1-—)a %2 —/ t7%( — = cos2t) dt
10( 4\/§)a +2 e 2cos
V2a
1 1 1
R RN DS 246002
10( 4\/§)a +{ 4t COSt\/a
Vaa
7%/ t=7 cos 2t dt
2Jva
1 1 —5/2 -3
=—|1-—= o) :
10( 4\/5)04 +0(a™)

By this and (3.17), we obtain (1.7). O

4. Proof of Theorem 1.3

In this section, let 0 < a < 1.

PROOF OF THEOREM 1.3 (a). By (2.7),
(wn  Va=) \/a2 21 2002 (Ca)  Clany e
1
/o Va1l = 2) 1 2(G(a) - Glas)) o

By Taylor expansion, for 0 < s < 1, we have

G(a) — G(as) /: sin vVt dt = /(: (\/% %t3/2 + O(a5/2)) dt

2
~3
2

=al/4 ds.

3/2(1 _ 53/2) _ % 045/2(1 _ 55/2) + O(Oé7/2)(1 _ S)

a3/2(1 - s3/%) — % a®2(1 + o(1))(1 — s°/2).



GLOBAL AND LOCAL STRUCTURES OF OSCILLATORY BIFURCATION CURVES 617

By this and (4.1), we obtain

1

1
(4.2) V) :a1/4/ ds
0 \/041/2(1 _ 52) + 4(1—353/2) _ 2a(1+o(11)§(1—55/2)

2
! 1
% / / 3(1—s2) 1_s5/2 ds
0 1753/2\/1+a1/2m—a(1+0(1))m
V3 i [t 1 3(1 — s?)
=22 gl/4 —  (1-a2= " 10 d
5 @ /o *1—33/2( o 8(1—53/2)+ (a)) s
3
- g V4O + Caa? 4 O(a)),
where Cy and Cy are constants defined in (1.9). O

PRrROOF OF THEOREM 1.3 (b). By (1.1) and Theorem 1.3 (a), we see that v,
satisfies

@3) () = Z C2(1 + o(1)) (al/Qva(t) + % sin ozva(t)).

By this, we see that [|v]]|ec < C,||VL|lco < C,||valloc = 1. We choose an arbitrary

subsequence of {v, }, which is denoted by {v,} again, for simplicity. Let o — 0.
By these inequalities, (4.4) and Ascoli-Arzela theorem, we can choose a subse-
quence of {v,}, which is denoted by {v,} again, such that v, — vo in C%(I).
This implies that vy is a classical solution of (1.10)—(1.12). Then, by a standard
compactness argument, we see that v, — vo in C? (7) as a — 0. (]

5. Proof of Theorem 1.4

In this section, let g(u) = g2(u) = sinu? and a > 1. We know that

(5.1) G(u) = /Ou sint? dt = \/gS(u),

where S(u) is the Fresnel sine integral defined by

(5.2) S(u) = \/g/ou sin 2? du.

Further, let C(a) be the Fresnel cosine integral defined by

(5.3) Cla) = \/g/oa cos 2? dz.
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Then we know (cf. [8, pp.898-899]) that as o — o0,
1 1

S(a) = 3 Vora cos? a + O(a™?),
(5.4) ] 1
Cla) = 3 + o sin?a + O(a™?).

Since (2.6) also holds in this case, for o > 1, we have (2.7). We calculate (2.7)
by (2.8).

LEMMA 5.1. As o — 00,

(5.5) K(a)/OIMdSﬁCOS (aQEW) + o(1).

(1 — s2)3/2 2
PRrooF. For 0 < 6 < 7/2, we put
(03
(5.6) P(O) = / sin £2 dt.
asin 6

We put s = sinf in (5.5). Then by (5.5) and integration by parts, we obtain

67 K() :/OW/2 L p@yas

cos? 0
/2
=[tan @ P(@)]g/2 + a/ tan 0 sin(asin 0)2 cos 6 df
0
=K (a) + aKs(a).

By I'Hopital’s rule, we have

PO) lim acosfsin(asinf)?

(5.8) _o

im = -
0—m/2 COSO  0—m/2 sin 6

So we see that K;(a) = 0. Now we calculate K.
/2
(5.9) Ks(a) =/ sin @ sin(a sin 0)? d
0
/2
:/ sin @sin(a? — a? cos® §) df
0
/2
= sina? / sin § cos(a? cos® ) df
0

/2
— cosa? / sin @ sin(a? cos? #) df
0
= Ky () sin o® — Koy(a) cos a?.

Putting ¢t = cosf, we obtain by (5.4) that as a — oo,

(5.10) Ko (a) = /01 cos(a’t?) dt = é/oa cosx? dx = \/7%(1 + o(1)).

| N
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By the same calculation as that to obtain (5.10), we obtain

(5.11)  Ka(a) = /O sin(a2£2) dt = é\/gsm) _ \/gi (14 o(1).

By (5.9)—(5.11), we obtain

1
(5.12) K(a) =aK; = 3 \/g(l + 0(1))(sin a® — cos )
3
= ? cos (a2 ~1 7T) + o(1).
This implies (5.5). O
By Lemma 5.1 and (2.7), we obtain (1.13) in Theorem 1.4. O

We next prove (1.14). We apply (3.1) to the proof. By (2.6), (2.7), (3.3) and
Lemma 5.1, we have

(13) (VA = - (1+0(1))/0 %ds—i— 21+ (1)K )

- % (14 0(1)) T(a) + O(a™?).

LEMMA 5.2. As a — oo,

(5.14) T(o) = —/masin <a2 - Zw) + o(a).

Proor. By putting s = sin#, integration by parts and ’'Hopital’s rule, for
a > 1, we obtain (cf. (5.8))

/2 1
(5.15)  T() :/0 Y (sin a® — sin @ sin(asin 0)?) d

= [tan O(sin o2 — sin f sin(a sin 0)%)]7/?
/2
- / tan 6 (— cos 0 sin(a sin 0)?
0

— 2a”sin? f cos 0 cos(arsin 0)?) do

w/2 w/2 )
= / sin @ sin(asin 0)2 df + 20> / sin® 0 cos(arsin 0)* df

0 0

= Ka(a) + 2a2T2(a).
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Then

/2
(5.16) Th() =/ sin® @ cos(a? — o cos? ) df

0
/2
= cosa? / sin® @ cos(a? cos? §) d
0
w/2 )
+ sin o / sin® @ sin(a? cos? 0) df
0

:=T51 () cos a? + Tro(a) sin a?.

By putting = cosf, (5.10), (5.11) and integration by parts, we obtain

w/2
(5.17)  Tui(a) = / (1 — cos® ) sin O cos(a? cos® ) df
0

= /01(1 — 2?) cos(a’®z?) dx

1 1
cos(a’x?) dx — / z - (x cos(a?z?)) dx
0

o (L o(1)) - /01 z- (ﬁ sin(a2x2))/dx

Il
S~

EERSE]

e

1
1 Lo 59
= % (1+0(1)) — [Jc-ﬁsm(a x )L
1 1
+ﬁ/0 sin(a?2?) dx
T 1 1 1 m 1
=y/=—(140(1) = —5sina® + — /= — (1 +o(1
\/gm( Foll) = gzsina’+ 355 35 1 Hel)
T 1
=/=-—(01 1)).
V35 (4ot
By the same calculation as that above, we also obtain
(5.18) Ton(@) = 4/ =~ (1 + o(1)
' 27N 2 20 '
By (5.16)—(5.18), we obtain
IRV i,
(5.19) T, = 5 S | @ +47r +o(a™).

By (5.9), (5.15) and (5.19), we obtain
T(a) = /masin <a2 + iﬂ) + o(a) = —/masin <a2 - %7‘() + o(a).

By (3.1), (5.13) and Lemma 5.2, we obtain (1.14).

O

O
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PRrROOF OF (1.15). By (1.14) and Taylor expansion, we have

(5.20)  L(g2,x) = / : 1+ 7;—23 (1 + o(1)) sin? <t2 - %) dt

:/:a {1 + ;—; (14 o(1)) sin? (t2 - ?%)}dt

73 20 /gin?t2 cos?t? 2sint?cost?
:a—i-Z(l—i—o(l))/ ( + + )dﬁ.

2 12 12
Clearly,
20 /2,2 2,2 20
sin“ ¢ cos“t 1 1
5.21 —F+ —— ) dt = —dt = —.
( ) /a ( 2 + 2 ) /a 12 2c
Furthermore,
20 o i 42 2 200 s 2 2v2a .. 2
2sint t 2t
(5.22) sin®cost” ,, _ sin(2t?) gt — /3 sina”
o +2 o +2 V3a 22
2\/50( «
=2 ficostQ — 3v2 /2\/5 cost” dt = O(a™?)
2t3 A 2 Jza Ot '
By (5.20)—(5.22), we obtain (1.15). O
6. Proof of Theorem 1.5
Let 0 < a < 1 in this section. For 0 < s < 1, let
2 1 (%,
(6.1) D, (s) = 21 = /aS sinz” dx.
Then by Taylor expansion, as a — 0,
2 1 o, 1 6
2(1 — s%) 1 1—-s7 ¢
=—Fa——(1 1)) —— a”.
51— ¢ ")

By (2.7), (6.2), Taylor expansion and direct calculation, we have

S| 1
6.3) VA= == \/1+Da(5)d8

1 3

:/01 \/% {1 — 5 Dals) + 5 (1+ 0(1))Da(s)2} ds

r 1 [t 1-s 1, (1 (1-s%)? )
:5—504/0 mdS-Fga/omds—f—O(a)

0]

By this, we directly obtain Theorem 1.5. O
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