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DYNAMICS OF NON-AUTONOMOUS REACTION-DIFFUSION
EQUATIONS IN LOCALLY UNIFORM SPACES

(GAOCHENG YUE — CHENGKUI ZHONG

ABSTRACT. In this paper, we first prove the well-posedness for the non-
autonomous reaction-diffusion equations on the entire space RN in the set-
ting of locally uniform spaces with singular initial data. Then we study
the asymptotic behavior of solutions of such equation and show the exis-
tence of (Hllj’q(RN), H;’q(RN))—uniform(w.r.t. g€ HL%(RN) (g0)) attractor

Ay @)

form bounded but not translation compact in L} (R; L{,(RY)). We also
obtain the uniform attracting property in the stronger topology.

(go) With locally uniform external forces being translation uni-

1. Introduction

In this paper, we consider the long-time dynamical behavior of solutions for
the following non-autonomous reaction-diffusion equations on R%:

(1.1) uy — Au+ flz,u) = g(x,t), inRY x [r,00),

with the initial condition

(1.2) u(z,7) =u (z), z€RY,

where f: RY x R — R is a suitable continuous function and g is given the
external force.
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936 G. YUE — C. ZHONG

Our goal is to prove that under suitable conditions there exist the uniform
attractor of reaction-diffusion equation with singular initial data and forcing
term g(x,t) being translation uniform bounded but not translation compact in
an appropriate sense.

The nonlinear term f is assumed to satisfy the following assumptions:

AsSUMPTION I. Assume that f satisfies f(z,0) = 0 and there exist constants
C and p with C' > 0,p > 1 such that

(1.3)  |f(z,u) — f(z,v)]| < Clu—v| (L4 [ulP~" + [v]P7"), for all u,v € R.

AssSUMPTION II. There exist two positive constants g, p2 such that
—os® — pg|s| < sf(x,s), foralls € R, z € RN,

We furthermore assume that the external force g(-,t) € LE(RN) with 1 <
q < N for almost every ¢ € R and g has finite norm in the space L (R, L, (RV))
with p > 2, i.e.

t+1
P o . P
190 g vy =500 [ o301y oy s < 4.

The main contribution of the present paper is to extend the external force
to the case where g(,t) is considered in much larger space L?(R, L% (RY)) and
with weaker assumptions.

The long-time behavior of the solutions of (1.1) is of great current interest.
It is well-known that this behavior of solutions of such equations arise from
mathematical physics can be described as the existence of the so-called attractors
of the corresponding semigroups (or process). In particular, when the domain is
bounded, the global attractor of such problems have been extensively studied by
using many different methods in the literature (see, e.g. [6], [13], [19], [23], [29],
[32], [35], [37] and the references therein).

In contrast to this, the case of unbounded domain becomes much more diffi-
culty and some of methods for bounded domains are on longer valid. The main
difficulty lies in the absence of the standard Sobolev compact embedding.

On the other hand, the disadvantage of the standard Lebesgue spaces LP1(RY)
(1 < p1 < o) is that it does not consider the behavior of the solutions for large
spatial values and the family of such spaces are not nested. In order to overcome
these difficulties, one should introduce an appropriate functional spaces to study
these partial differential equations. With respect to the use of weighted Sobolev
spaces, one of the pioneer works is in [7], where Babin and Vishik for the first
time introduced weighted Sobolev space as the phase space and showed, under
appropriate assumptions, the existence of global attractors for parabolic type
evolutionary equations on unbounded domain, however, which requires the ini-
tial data and forcing term belonging to the corresponding weighted spaces (see
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also [1]). Later on, in [5], the authors also proved the compactness of the nonlin-
ear semigroup and the existence of global attractor in weighted Sobolev spaces.
It is worth noting that the usual Sobolev spaces LP*(RY) (1 < p; < o) do not
include the constant solutions and traveling wave connections between two equi-
libria. For reaction-diffusion equations u; = Au + u — u3, the solutions v = +1
and the traveling wave connections between u = 0 and u = %1 are no longer
included the Sobolev spaces like LP*(RY) (1 < p; < 00), for example, see [21].
Hence, in [3], [4], [8], [18], [33], the authors introduced locally uniform spaces as
the phase space to include these special solutions in the global attractors. The
idea of the locally uniform spaces can be traced back to Kato [22]. In [3], J. Ar-
rieta et al. systematically study some properties and embedding relationship of
locally uniform spaces. These spaces enjoys suitable nesting properties (e.g. if
p1 < g1, then LI (RY) — LP}(RY)) and have locally compact embeddings.

We should mention that the methods introduced by Arrieta, Moya and
Rodriguez—Bernal in [5] will play a crucial role in our work. In [5], by using
weighted Sobolev spaces, the authors systematically study the properties of these
spaces, including Sobolev type embeddings and the weighted LP — L? estimates
for heat kernel. Then the authors prove the global existence and regularity of
the following reaction-diffusion equations in the space Lg(RN ) with 1 < g < oo,

Ou— Au = f(z,u), (z,t) € RN x (0, +0c0),
u(0) = wo.

and construct, under quite general assumptions with respect to f the existence of
global attractor. In particular, the authors in [15] established a global attractor A
and showed that A is contained in an ordered interval [y, dar], where ¢, dpr €
A is a pair of stationary solutions. We also refer to [16]. In [24], the authors
studied asymptotic behavior of solutions of non-autonomous parabolic equations
with singular initial data in the bounded domain of RV,

The motivation of this paper is to give a detailed study of the uniform
attractor of reaction-diffusion equation with singular initial data and forcing
term g(zx,t) being translation uniform bounded but not translation compact in
L (R L (R)).

The rest of this paper is organized as follows. In Section 2 we include some
preliminaries concerning locally uniform spaces and uniform Bessel spaces, their
embeddings, basic notations of non-autonomous dynamical systems. In Section 3
we consider the well-posedness of the linear non-autonomous reaction-diffusion
equations, i.e. f(z,u) = —pou — ps, and prove a comparison principle in lo-
cally uniform spaces which plays an important role in obtaining the existence of
uniform attractor. In Section 4 we prove the existence and uniqueness of solu-
tions for problem (1.1)—(1.2). In Section 5, we consider the global well-posedness
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of problem (1.1)—(1.2) in Hg]’q(RN). Motivated by ideas of [14], [18], [33] (see
also, for instance, [36], [34]), we obtain continuous property of a family of pro-
cess in H;’q(RN ) by extension solutions obtained in Section 4. In Section 6,
by introducing the uniform normal forcing we show the asymptotic compact-
ness properties of the family of processes and obtain the existence and struc-
ture of (H llj’q(RN ), H;’q (R™))-uniform attractor that attracts bounded subset of
H,lj’q(RN) in the topology of H;’q (R™), in fact, we obtain the attracting property
in the topology of H;a’q(RN), 1/2 < a < 1. This paper is complemented by
some properties of uniform normal functions, stated in Appendix A.

Throughout this paper we will use C' to denote positive constants that are
independent of the parameter . They may change from line to line or/and
depend on the weight function. In particular, when a constant C' depends on
some particular parameters, say a, b, ¢, we shall denote it by Cg p c.

Acknowledgements. The authors are indebted to the anonymous referee
for his relevant remarks on the first version of the paper.

2. Preliminaries

For completeness, we will recall some functional spaces which will be used
throughout of the paper. For more details, see, e.g. [3], [4], [8], [18], [33].

DEFINITION 2.1. A function ¢: RY — (0, +00) is said to be strictly positive
integrable weighted function of class C2(R™) if for two positive constants ¢g, @1,
and 2 € RV, j,k =1,..., N, the following three conditions are satisfied:

%4

(a) 87j(x) < ¢o9(x),

2
(b ‘aai;xk (x)‘ < ¢19(x), and
(c) ox () dz < 0.

In particular, according to the above definition, we can choose

N
(2.1) () = (1 Jr€0|x|2)ﬂ, v > DR €0 >0,

as a strictly positive integrable weighted function of class C2(RY) satisfying the
estimates |[V¢| < C/e0¢ and |A¢p| < Cep¢, and the integral property holds
obviously. This weight function has the following properties:

PROPOSITION 2.2. There exist positive constants C1, Cy such that

Cip(x) < inf ¢(y) < sup @(y) < Cad(xz) forallz € RY,
y€B(z,1) yEB(x,1)

where B(z,1) = {y e RN | |y — 2| < 1}.
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Thus, similar to Proposition 1.2 of [34], it follows

PROPOSITION 2.3. There exist positive constants Cy, Cs such that for all
u e LE(RN) with 1 < p < oo,

)Po(x)d )P dxd P d
o [ ez [ ow [ p@rdrdy<c [ juree i

For a weight function ¢(z) defined as like (2.1), we define the weighted
Sobolev spaces as follows, see also [33].

DEFINITION 2.4.
(a) For 1 < p < oo, define the weighted Sobolev space with weight ¢(x) as

L") = {u e L @) [ utaPole)de < oo},

with the norm

lull g vy = (/RN |u(@)Pp(x) dw>1/p-

(b) For p = oo, define the weighted Sobolev space with weight ¢(z) by

L;O(RN) = {u € L. (RY) : sup |u(x)|¢(x) < oo},

rERN

with the norm

l[ull g mry = sup |u(@)|¢(x).

Analogously, the weighted Sobolev space W;f P(RN), k € N is defined as the
space of distribution whose derivatives up to the order k inclusively belong to
LZ(RN), with the norm

Hu”m/(f”’(RN) = Z ||DaUHLg(RN) < 0.
o] <k

We define also, for 1 < p < oo, the locally uniform space L7, (RN) as the set
of functions u € L (RY) such that

sup [ July)dy <,
B(z,1)

zERN

where B(z,1) denote the unit ball centered at x, with norm
||U||L5(RN) = mselgiv Hu||LT’(B(gc,1))-
In a similar way, for p = oo, we have L (RY) = L>°(RY) endowed with

ulloe vy = sup [ull Lo (B(a,1)) = lullLoorry-
z€RN
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From the definition we can easily know that L7,(RY) contains L>(RY),
L™ (RY) and L7, (RY) for any r > p.

In order to consider the non-autonomous reaction diffusion equations in much
larger spaces with initial data in the uniform space L, (RM) for 1 < g < 00, we
denote by L{(RN) the closed subspace of L{;(RN) consisting of all elements
which are translation continuous with respect to || - ||z (z~v) under the action of
the group of translations {7,,y € RN} by 7,¢(-) := ¢(- —y), that is

6y (2) — (@)l Ly @~y = myd(2) = ¢(@)llLg vy = 0 as [yl =0,

and the uniform spaces WP (RY) and W;;*P(RN) can be defined, respectively,
by L¥(RYN) and L? (RN) in a similar way as the definition of Wf’p(RN).

We recall the locally uniform spaces. For 1 < p < oo, define the weighted
Sobolev space with weight ¢(x) as

qu(RN) = {u S Lfoc(RN) : ||UHL;7U(RN) — Ssup HUHLZ’) (RN) < OO}7
yERN y

and its the closed subspace

qu(RN) = {ue L (RY) : ||r,u — ullr vy — 0 as [y[ — 0},

lu

and the definition of W/?(RN) and W,%P(RY) can be carry out by using the
standard way.

If the weight function ¢ satisfies (2.1), then we know from [3] there exist
positive constants C, Cy such that the following norms are equivalent:

(2.2) Hu”ifu(RN) < CIHUHZ[)‘PU(RN) < 02”””12?“(]1{1\7)7 u € qu(RN)~

This equivalent norms imply that for £ € N U {0}, the spaces W[]j’p (RN) and

Wl];’p (RN) coincide algebraically and topologically when the weight function ¢

satisfies (2.1), and we recall some well-known embeddings of these spaces:
LEMMA 2.5.

(a) If 51282 2>0,1<p; <py<ooand sy —N/py > s2 — N/pa, then
W[Sjl»pl (RN) N W[S]mm (RN)

is continuous. Moreover, assume that 1 < p,p1,ps < 0o, 1/p < 0/p1 +
(1-6)/p2,0<0<1 and

S—N<9<81—N>+(1—9)(52_N>7
p D1 b2

then there is a C > 0 such that one has

ullwg ey < Clllnn vy Il e
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(b) If the weight function ¢ satisfies (2.1), then the inclusion WP (RN) —
WP (RN) is compact provided that so €N, s1 > 89, 1 < p; < py < 00
and s1 — N/p1 > s2 — N/pa.

For the fractional power operators (—A + I)*, one has from [3]

LEMMA 2.6. Let 0 < a < 1. Then there exist positive constants Cy , and
Cs,o such that

23) Crallulysong, < 10l mm, + 1(=A1 15 vy < Caaltlyses g
for all u € WZ**(RN).

Choosing L?] (RM) with 1 < ¢ < oo as a base space, the unbounded linear
operator A: D(A) € LEL(RYN) — L (RN) with the domain D(A) = HZY(RN)
generates an analytic semigroup e®! in L{ (RY), see [2], [30]. The uniform
Bessel-Sobolev space H []},p (RY) is defined as the set of functions ¢ € Hli’f (RM)
such that

||¢HH5=P(RN) = IS;RI?V ||¢||H’W’(B(a:,1) < 0,

for k € N and then denote by H (’j’p (RY) a subspace of H, (’j’p (RM) consisting of
all elements which are translation continuous w.r.t. || - || yr.» gny, that is,
U

||Ty¢ - QS”H?‘/P(RN) —0 as |y| — 0.

We denote by Hf}’q(RN ) the Bessel potentials spaces which coincide with
the uniform spaces Wé’q(RN) for integer s if 1 < ¢ < oo or for all s if g = 2.
By using the complex interpolation-extrapolation procedure, one can construct
the fractional power uniform spaces associated to the operator A, which will
be denoted X< := Héa’q(]RN) for 0 < o < 1, which is the closed subspaces of
H(RYN), where

HiI(RY) = [HG"(RY), L (RN
Note that there is no results on the negative part of the scale of uniform Bessel
spaces when a < 0. Moreover, the fractional power spaces are given by X<
which satisfy the following sharp embedding of Bessel spaces:

. N N N
LE(RY), s——>-—1<r<oo, ifs—— <0,
q r ]%
(24) HF'RY) C Ly, (RN), 1 <7 < oo, if s — — =0,
CH(RY), if5*3>77>0-

Thus, for some constant A, the operator A — \I generates an analytic semigroup

e(A=ADt i each uniform spaces Hz‘)"q(RN) with 0 < a < oo and satisfies the



942 G. YUE — C. ZHONG

smooth estimates for some p € R

B Ma eut
(2.5) A=A £ xp xay < taifﬁ 0<B<a<l.

We now state the singular Gronwall lemma used below (cf. Lemma 7.1.1
in [21]).

LEMMA 2.7 (Gronwall-Henry inequality). Let v(t) be a nonnegative function
in LYY

loc

[0, 7;R) satisfy the inequalities:
¢
v(t) <at 4+ M/ (t—s)""tu(s)ds, te(0,7),
0

where a and ¢ are positive constants, M >0, 0 <7 < oo and r > 0. Then there
exists a positive constant Cy. . such that

v(t) < Cpeat® B, (ut), te€(0,7),

where B, o(2) = > F(l;si)_c) 2" = (MT(r)Y" and T(-) is the Gamma func-
n=0

tion.

Here, for our purpose, we only recall a special case of the Gronwall-Henry
inequality, a general case and detailed proof of this inequality can be found in
Henry [21], Lemma 7.1.1.

To proceed with our investigation we introduce the concept of attractor of
our interest. The definitions we state below are taken from [9], [11], [12].

We now consider a family of equations of the following abstract form with
symbols ¢ (t) from the hull (o) of the symbol oq(t):

o = Agy(u), o€ H(oo),

Uty = Uy

(2.6)

For simplicity, we assume that the set H(op) is a complete metric space. We
suppose that, for every symbol o € H(oy), the Cauchy problem (2.6) has a unique
solution for any 7 € R and for every initial condition u, € E. Thus, we have the
family of processes {U,(t,7)}, 0 € H(op) acting in the Banach space E. Then,
the solution u(t) € E of the problem (2.6) can be represented as

u(t) = Ug(t,T)’u,T, t>71, TER, 0 € H(O‘o).

By the unique solvability of problem (2.6), the operators {U, (¢, 7)} posses
the following multiplicative properties:

(1) Uy(r,7) =1d for all 7 € R, where Id is the identity operator,
(2) Uy(t,s)oUy(s,7) =Uy(t,7) forallt >s>7,7€R.
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We note that the following translation identity holds for the family of processes
{Us(t,7)}, o € H(op) corresponding to (2.6):

(2.7) Urnyo(t,7) = Us(t + h,7+h), forallh>0,t>7, 7R,

where T'(h)o(t) = o(t + h).

The family of processes {U,(t,7)}, 0 € H(op) is called (E x H(oy), E)-weakly
continuous if for any t and 7, ¢ > 7 the mapping (u,0) — U, (t,7)u is weakly
continuous from E x H(op) to E. By B(E) we denote the family of all bounded
(in the norm of E) sets in E. The Kuratowski measure of noncompactness of
a bounded set B € B(FE) is defined as

k(B) = inf{d : B is covered by finitely many sets of diameter less than ¢}.

Further straightforward properties can be find in [19]. The family of processes

{Us(t,7)}, 0 € H(op) is said to be uniformly (w.r.t. o € H(op)) w-limit compact

if forany r € Rand Be€ B(E), By:= |J U Us(s,7)B is bounded for every
ocE€H(og) s>t

t and tlirrolo k(By) = 0. A set By C FE is sai(do‘io be uniformly (w.r.t. o € H(oop))

absorbing for the family of processes {U,(t,7)}, o € H(op) if for any 7 € R and

B € B(E), there exists tg = to(7, B) > 7 such that for all ¢ > tg,

U U.(t.7)BC B
g€H(o0)

A set P C E is said to be uniformly (w.r.t. o € H(og)) attracting for the family
of processes {U,(t,7)}, o € H(op) if for every set B € B(E) and an arbitrary
fixed 7 € R,

lim ( sup distE(Ug(t,T)B,P)> =0,

t—o00 c€H(o0)
where distg(X,Y) = jgg ylgf/ ly — z||g, X,Y C E is called the Hausdorff (non-

symmetric) distance from the set X to the set Y.
We now recall the notion of the uniform attractor Ay (s,)-

DEFINITION 2.8. A closed set Ay (»,) C E is called the uniform (w.r.t. o €
H(op)) attractor of the family of processes {U,(t,7)}, o € H(oyp), if

(a) it is uniformly (w.r.t. o € H(og)) attracting (attracting property);
(b) it is contained in any closed uniformly (w.r.t. o € H(op)) attracting set
A, that is Ayy(s,) C A’ (minimality property).

To describe the general structure of the uniform global attractor of the family
of processes, we need the notion of the kernel of the process that generalizes the
notion of a kernel of a semigroup. A function u(s), s € R with values in F is said
to be a complete trajectory of the process {U,(¢,7)} if

(2.8) Uy(t,T)u(r) = u(t), forallt>r7, 7 €R.
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A complete trajectory u(s) is called bounded if the set {u(s);s € R} is bounded
in .
DEFINITION 2.9. The kernel K, of the process {U,(¢,7)} is the family of all
bounded complete trajectories of this process:
Ko = {u(-)|u satisfies (2.8) and ||u(s)||g < C, for all s € R}
The set K, (t) = {u

time t.

®)|u(-) € Ko} C E, t € R is called the kernel section at

3. Linear problem

This section is devoted to study the following linear non-autonomous reaction
diffusion equations of the type (1.1)—(1.2),

(3.1) ug — Au — pou — pg = g(z,t), in RY x [r,T],
. u(z, 7) = ur(z), r €RY,
where po > 0 is a fixed constant and g € LP([r, T, L‘IIJ(RN)).
Our main result in this section is the following well-posedness theorem con-
cerning the linear problem in the locally uniform spaces.

THEOREM 3.1. Assume that u, € Hlqu(RN) and g € LP([r,T), LL,(RN)) with
p>2,1<q<oo. Then for any interval [7,T], problem (3.1) with the initial
data u, is well defined and there exists a unique mild solution wu(t), which is
gien by the variations of constants formula

t
(32)  w(t) = e TroDl Ty / A=) (g5 5) + 1) ds,

7

where uz converges to u, in the norm of H,lj"q(RN) asT =1, and T <T <t <t
and satisfies

(3.3) e C([r, T), Hy"(RY)),
and for every T <t < T, there exist positive constant c; and co such that

(3.4) Hu(t)”H;J»‘Z(RN) < Cl||uTHH[1]"7(RN) + C2||9||Lp([T,T],L§,(RN)) + Chss

where the constants ¢1 depends only on T and cy depends on T, T and p.

PRrROOF. The existence of solutions can be obtained in a standard way (Theo-
rem 3.3.3 in [21, p. 54]). We deduce only a priori estimate (3.4) for the solutions
of the problem (3.1). By using (2.5) and Holder inequality we obtain from (3.2)

(35)  lul)ll gragny < @D gaa gy

t
+/~ He(A'l'MOI)(t—S)(g(x,S)+/~}/2)||H[1qu(RN)dS
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t ou(t—s)
€
< Me"||ur | o gay + M/ WHQ(S)HL‘Z,(RN) ds 4 Cp,

— S

< Me s e

t epu(t—s)/(p—1) (r=1)/p
+M||9||Lp([T,T],L‘g](RN))(/T (ts)p/(g(pl))d8> +C,,

< MT||UTHH[1]=Q(RN) + MT,M)HQHLp([T,T],L‘gJ(RN)) + Clss
which gives the estimate (3.4). O

Based on this result, we will prove a comparison principle for the non-
autonomous reaction diffusion equations in the locally uniform spaces that allows
us to obtain the global existence of solutions to (1.1)—(1.2).

LEMMA 3.2. Let u; € C([r, T},Hlqu(]RN)) N C((r, T],Hé’q(RN)) and let the
following equality be hold almost everywhere in RN x [1,T],

ui, — Au; = fi(w,u;) + g(x,t),

3.6
(36) ui(z,7) = ur,(z), i=1,2.

Assume that the nonlinear terms f;(x,u;), i = 1,2, satisfy Assumptions I and 11
and let f1(x,u1) < fo(x,u2). Then for any two initial values w,, , ur, € Hllj’q(RN)
having ur, < ur,, we have ui(t, 7;ur, ) < ua(t, T;ur, ) almost everywhere in RY x

[, T1.

PRrROOF. The existence and uniqueness of solutions of problem (3.8) can be
obtained from the standard Theorem 3.3.3 in [21, p. 54], in the base space
X = LIq] (RM), for the detail of proof we refer to the proof of Theorem 4.2 in
the next section. The corresponding solution can be given by the variation of
constants formula

t

(3.7 wi(t, 75 ur) = Ay, —|—/ A (fi(w,ui(s)) + g(x, s)) ds.

T

At

Since the operator e~" is order preserving in LqU(RN ), which follows from

Proposition 5.3 in [3], then the right hand side of (3.7) preserve the ordering.
Hence we can obtain uq (¢, 7;ur, ) < ug(t, 75 ur,), t € [1,T]. O

Similar to the arguments in [5], from the above lemma we know that
(38) u(taT; _|U7’|) < u(taT; UT) < U(t77'; |U7—|)

If 0 < g € LP([r,T], LE,(RY)), then we have

t
U(t, 73 lur]) = A0y, | +/ elAH =) (g, 5) + pa) ds > 0,

T
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which is a solution of the following equations
U — AU = pa + g(x, 1),
Uz, 7) = |url.
Note that —pugs? — ua|s| + g(z,t)s < sf(x,s) + g(z,t)s, we have
f(@,s)+g(x,t) 2 —pos — p2 +g(z,t), s=0,
f(@,8) +g(,t) < —pos + p2 +g(x,t), s <0,

it follows from the property of order preserving of the semigroup e(2+#oDt in
locally uniform spaces LY (RV),

U(t,7;ur) > e(A+M01)(t_T)‘uT‘

t
N / Ao D=) (_ f (2, u(s, 75 [ur|)) + g(x, 8) — pou(s, 75 [ur])) ds

= u(t, 73 |u,|),
which implies U (¢, 7; |u,|) is a supersolution and it follows from (3.8)
ut, myur) S U 75 lurl).
A similar argument can be applied to —U (¢, 7; |u.|), which shows that
=U(t,7;|ur]) <ult,75ur).
Hence it follows immediately that

(3.9) lu(t, T ur)| < U, 75 ur).

4. Well-posedness

In order to initiate the discussion let us recall the definition of a mild solution.

DEFINITION 4.1. We say that u: [r,T] — X is a mild solution to the prob-
lem (1.1) with the initial data u, € X* if u € C([r,T], X*) N CY((,T], X) N
C((r,T),D(A)) and u(t) satisfies

t

u(t) = APy ¢ / A=) (g3, 5) — f(z,u(s))) ds

7

where uz converges to u, in the norm of X® as7 — 7, and 7 <7 <t < T.

It is well known from [3] that the operator —A generates a strongly continu-
ous analytic semigroup in X< = Héa’q(RN ) and e2? is uniformly bounded, that

is,
(4.1) to—8 ||6AtuT||H[21a=q(RN) < Ma,ﬁegotnurnggﬂ,q(RN),

fort € R, u, € H?J'B’q(RN), 0<pB<a<1and & >0 arbitrary.
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Our main result in this section is Theorem 4.2 on well-posedness of problem
(1.1)=(1.2). This theorem also contains some auxiliary properties of mild solution
which are needed to prove the existence of the uniform attractor. Before we prove
Theorem 4.2 we will need some lemmas.

THEOREM 4.2. Let Assumptions 1 and 11 be in force and the external force
go € ;Z(R,L%(RN)) with 1 < g < N and p < N/(N —q). Then, for each
u, € HyY(RN), there exists a unique mild solution of (1.1)~(1.2) starting at ..
This solution satisfies,

we C([r,T], Hy (RY)).
Moreover, if ut,u2 € HYY(RN) and g', ¢* € LP(R, L, (RN)), then
(42) (b ud) = u(t,u2) e,
< CM70T777T7927P(||’U‘)(T)||Hllj’q(]RN) + ||91 - 92||L§(R;L‘{,(RN)))7
forTr<t<T.

The main properties of the Nemitskii operator associated with f are included
in the following lemma, which will be used to obtain the well-posedness of solu-
tions.

LEMMA 4.3. Assume that f(z,u) satisfies Assumption 1. Then there exists
a positive constant C' such that the following estimates hold:

—1
(43) £ 0)ll g ey < O (L4l i, )

(44) | f(@,u) = F@,0) g @

< Cllu = vl gaeny (1+ el Goat ) + lul $0 ) )

= Hy " (RN) HL9RN) HY RN )
for all u,v € HyY(RN).

ProOOF. For any uy,us € H}]’q(RN) and y € RY, we have
@) [ @) - ) ds
<C [ 6u@lur —ual" (1 + ™ + a7 da
RN

<c[ 4, / s — w71+ g [P~ + o |P~1) iz .
RN B(z,1)

In the ball B(z,1), by using the sharp embeddings of Bessel spaces: if 1 <
g <N and 1/qg—1/r <1/N with 1 <r < oo, then H"9(B(2,1)) C L"(B(z,1)),
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we have
/ ur — ug|1(1 + |ug [P~ + Jug|?~ 1) dx
B(z,1)

1)q —1
< Cllur = w2y iv-or ey (1 T 10 ey + 1210 2 ey)

1 —1
< Cllur = w2l apenyy (1 Tunl Grathie ) + a2l ) )-

Inserting this estimate into (4.5), it follows from the definition of the locally
uniform spaces that the conclusions of this lemma holds true. O

PROOF OF THEOREM 4.2. We will use Theorem 3.3.3 in [21, p. 54], in the
base space X = L (RV). Tt is well known from [3] that the operator —A with
domain H,QJ’q(RN) is a sectorial operator in LY (RN) for 1 < ¢ < oo. Since
go € LY(R,LEL(RY)) with 1 < ¢ < oo, it is enough to prove that f: X/2 =
HYRN) — X = LE(RN) is Lipschitz on bounded sets. From Lemma 4.3 we
easily get

1f (2, u1) = f(@,u2)ll fo vy < Cllua — uall g2
Thus, we obtain the local existence of solutions to problem (1.1)—(1.2), that is,
there exists a time £ > 0 such that

w e O([r,0), Hy"(R)) N CH((t,8), HF " (RY)) N C((r, 1), H"(RY))

and satisfies
t
u(t) = e@FTrel= Dy 4 / elATHo =) (g (2, 5) — f(x,u(s)) - pouls)) ds,
where uz converges to u, in the norm of H,lj’q RM)asT — 7,and 7 <7 <t < t.
To prove the global existence of solutions of (1.1)—(1.2), we need only to show
that H llj’q(]RN )-norm of such a local solution do not blow up in a finite time. In
fact, using the embedding of Bessel spaces in (2.4), if ¢ < N, we have

o1, . o101 1
HyYRY) c Ly (RY), w1th6—;gﬁ, 1<r<oo0.
Hence we can obtain from (3.9) and Theorem 3.1,

(4.6) lu(t, 75 u.)|

ir@yy SNUE T lur Dl iy @y < NUET; [ur )l g2 ey
< cillurll gy + c2llgllorm, i @) + Cas

where the constants c¢; depends only on T' and ¢o depends on T', 7 and p.
Now, it follows from the uniform boundedness of e(A+#0)* in (4.1) and the
formula (4.3) of Lemma 4.3 that, for some &, > 0,

(A7) @l zagany = 1e@T#0 D g,

t
+/ et Ao DE=) (g (2, 5) — f (2, u(s)) = pou(s)) | gy ds
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< Mefolt=7) | 0 vy

650 (t—s)
+M/ 1/2|| g(x,s) — f(:v,U(s))—uou(s))||L?j(RN)ds

< Mefolt= T) el 730 ey

+ Cr SFPT] I1f (2, u(s)) + pou(s)ll g @ny ds + CrllgllLr e, 1o @ny)-
se|T,

Note that p < N/(N — ¢) and Bessel embedding
HY(B(z,1)) ¢ LNYWN=9(B(z,1)),
we can especially choose r = ¢ and r = pq in (4.6), and obtain
(4.8)  IIf(@.u(s)) + pou(s)lliy g
<0 [ @) uls) + 1) de -+ polu(s) [y o,

<C [ @6 + TP o+ molUEIL, )

<c / 6y(2) / (U(s)|7 + |U()17) d d2 + o[U(s) 1, o
RN B(z,1) o ®Y)
< (C + MO)HU(S)HZIEQ(RN) + C”U( )| H1 I(RN)"

Thus, according to Theorem 3.1 and plugging (4.8) into (4.7) it yields, for 7 <
t<T < o0,

(4.9) [l g0 @y < Chtosma T l1ur g0 vy Nl o 1., 28 ey

Hence, the solution is global in H};?(RN).

Last, the proof of (4.2), that is, continuous dependence of solutions with
respect to the initial data and external force, is completely similar to the proof
of (5.5) in Theorem 5.4. So, we here omit details. O

5. Global weak solution: existence, uniqueness and dissipativity

In this section, we are concerned with global weak solution to problem (1.1)
subject to the initial data (1.2), based on smooth global solutions to (1.1)—(1.2)
defined as in Theorem 4.2 and some continuities obtained in Theorem 5.4 below
and motivated by the definition of weak solution of [14], we can extend smooth
solution of this kind to global weak solution in the whole of H,; JURN).

For the symbol of the original equation (1.1) go(t) :=go(z, t) € L} (R, L{,(RY)),
consider the translation group {T'(h), h € R} acting by the formula T'(h)go(t) =
go(t + h), h € R and denote by

o0 = {T()go(t) | h € R} = {golt + 1) | h € R).
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The resulting family of symbols oy forms the hull

Hrs wvy(90) = [o0] L

loc

(R; L (RN))

of the original symbol go(t) that is the closure of oy in the space LY (R; L, (RY)),
P

loc

which is the subspace of LY (R; L{,(RY)) equipped with the local weak conver-
gence topology. Similar to Proposition 2.3 of [11], for any g¢(t) belongs to the

hall Hya wnvy(go), we have
(5.1) 19| e ;e @) < 9o ()l Lr ;L @yy)-

Now, we give the following definition of a weak Hrlj’q(RN ) global solution to
problem (1.1)—(1.2).

DEFINITION 5.1. The function u(t) € C([r, 00), Hj;*(RN)) is called a global
weak solution to problem (1.1) with the initial data u, € Hlqu(]RN ) and the
external force g € LV(R; L% (RY)) if and only if there exist a bounded (in
H9(RY)) sequence {u”}22, ¢ HY(RYN) and a bounded sequence {g,}5%, C
LY(R; L{(RYN)) satisfying u? — u, in Hq:t’q(RN) and g, — ¢ in L}(R; Li(RN))
such that a sequence {uy(t)} of smooth global solutions to (1.1)—(1.2) converges
to u(t) in C([, T, qub’q(]RN)) on each compact interval 7, T].

In the sequel we will require the following known results, which can be found
in [27], [3] and [36], respectively.

LEMMA 5.2. The closure in quﬁ’q of a bounded subset of Hllfq consists of

elements in a bounded subset of Hllj’q.

LEMMA 5.3. Let m,q € NU {0} and ¢(-) be given by Definition 2.1. Then
HPI(RN) is a dense set of HI(RN) w.r.t. the H"(RN). Moreover, for each
w € HP(RN), there exists a bounded(in w € Hi(RY)) sequence {w,}52; C
HIPIRN)Y such that w, — w w.r.t. the Hy(RY).

In the following theorem, we will prove the existence, uniqueness of global
weak solutions and their continuous dependence with respect to the initial data
in the H;’Q(RN)-norm.

THEOREM 5.4. Suppose that the nonlinearity f satisfies Assumptions I and I1
and the external force go € LY (R, LE;(RN)) with 1 < ¢ < N and p < N/(N — q).
Then, for each u, € Hlqu(RN), there exists a unique global weak solution of
problem (1.1)-(1.2) that generate the process {Uy(t,7) |t > 7, T € R}, g €
HL‘[ZJ(RN)(QO) acting in H,lj’q(RN) by the formula

Uy(t,Tur = ult), Uy(t,7): HY'(RY) — HYYRY), t>7, 7 €R,

where u(t) is a solution of (1.1)-(1.2). Moreover, {U,y(t,7)}, g € Hpa mn)(g0) is
(H9(RN) x Hra @~y (90), H 9 (RN))-continuous in the H;’Q(RN)—norm, i.e. for
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anyt > 71, 7 € R, the mapping (u, g) = Uy(t, T)u is continuous from Hllf’q(RN) X
Hrs vy (go0) to HY(RN) with respect to H;’q (RN)-norm.

ProoF. We will split the proof into two steps.

Step 1. (Continuity) We begin with continuous dependence on initial condi-
tions in the space qub’q(RN ) for the solution obtained by Theorem 4.2.

To this end, let u’(t), i = 1,2 be the solution of problem (1.1) with the
initial data u? belongings to H llj’q(RN ) and associated with the external force
g' € LE(R, L{,(RY)), and for convenience, set w(t) = u'(t) — u?(t) and fi(s) =
f(z,ut(s)), exploiting the variation of constant formula we get

w(t) = e(A+M01)(t*7)wT
b [ B [(g1(5) = g(5) ~ (1(5) = £2(5)) = pow(s)] ds.

Thus, in a similar way as in the proof of Theorem 4.2, it follows for some 05 > 0
and t € [, T,

(5.2) ||w(t)\|H;f(RN) < ||e(A+uoI)(t—T)wT||H;);7(RN)
t
+cq/|wm+m”“ﬂ4w%@gqf@»
= (76) = £205)) = o)y 45

<Mt w(r) HHl’Q(RN)

02 (t S)
+M/ amaale’ =) = (= ) = pow(s) g, ) ds

< MCr—rl[w()ll 20 ey + Mz 0, pll9" = 9*lLprizs, @)

t

F MOy [ (=) = 1)+ (o) g, e .

Now, we estimate the difference of the nonlinearity f(s), i = 1,2, in the weighted
space Lg(R™). Similar to (4.5), it fields

(5.3) It =)+ Mow(s))”Lgy (RN)
1/q
< ([ st~ Pran) "+ pallwo)lig, e
RN y

1/q
SC(/ by (@)lur — ugl (1 + [P~ + lml””qd‘”")
RN

+ M0||w(8)||L3,y(RN)
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1/q
q
< Ol 0 ey 192 0 e </RN ¢y(z)llw||H1,q<B<z,1))d2>
+M0||w(8)||LZ)y(RN)

< Ot 0wy 1 g o oy i 10 () o ey

where we used Sobolev type inclusion H;’q(]RN) < LI{(RYN) for ¢ < N and
a weight function given as in Definition 2.1. Then, by substituting (5.3) into the
right hand side of inequality (5.2), one obtains from Lemma 2.7 that there exists

a positive constant C = Cs ¢, such that

Tt g0 oy 1021 g3 ey 0

”w(t)”H;’:(RN) = C(MCTJHW(T)HH;ZI(RN) +MT7T,027P||91 _92||L§(R;L‘f¢y (]RN)))'

Consequently, we obtain

(54)  sup [w(®)ll o,
te(r,T)

< Cez,p,5(||w(7)||H;*I(RN) + ||91 - 92||L5(R;L;(RN)))

and

65 sw ol
te(r,T)

< 0927p7(j~(||w(7')||H;}vQ(RN) + ||91 - 92||L§(R;Lg,(RN)))-

The above two estimates indicate that if the initial conditions w, belongs to
a bounded set of H é’q(RN ) and the external force g belongs to a bounded set of
LP(R, LY (RN)), then the solution u(t) of problem (1.1) is continuous dependence
on initial data in the topology of weighted(resp. uniform) spaces qub’q(]RN) (resp.
H79(RN)) with the corresponding external force belonging to LY(R, LI(RY))
(resp. LY (R, LY, (RY))), uniformly with respect to ¢ on any bounded subintervals
of [0, 00). Consequently, the estimate (5.4) gives the uniqueness.

Step 2. (Existence) As a consequence of Theorem 4.2, one can represent
smooth global solutions given by this theorem as U, (£, 7)u” = un(t), t > T,
7 € R, where the initial data u}! € Hlqu(RN ) and the external force g, €
HL?](RN)(Q()), n = 1,2,... In addition, from (4.2) we know that {U,,(t,7)},
gn € HL?J(RN)(QQ) is (H79(RN) x HLqU(RN)(go),Hé’q(RN)) continuous in the
H79(RN)-norm.

On the other hand, from Lemma 5.3 we have that for each u, € Hlqu(]RN) and
9 € Mg wv)(90), there exists {ul} C H{9(RN) that is bounded in Hj*(RN)
and {g,} C 'HL?J(RN)(QO) that is bounded in H s gx)(go) such that u? — u, in
the quﬁ’q (RY)-norm and g, — g in the Lj (R; L§(RY))-norm.
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Thus, for each u, € Hg]’q(RN) and g € Hps gwn)(go), we can define the
following limit of the process {U, ()}

(5.6) Ug(t, T)u, == lim (NJgn(t,T)u? w.r.t. H;’q(RN)—norm,

n—oo

forallt > 7, 7 € R.

It follows from Theorem 4.2 and Lemma 5.2 that the process U, (¢, 7)u,
belongs to Hlqu(RN). Since the estimates of continuity (5.4) and (5.5), U, (¢, T)u,
does not depend on the choice of {u?}5, and {g,}32,, and is the limit of
Uy, (t,7)u? in the space C([r, T],H;’q(RN)), where T' > 7, 7 € R. {Uy(t,7)},
g€ ’HL%(RN)(QO) forms the family of the process of the space Hllj’q (RY) and is
(H7Y(RN) XHra wvy(90), H79(RN)) continuous in the qub’q(RN)—norm. Finally,
it is obvious that if g, € HL?J(RN)(Q()), then Uy(t,7) = ﬁg(t, 7) on the dense
subspace H74(RN) of H/(RN).

Therefore, Uy(t, T)ur = u(t) is a unique global weak solution of (1.1)—(1.2)
associated with the initial data u, € Hg]’q(RN ) and the corresponding external
force g € Hra wv)(g0)- O

We are now able to state our result on dissipativity of the non-autonomous
reaction-diffusion equations in the locally uniform space H?Ja’q(]RN ).

THEOREM 5.5. Let g € LY(R; LY, (RY)) with p > 2. Suppose that the analytic
semigroup e(AtHoDt generated by the operator A + ol with domain Hé’q(]RN)
is exponential decay. In addition, let v € H?jq(RN) be the unique solution of the
corresponding elliptic equations

(5.7) —AT — poU = po, x € RN,

Under the assumptions of Theorem 4.2, there is a positive constant CHEHH“(RN)
U

such that for any bounded (in Hj*(RN)) subset B C HyY(RN), there ewists
a positive constant To = T + 1, T = T(B, ) which depends on the Hlqu(RN)-
norm of B and T, such that for each 0 < a <1 and t > Ty

(5.8) (@)l 200 gy < Co

where ég’g depends on |[0(x)|| e &vy, |9l L2 &L myvy) and the positive constants
00; 91; a, p, >‘0'

PRrROOF. For the solution U(z,t;|u.|) of the linear problem (3.1) associated
with the initial |u,|, we now decompose U(x,t; |u,|) as follows:

Uz, t;|u-|) = v(z) + v(z,t),
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where v(z) is the solution of (5.7) and v(x,t) satisfies the following non-autono-
mous linear equation:

(5.9) vy — Av — pgv = g(z,t), in RY x [1,00),
. v(z,7) = ur —V(x), r € RN,

By using the variation of constants formula, we have

t
v(x,t) = e(A+u01)(t—7)(uT —o(z)) + / e(A-HioI)(t—S)g(x’ s) ds,

T

and then, for some 6y > 0, it follows from (4.1)
(5.10) |lv(z,t)llzs @y < M€_9°(t_7)(HUT||L§,(RN)
t
+ 5() e vy + M/ =00~ gl g ey ds.

Note that

. t
/efeo(tfs>||g||LqU(RN)ds§/ Nollzg ) ds
T =

t t
+e /til 191l g, vy ds + =% /til lgllLs @y ds + ...
<(1- 6700)71”g”L’b’(R;L,"](RN))-
Thus, from the inequality (1 —e=%)~! <1+ 1/6y and (5.10) we obtain
G ol Dl ey < Mem O g o

~ 1
+ [0(@)[| s @yy) + | 1+ % 191l 2 ®;Lo ®Y)-

Let M = 2(1 4+ 1/60) |9l Lr ;L3 mvy)- Since Uz, t; |ur|) is a supersolution, we
conclude from (5.1) that

(5:12) u(z, t;ur)llpg @vy < 1U(; 6 |ur )] g @y < M+ [[0(2)] Ly @r) = Mo

and By = {u € LL,(RY) | [ull g @mry < MO} is a bounded uniformly (w.r.t.
9 € Hps®ny(go)) absorbing set of the family of processes {Uy(t,7)}, g €
Hrs vy (9o), ie. for any 7 € R and bounded set B C L(RY), there exists
T =T(B,T) > 7 such that

(5.13) U U,(t,7)B C By, forallt>T.

QGHLZII(RN)(QO)
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On the other hand, we can choose )y large enough such that the semigroup

eA~2ol generated by A — \oI decays exponentially in LqU(]RN). Thus, for equa-

tion (1.1) we use the variation of constants formula from ¢ to ¢t + 1 and have
(5.14)  w(t + 1,u,) = e~ y(t)
t+1
+ / AT DW= (g5 1) — f(z,u) + Nou) ds
¢

and then, for some 6; > 0,
(5.15) Jlu(t+1 UT)||H2W agny < Me™ 01 lu()l s, mvy

1 =6y (t+1—s)

+ M/ 0T T e ||g(x t) — fz,u) + )\OUHL‘LII(RN) ds.

For any 7 € R and bounded set B C Hé’q(RN), there exists T = T(B,7) > T
such that for all ¢ > T, similar to (4.8), we get

I = f(@,ut) + Aow®)| Ly, vy < COa U@ g0 @ny + CIU@II]

SC,\OMO -I-CM(S),

Hl (RN

and

t+1 =01 (t+1—5)
—_ t)| e ds
| et ol e

tH1 g=0ip(t+1-s)/(p—=1) \ (P=D)/p
<llg(z, )l g @iy @) (/ (t +1—s)pa/-D ds)

< Coorpllg(@ t)llr s @yy)-
Now, substituting the above two estimates in (5.15) it follows for all ¢t > T
[u(t + 1, ur)[| oo @ry < Me™ My + MCap, (Cr, Mo
+0Mp)+ca 01.0)19(@, )L ®;Ls &)y == Cy5
which implies that for all ¢ > T + 1, the estimate (5.8) holds true. O

It follows from (5.8) and (5.1) that the family of processes {Uy(t,7)}, g €
HL‘[Z](RN)(QO) has a bounded uniformly (w.r.t. g € HL‘IZJ(RN)(QO)) absorbing
set By:

(5.16) By = {u € HY'(RY) | [[u]l 2oz < Co}

for all 1/2 < a < 1, that is, for any 7 € R and bounded B € Hj*(RY), there
exists Tp = T(B,7) + 1 > 7 such that

U U,(t,7)B C Bg, for all t > Ty.
QGHL‘IIJ(RN)(QO)
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6. Uniform asymptotic compactness and attractor
Now we are in a position to formulate the main result of our paper.

THEOREM 6.1. Assume that f(x,u) satisfies Assumptions I and 11 and the
external force g € LY (R; LE,(RN)) is the uniform normal with p > 2,1 < q < N
and p < N/(N — q). Then, the family of processes {Uy(t,7)}, g € Hrs wn)(90).
generated by solutions of problem (1.1)-(1.2) has a compact uniform (w.r.t. g €
Hra ryy(9o)) attractor Ay in quyq(RN), which satisfies

L‘ZZ’J(RN)(QO)
(a) Ay, ) (g0) 18 compact in H;’q(RN) and attracts every bounded subset
U
of Hjy*(RN) with respect to the qub’q(RN)-norm;
(b) AHL?](RN)(QO) is contained in any closed uniformly (w.r.t. g€ Hrs wny(90))
attracting set A’ A' C Hj*(RN);
(c) AHL?](RM(%) is closed and bounded in Hj*(RN);
(d) the following formula holds:

AHLg](RN)(go) = “JOHL%(RN)(go)(BI/?) :wnHL;zJ(RN)(go)(Blﬂ)

= U wT,HLg/(KN>(go)(B)a
BEB(HY(RN))
for allT € R and By, is the bounded uniformly (w.r.t. g € Hrs @~)(go))
absorbing set defined as in (5.16).

Furthermore, AHL‘IU<RN)(90) - Hia,Q(RN), 1/2 < a < 1, that attracts uniformly
(w.r-t. o € H(oo)) bounded set of H;(RN) in the norm of Hia’q(RN).

In order to prove the family of {U, (¢,7)} possesses some compactness in the
sense of the process, we will recall the concept of uniform asymptotic compactness
that is proposed by Moise et.al. in [28] and is different from the one given by
Haraux [20] and Chepyzhov and Vishik [12]. From Example 2.2 of [27] we know
that there is no compactness of the semigroup in the norm of the locally uniform
spaces, but in the corresponding weighted spaces. Hence, we will prove the
asymptotically compact of the family of processes {Uy(t,7).g € Hpa wn)(90)}
in the weighted norm. First of all, we recall the following definition.

DEFINITION 6.2. Let E and H(og) be two complete metric spaces. A family
of processes {U,(t,7)}, 0 € £, on E with the symbol o € H(op) is said to
be uniformly (w.r.t. o € H(op)) asymptotically compact, if and only if for any
fixed 7 € R, a bounded sequence {u,}>>, C E, {0,}52; C H(op), and any
{tn}52, C [r,00) with t,, — o0 as n — oo, the sequence {Uy, (tn,T)un}22 is
precompact in E.

In view of our scopes, the main tool is the following abstract result from [25].
For convenience, we denote by B(F) all of the bounded set of E.
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THEOREM 6.3. Let E be a complete metric space and the translation semi-
group {T'(t)} be continuous invariant, that is, T(t)H(co) = H(oo) satisfying the
translation identity (2.7). The family of processes {U,(t,7)}, o € H(oo) pos-
sesses a compact uniform (w.r.t. o € H(oo)) attractor Ay sy in E satisfying:

An(o0) = W0,(00)(B0) = Wrio0)(Bo) = | wr (o) (B)
BEB(E)

for all T € R, where

if and only if it
(a) has a bounded uniformly (w.r.t. o € H(og)) absorbing set By, and
(b) is uniformly (w.r.t. o € H(og)) asymptotically compact.

Next, we will derive some priori estimates about the difference of two solu-
tions which will be used to obtain required uniform (w.r.t. o € ¥) asymptotic
compactness. To this end, let ui(t), i = 1,2 be the solution of problem (1.1)
with the initial data u’ belongings to By /s C H79(RY) and associated with the
external force ¢' € LY(R, L{,(RY)), and for convenience, set w(t) = u'(t) —u?(t)
and f'(s) = f(x,u’(s)). Thanks to the translation identity (2.7) and the invari-
ant property of T(t), it follows that for any fixed 7 € R and g € Hpa ) (90),
there is g € Hya rn)(go) such that

Ui(t +7,7)u=Uy(t,0)u fort >0, uis a solution of (1.1)-(1.2).

Thus, without loss of generality, we start with 7 = 0 and w(t) solves the following
integral equations:

w(t) = eBrroDty,

t
b [ BT [(ghs)  g2(s)) = (£1(9) ~ £2(5)) = pow(s)] d.

0
Since wo(z) € HyY(RY), by taking the norm Hia’q(RN) with 1/2 < a <1 on
the two sides of the above equation, it follows for some 63 > 0 and ¢ € [0, T],
(6.1) ||w(t)||H§)‘**q(]RN) < ||6(A+ll0[)tw0||Hia,q(RN)

t
n / e(AtroD)(t=5)
0
(9" (5)=g* () = (F1(5) = £7(5) — pow(s)] | 20 ) s

693t
SMtTHw(O)HL;(RN)

t 03(t—s)
oM [ Sl =) = (7 = ) = o) v
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603t

ta

t
+MCx [ (=97 = )+ (o) g e ds

<M ||w(0)||L3>(RN) + Mrg, llg" — 92||L§(R;L;(RN))

Now, we estimate the difference of the nonlinearity f(s), i = 1,2, in the weighted
space Lg(RY). Similar to (4.5), it fields

(6.2) (1 = f%) Jr:uow(s))”L‘é(RN)
- ) 200 g 1/q
<([ o= rrds) el

1/q
< C( o(x)|uy — ual?(1 + |ul|"’_1 + |uz|p_1)q dx)
RN

+ No”w(s)”L;(RN)

1/q
q
< Ol 0 oy 1920 0 e </sz ¢(Z)||w||H1,q(B(z,1))dZ>
+ pollw(s)| Lz mv)

<Ol a oy 0 gy iio [0S [ 200 vy

where we used Sobolev type inclusion H;O"q(RN) — L§(RN) for ¢ < N, 1/2 <
a < 1 and a weight function given as in Definition 2.1. Then, we insert (6.2)
into the right hand side of inequality (6.1) and use Lemma 2.7, it follows that

there exists a positive constant C' = Cy ¢, such that

1 2
llu HH%],q(]RN)vHu ”HIIJ,Q(RN)#‘O

CGs,p,C 1 2
(6.3) ||w(t)||H;a«q(RN) < tTHw(O)HLg(JRN) +Cg37p,6||9 -9 “Lf(R;Li(RN))a

for t € (0,77.
Before starting with the existence of compact uniform attractor, we first
introduce a new class of external forces which is an extension of the Definition 3.1

of [25] in the setting of locally uniform spaces. More properties will be given in
Appendix A.

DEFINITION 6.4. A function g € L} (R; L (RY)) with p > 2 is said to be

loc
uniform normal if for any € > 0, there exists n > 0 such that

t+n
P
sup s ds < e.
tER/t ot )HL?J(RN)

The set of all the uniform normal functions is denoted by L (R; L, (RY)).
It is obvious that L, (R; L (RY)) C LY (R; L, (RY)).

THEOREM 6.5. Let g € LY(R; LY, (RN)) with p > 2 is the uniform normal.
Under the assumptions in Theorem 5.5, the family of processes {Uy(t, )}, g €
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Hrs vy (90), generated by solutions of problem (1.1)~(1.2) is uniformly (w.r.t.
9 € Hrs wny(90)) asymptotically compact in H;a’q (RN).

PROOF. Let u, be the solutions corresponding to initial data uf € By/p C
Hllj’q(]RN) w.r.t. the symbol g, € Hps ®ny(g0)), » = 1,2,..., and let 7% > 0
be fixed. Then, from the term (b) of Lemma 2.5 we know that the embedding
HIRN) LI(RY) is compact, we extract a subsequence {u”}32;, where
u™ = Uy, (tn — 7*,0)uf satisfying ¢, > 7%, without loss of generality we still
denote by {u"}22 ;, which is a Cauchy sequence in LZ)(RN ).

Since the symbol space H s (mv)(go) is invariant w.r.t. the translation semi-
group {7T'(s)}, s > 0, then it follows from (5.1)

t+1
sup [ 135" + 50) = 5"+ 503 v,
teR Ji ®

t+1
= sup / IT(50)G(7*) = T(sm)G(m )} 0 vy
teR Jt ¢

t+1
~/__*\||P ~/__*\||P *
< sup [ T Ty )+ 1T (505 g )

t+1
_ ~ % p ~( % D dr*
sup [ 1"+ 50) g g, + 157+ )l o 7

t+1
~ % p ~0 % p *
<sup [ + 50y oy + 137+ 50) g o 7

t+1
* p *
< sup / lao(r* + )l gy dr

t+1
tsup [ oo+ )y sy 7 = Ty +

Note that g¢ is the uniform normal, then according to the definition 6.4, for any
e > 0, there exists n(e) > 0 such that

/tw 190 (7" + 50) |20 g ™ < —— kezt
sup go(7" + Sn)||7a T S )
teR Ji+(k—1)7 LG &RY) 1+ [1/n]

which implies for 1/ < k < 1+ [1/n], where [r] stands for the integer part of r,

t+kn
* P *
Lo s [ ool + sl o, 07

t+n » t+2n »
< dr* dr”
<o [ Wl n” g [

t+kn c
+...+sup/ llgoll® 4 dr* <k—— <e¢,
tek Jog(eotyy Lo E) 1+ [1/n]
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and I, <e. Thus, from the translation identity (2.7), we have

(6.4)  [Ja™(tn) = u"™ (tm )|l 2o v,
= Uy, (tn, 0)ug — Uy, (tn, O)ug" || gr2ea e,
= Uy, (tnstn — 7)U,g, (tn — 7, 0)ug
= Ug (st = 7y, (b = 77, 0)ug || 20 v
Uy st = 700 = U, (st — 70 gz

frd ||U§n (T*70)un _ Ug'm (T*,O)umHH;a,q(RN)

C
03,p,C ~ (% ~ *
< ﬁ”u" - UmHLg(RN) + 093,p,6H9n(T ) = Gm(T )||L§(R;L;(RN))

1
< 093%6 <(T*)a + 2> €.

Thus the proof of Theorem 6.5 is complete. (|

In particular, if the symbol go(t) belonging to the hull Hrs () (go) is a tr.c.
function, then according to Theorems 5.4 and 6.5, we have from Corollary 5.2
of [11],

Artyg (a0 = 90340 oy ) (Br2) = K(0),

QEHL;I]GRN)(QO)

where KC4(0) is the kernel section of the family of the processes {U,(t,7)}, g €
Hrs vy(go) at time 0 generated by the solutions of problem (1.1)-(1.2).

PrROOF OF THEOREM 6.1. The first part can be immediately obtained by
applying the results of Theorems 5.5, 6.5 to the abstract Theorem 6.3 of exis-
tence.

Now, we will prove the second part of this theorem by contradiction. Assume
that there exists g9 > 0, the sequence {t,,}22, C [r, o0) with ¢, — 00 as n — 0o
and g, € Hpa rv)(go0) such that for each z,, € B and y, € Ay

L?}(RN)(QO)’
(6.5) diStHio"q(RN)(Ugn (tn, T)Zn, Yn) = €o-

On the other hand, from the attracting property of Ay y in the norm of

L?](RN)(QO
H;’q(RN) we know that for any € > 0, t, — co asn — oo and g, € Hra rv)(90)

and any x,, € B, there exists y, € Ay y such that

L%(]RN)(QD
(6.6) dist 1.0y (Ug, (B T) T, ) < €

Thanks to any e-neighbourhood of Ay y is a uniformly (w.r.t. g, €

L‘[?](RN)(QO

HL‘ZU(RN) (g90)) absorbing set, it follows from minimality property of AHL"]U(RN) (90)>

(6.7) distHia,q(RN)(Ugn (tnstn — ) Yns yn) < €.
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Let t* > 0 be fixed, we can obtain from the translation identity (2.7), a priori
estimate (6.3) and (6.6),

(6:8)  1Ug, (tns 7)n = U, (b tn = )yl 20

=Ug,, (tntn — t*)Us,, (tn — t*, 7)zn — U, (tn; tn — t*)ynHHiM(RN)

= U5, (", 0)U,, (tn — ", 7)2n — Ug, (7, O)ynHHi“vq(RN)
<093,p,6

Ao Wsn (tn =155 7)2n = ymll g vy + o, 5k

(t
1
§Ce3’p’5 W + 2 E.
Therefore, combining with (6.7) and (6.8), one has
distH;a,q(RN)(Ugn (tn, T)Tn,Yn) — 0, asn — oo,

which contradicts (6.5). O

Appendix A. Some properties of uniform normal external forces

We present some result concerning the locally uniform spaces LP (R; L, (RY))
with 1 < pand 1 < ¢ < N. Recall that a function o(s) € LY (R; L{(RY)) is said
to be translation compact (tr.c.) if the closure of {o(s + h) | h € R} is compact
in L (R; L, (RY)). The set of all tr.c. functions in L} (R; L{(RY)) is denoted
by LP(R; LE,(RY)).

We first recall two propositions (see [10], [11]) that give the compactness
criterion in LP(t1, to; LY (RY)).

PROPOSITION A.1. A4 set ¥ C LY (R;LE(RN)) is precompact in LY (R;

loc loc\™™

LL(RN)) if and only if the set X|q is precompact in Lt (R;LY(Q)) for every

bounded subset Q C RYN. Here Y|q denotes the restriction of the set ¥ to the
subset €.

According to the definition of translation compact function in L? (R;L¥ (RY))

and this proposition, a function g € LV (R; LY (RY)) is tr.c. if and only if

loc
{T'(h)go(t) | h € R, t €[0,1]} 1is precompact in LP([0,1]; LI(£2)).

The following proposition gives a compactness criterion in LY (R; L, (RY)),

whose proof is essentially given in Proposition 3.2 of [11].
PROPOSITION A.2. Let Q C RY be a bounded domain. Then a function (s)
is tr.c. in LY (R; LY(Q)) if and only if

(a) for any fized h € R the set {ftHh Y(s)ds | t € ]R} is precompact in
L(8);
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b) there exists a positive function £(s) with £(s) — 07 as s — 0% such that
( p

t+1
(A1) [ ) = 0+ Doy ds < () for allt R

The following relationship between tr.c. function space LE(R; L{,(RY)), uni-
form normal function space L (R; LY, (RY)) and LY(R; LY, (RY)) has been es-
sentially established for the bounded domain of RY in [25]. According to Propo-
sitions A.1, A.2 and the definition of topology of these spaces, we can prove the
following conclusion by using the method of [25]. Hence, we omit details here.

THEOREM A.3. Let p,q > 1, then

(a) LP(R; LE,(RN)) is a closed subspace of LY (R; L (RN));
(b) LE(R; LE(RY)) € L, (R; LG (RY));

(c) L2 (R; LE(RN)) is a closed subspace of LY (R; LE (RY)).

In particular, if the external force g(z,t) is given by g(z,t) = m(t)n(z),
n(z) € LE,(RY), and let m(t) € LY (R) be the uniform normal, i.e.

loc

t+n
sup [ [m(s) " ds < =
teR Jt
then

t+n » t+n »
sup [ a9 vy ds = sup [ ()l o ds

t+n
p P p
< In@)fy ey st [ m(a) ds < (e g v

Now, we will give some examples to explain the inclusion relationship of these

spaces given by Theorem A.3.
EXAMPLE A.4. For ki,ks = 1,2,..., we take

ki, |a| € [k1, ky + 1/K7], 3P, s € [k ka + 1/ks),
n(x) = and m(s) =

0, otherwise, 0, otherwise,

it follows that

l9(z $)Ep ;g oy = I @NTp g; g, )

t+1
_ 2gﬂg/t Im(s)n(@)lly gy ds < C.

On the other hand, for any 7 > 0 there exist ko such that 1/ky <7, set t = ko,

then
ko +1/k2

t+n
sup/ [m(s)n(@) |7y gy ds 2/ |m(s)||P ds = 1,
t

teR k2
which implies g(z,t) belonging to L} (R; L, (RY)) but not L, (R; L, (RV)).
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ExaAMPLE A.5. For ki, ko =1,2,..., we take

k‘l, |SC|€ [k‘l,k'l—i-l/k‘(ll],

n(r) =
0, otherwise,

and
(s) k3P s € [ko+i/ka ko +ifky +1/KB), i=0,1,..  kE~' —1,
mils) =
0, otherwise,
it yields

n
| I @)y ey ds

0
. 1 1/p\p 2 p—1 ¢ i+l
(Z+1)?g(k2 ) S k;gfl SQ” 1f5§n< kg ’ 2217
L o 1/pyp 1 (p—1)/p f 1 < 1
Z(k < < = if — < —,
R Tk
) 1 1/p 1
"y <n( =) =@ P H0<n<
n ks

Thus, for any 0 < ¢ < 1/21/®=1 et n = &P/~ and we have

t+n n
sup [ ()l oy, ds =sup [ e+ 5)n) Gy ey ds

n
_ P
= sup [ (s hopn(e) 2 ) s <
However, it is easy to see that for any 1/k5 <1 < 1/kes — 1/kE satisfying ko >
91/ -1)

1 1
1 _
/O (s + k() — m(s + by — Dn(@) [y ) ds = /O a2 25— 0,
2

which implies from Proposition A.2 that g(x,t) = m(¢)n(x) does not belong to
L2(R; LY (RN) but in 12, (R; L (RY).
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