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A GENERAL CLASS OF IMPULSIVE EVOLUTION EQUATIONS

JINRONG WANG — MICHAL FECKAN

ABSTRACT. One of the novelty of this paper is the study of a general class of
impulsive differential equations, which is more reasonable to show dynamics
of evolution processes in Pharmacotherapy. This fact reduces many diffi-
culties in applying analysis methods and techniques in Bielecki’s normed
Banach spaces and thus makes the study of existence and uniqueness the-
orems interesting. The other novelties of this paper are new concepts of
Ulam’s type stability and Ulam—-Hyers—Rassias stability results on compact
and unbounded intervals.

1. Introduction

The dynamic of evolution processes in the real world is often subjected to
abrupt changes such as shocks, harvesting, and natural disasters. In general,
these short-term perturbations are usually regarded as having acted instanta-
neously or appearing in the form of instantaneous impulses involving the cor-
responding differential equations. Many authors were devoted to study mild
solutions to impulsive evolution equations with instantaneous impulses of the
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form

1) JFO= AW+ @), €T =T\ (bt} T = 0T,
k

s(th) =a(ty) + I(zx(ty), k=1,...,m,

where the linear unbounded operator A: D(A) C X — X is the generator of
a Cp-semigroup (analytic or compact) {T'(¢), t > 0} on a Banach space X with
anorm ||-||, f: JxX — X and I;: X — X and fixed impulsive time ¢, satisfy 0 =
to <t1 <...,tm <tms1 =T, the symbols z(t}) = l_i>r(1)1+ x(ty +¢) and x(t, ) ==
H%l— x(tr + €) represent the right and left limits of 5ﬂc(t) at t = ty, respectively.
EN_c))te that It in (1.1) is a sequences of instantaneously impulse operators and has
been developed in physics, population dynamics, biotechnology, and so forth.
For more details on differential equations with instantaneous impulses, one can
see for instance the monographs [8], [10], [33], the works on not time variable
impulses problem [4], [5], [12], [14]-[16], [26], [34], [36], [37] and time variable
impulses problem [1]-[3], [17]-[19] and the references therein.

However, the action of instantaneous impulses seems do not describe some
certain dynamics of evolution processes in Pharmacotherapy. Taking into consid-
eration the hemodynamic equilibrium of a person, the introduction of the drugs
in the bloodstream and the consequent absorption for the body are gradual and
continuous process. Thus, we do not expect to use the model (1.1) to describe
such process. In fact, the above situation is fallen in a new case of impulsive
action, which starts at an arbitrary fixed point and stays active on a finite time
interval. To this end, Herndndez and O’Regan [21] introduce a new class of

impulsive evolution equations (with not instantaneous impulses) of the form

' (t) = Ax(t) + f(t,z(t)), t€ (sitit1], i =0,...,m,
(1.2) a(t) = gi(t, z(t)), te (s, i=1,...,m,
(0) =u1x9 € X,

where A and f are the same as (1.1) and the fixed points s; and t; satisfy
0=ty =580 <t1 <81 <ty <...<58po1 <ty <58y <ty =7, and
gi: [tiysi] X X — X is continuous for all ¢ = 1,...,m. Here g; is regarded as
continuous action process.

The concepts of mild solutions and classical solutions are introduced by
Herndndez and O’Regan [21] (see Definitions 2.1 and 2.2). Meanwhile, exis-
tence and uniqueness results of (1.2) are presented by using the theory of strongly
continuous semigroup and compact semigroup via fixed point theorems (see The-
orems 2.1 and 2.2, [21] and Theorems 2.1 and 2.2, [29]). Next, Pierri et al. [29]
continue the work and development in [21] and study the existence and unique-
ness of mild solutions to semilinear impulsive differential equations with not
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instantaneous impulses in the fractional power space by virtue of the theory of
analytic semigroup.
Next, we have a remark on the conditions in (1.2):

(1.3) z(t) = gi(t,z(t)), te€(tys], i=1,....,m,
where g; € C([t;, s;] x X, X) and there are positive constants Lg,, i = 1,...,m
such that

i (t,u1) — gi(t, u2)|| < Ly,

It follows from Theorems 2.1 and 2.2 in [21], [29], that a necessary condition

uy — us|| for each t € [¢t;, s;] and all uj,us € X.

max{Ly, : i = 1,...,m} < 1 is considered. Then Banach fixed point theorem
gives a unique z; € C([t;, 5], X) so that z = g¢;(¢t, z) if and only if z = z;(t). So
(1.3) is equivalent to

(14) .Z‘(t) :Zi(t), te (ti,si], 1=1,...,m,

which does not depend on the state z(-). Thus it is necessary to modify (1.3)

and we recommend to consider the conditions

Comparing with (1.3), the new conditions (1.5) is a better and reasonable gen-
eralization of sudden impulses to not instantaneous ones.

Motivated by the above remark, we study impulsive evolution equations of
the form

x'(t) = Azx(t) + f(t,2(t), t€ (sitiy1), 1=0,...,m,
z(t) = gi(t, z(t;)), te (tis), i=1,...,m.

Note that we consider in (1.6) that x € C((t, tk+1], X), K =0,...,m, and there
exist z(t.), z(t)), k = 1,...,m with z(¢;)) = z(t;). Next this model is more
suitable to show dynamics of evolution processes in Pharmacotherapy: the first
equation denotes the health status of a patient; the second equation denotes the
doctor takes some actions to test medicine for the patient practicably; the third
equation denotes the testing medicine is valid for this patient and then begin to
deal with the effect of patient for some time.

The rest of this paper is organized as follows. In Section 2, we give an
existence and uniqueness result of (1.6) with z(0) = 2o € X. In Section 3,
we introduce new four types of Ulam’s type stability for differential equations
with not instantaneous impulses (see Definitions 3.1-3.4). Ulam problem [35]
has been attracted by many researchers, one can refer to the monographs of
Céadariu [11], Hyers [22], [23], Jung [24], Rassias [30] and other mathematicians.
For more recent contribution on such important fields, one can see the papers [6],
[7], [13], [20], [25], [27], [31], [32], [37] and reference therein. We mainly present
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the generalized Ulam—Hyers—Rassias stability results for the equation (1.6) on
a compact interval.
Finally in Section 4, we extend our study to

z'(t) = Ax(t) + f(t,z(t)), t€ (si,tir1), 1 € M,
(1.7) (t) = gi(ti, x(t])), 1€ M,
z(t) = gi(t, x(t;)), t € (ti,si], i € M,

where t € Ry := [0, 00), the fixed points s; and ¢; satisfy t; < s; < t;4+1 and either
M ={1,...,m} or M = N and then with _llm t; = co. We also set t,, 11 = c©
for M = {1,...,m}. Some extensions of I}laor;nyerszassias stability for the
case with infinite impulses are given. The existence and uniqueness result is also

presented for this case.
2. An existence and uniqueness result
Set J := [0, T]. Throughout this paper, we need the Banach space
PC(J,X):={z: J = X :2 € C((tr, tg+1), X), k=0,...,m
and there exist z(t; ) and z(t]), k= 1,...,m with 2(t; ) = x(ty)}

endowed either with the Chebyshev PC-norm ||z||pc := sup{|z(¢)| : t € J} or
with the Bielecki PC'B-norm ||z pcp := sup{|z(t)|e™* : t € J} for some Q € R.

We recall the following concepts of mild solutions of semilinear evolution
equations with not instantaneous impulses.

DEFINITION 2.1 (see Definition 2.1, [21]). A function z € PC(J, X) is called
a mild solution of the problem

2(t) = Ax(t) + f(t,2(t)), t€ (sitivt), i=0,...,m,

21 z(th) = gi(ti, x(t))), i=1,...,m,
z(t) = gi(t, x(t])), te (ti,si, i=1,...,m,
z(0) =z € X,
if 2(0) = xo and
x(t) = gi(t, z(t;)), te (ti,si], i=1,...,m
a(t) = gi(ts, x(t;)), i=1,...,m,

w(t) =T(t)zo+ | T(t—s)f(s,2(s))ds, t€0,t];

x(t) =Tt — s:)gi(si, x(t])) + / T(t—s)f(s,xz(s))ds,

te [3i7ti+1}7 1=1,...,m.
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Note that we consider x € C((t;,t;41],X),1=0,...,m.

Cornering the existence and uniqueness of solutions to the problem (2.1),
Herndndez and O’Regan [21] initial obtain a interesting result under strong con-
ditions via PC-norm. Here, we give another result under weak conditions via
PC B-norm.

We introduce the following conditions:

(Ho) A: D(A) C X — X is the generator of a Cyp-semigroup {T'(¢t), t > 0}
on a Banach space X with a norm || - ||. Then ||T(t)|| < Me*t for some
M >1and weR [28].
(Hy) feC(Jx X, X).
(Hz) There exists a positive constant L, such that
I (¢, u1) — f(t,u2)|| < Lyllug —usg| for each t € J and all ug,us € X.

(Hs) g; € C([ts, 5] x X, X) and there are positive constants Ly,, i =1,...,m
such that

llg: (¢, u1) — gs(t,uz)|| < Lg,||lur — ug|] for each t € [¢;,s;] and all uq,up € X.

THEOREM 2.2. Assume that (Ho)—(Hs) are satisfied. Then the equation (2.1)
has a unique mild solution x € PC(J, X).

PRrOOF. Consider a mapping F': PC(J,X) — PC(J, X) defined by
(Fz)(0) = xo;

(F‘T)(t)gi(th(tiSi—l)gi—l(si—lvx(ti_—l))+/i T(t¢5)f(87x(5))d5)>,

Si—1

t € (tiysi], i=1,-+-,m;
(Fx)(t) =T(t)xo —l—/o T(t—s)f(s,x(s))ds, t € 0,t1];

(Fa)(t) =Tt — s:)gi (s, 2() + / T(t - 5)f(s,2(s)) ds,

k3

te (Si,ti+1]7 1=1,...,m,

where we set go(t,z) := x¢ and so Ly, = 0. Obviously, F' is well defined due
to (Hl)
Supposing Q > w, for any z,y € PC(J,X) and t € (s;,ti11], 1 =1,...,m,

we have
[(Fz)(t) — (Fy) @)

< Mew(t—si)Lgi

o(t7) = o6+ MLy [ e fals) - (o) ds

[3

t
< Me“’(t_s”’Hm"'Lgi |z —yllpcp + MLy / e=IF ||z — yl| o

i
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QtL
SM<eW(t_$1)+miL9i + f) lz -yl pcs,
Q—w

which implies that

- s v_ L
N FO - (F)O] <3 (0L, oyl

s Ly
) L

for t € (s;,t;11]. Proceeding as above for t € [0,¢1], we obtain that

[(Fz)(t) = (Fy)(O)l < MLf/O = la(s) —y(s)] ds

t Qt
B MLye
< MLf/ ew(t=8)+0s ds||lz —y|lpep < 0w fw lz —yllpcB,
) _

which implies that

_ ML
e M(Fa)(t) — (Fy) ()] < ) _Ll\x —yllpen, t€[0,t].
Using the above estimates, similarly for ¢ € (¢;,s;],4 = 1,...,m, we derive

[(Fz)(t) — (Fy)(8)]] <MLy, (ew(t"s“)Lg“ ll(ti_y) =yl

123
Ly [ e Ias) — y(s)] ds)

thiLf
<ML, (ew(tisi—l)+51ti—ngil + ) Hx - y||PCB7
— W

Q
which implies that

e M| (Fxz)(t) — (Fy)@)|

L
<ML, <ew<tis“>+n(t“ngi_l e, >||w _ylros
— W

L
Q i—1—8i— f
<MLy, <6 B JFQ_W)WZ/PCBa

for t € (t;, 8], ¢ =1,...,m. Summarizing the above estimates, we have that
|Fz — Fyllpes < Lrllx —yllren

for

o Ly Qti 1—si 1) Ly
Lp:=M X pax {M7Lgi (e Lg;_y + 0a-u)

L
Q(ti—si)L f
e .
gi + Q— w }
Obviously, one can choose a sufficient large 2 > w such that Ly < 1, and so
F' is a contraction mapping. Then, one can derive the results immediately. [
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3. Concepts and results of Ulam’s type stability
on a compact interval

In this section, we introduce Ulam’s type stability concepts for the equa-
tion (1.6).

Let ¢ > 0, ¢ > 0 and ¢ € PC(J,Ry) be nondecreasing. We consider the
following inequalities

ly'(t) — Ay(t) — ft.y@)| <&, t€ (sitir1), i=0,...,m,
(3.1) ”y(t:r)_gz(tuy(t;))” <e, i=1,...,m,
||y(t) - gl(tay(tz_))” S g, te (ti75i]a 1= 17 c.., M,

and

y'(t) — Ay(t) — fEyO)I < @(t), t€ (sistitr), i=0,....m,
(3.2) ly(t) — gi(ts, () < 2, i=1,...,m,

ly(t) — g:(t,y(t ) < ¥, te (ti,s], i=1,...,m,
and

ly'(t) — Ay(t) — f(t,y@)[ < ep(t), t€ (sitivr), i=0,...,m,
(3.3) ly(t) = gi(ti, y(t))] < ev, i=1,...,m,

ly(t) — gi(t, y(t;)l < e, te (ti,si, i=1,...,m.

Now we set the vector space

Z = PC(J,X) [ C" ((sistit1), X) () C((si,tiy1), D(A))
i=0 1=0

The following concepts are inspired by Wang et al. [37].

DEFINITION 3.1. The equation (1.6) is Ulam—Hyers stable if there exists
a real number c¢ ,, 4 > 0 such that for each € > 0 and for each solution y € Z of
the inequality (3.1), there exists a mild solution z € PC(J, X) of the equation
(1.6) with

(3.4) ly() = 2Ol < crmqe, teEJ

DEFINITION 3.2. The equation (1.6) is generalized Ulam—Hyers stable if there
exists Ofmg € C(Ry,Ry), 0fm 4(0) = 0 such that for each solution y € Z of
the inequality (3.1), there exists a mild solution z € PC(J, X) of the equation
(1.6) with

(3.5) ly(@) = 2O < Ofmg(e), L€

DEFINITION 3.3. The equation (1.6) is Ulam-Hyers-Rassias stable with re-
spect to (g, ) if there exists ¢f . g,, > 0 such that for each ¢ > 0 and for each
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solution y € Z of the inequality (3.3), there exists a mild solution z € PC(J, X)
of the equation (1.6) with

(3.6) [y(#) = 2@ < cpmg.0elet) +9), €

DEFINITION 3.4. The equation (1.6) is generalized Ulam—Hyers—Rassias sta-
ble with respect to (¢,) if there exists cfm,q,, > 0 such that for each solution
y € Z of the inequality (3.2) there exists a mild solution z € PC(J, X) of the
equation (1.6) with
(3.7) ly(t) = 2] < crm.go(p(t) +9), te T

REMARK 3.5. It is clear that: (a) Definition 3.1 = Definition 3.2; (b) Defi-
nition 3.3 = Definition 3.4; (c) Definition 3.3 for ¢(¢) = 1) = 1 = Definition 3.1.

REMARK 3.6. A function y € Z is a solution of the inequality (3.3) if
and only if there is G € [ CY((si,tit1), X) ﬂ C((sistiv1),D(A)) and g €

=0 =0
F] C([ti, si], X) (which depend on y) such that:
(a) G <ep(t), t € UO(SZ» tiy1) and [[g(t)[| < e, t € Uo[tusz]
(b) ¢'(t) = Ay(t) + f(t,y(t)) + G(t), t € (si,tin), i =0,...,m;
(©) y(t) = gi(t,y(t;) +9(t), t € (i 5], i =1, ,m;
(d) y(t) = giti, y(t;)) +g(ts), i = 1,.

One can have similar remarks for the inequalities (3.1) and (3.2).

REMARK 3.7. If y € Z is a solution of the inequality (3.3) then y is a solution
of the following integral inequality

||y gz(t y( ))H < 51/% te (tiasi]7 1= 17"'7m;
H )—ATwﬂmmmw

S&?M/ et p(s)ds, te0,ty];
0

B8 LI - sy <20 i= Lo
W@—ﬂwwmww@»—/TWwvwmmw

i

t
< EMe“’(t_s")w—i—aM/ =9 (s ds,
t e [Siati+1]a 1= 1,...,m.
In fact, by Remark 3.6 we get
y'(t) = Ay(t) + f(t,y() + G@), tE (sitipr), i=1,...,m;
(3.9) y(t7) = gi(ti, y(t7)) + g(ta), i=1...,m
(t) ( ( ))+g(t)7 te(tiasi}?izla"wm
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Clearly [28, p. 105], the solution y € Z of the equation (3.9) is given by
y(t) =gi(t,y(t7)) +9(t), te(tsl, i=1,...,m;
o) =TOu0)+ [ (-9 1Gs.0(6) + Gl ds, 2 0.1
y(t) =T(t — si)(gi(si y(t;)) + g(ts))

+ [T(t —$)(f(s,y(s)) + G(s))ds, t€[sitit1], i=1,...,m.

5

For t € [s;,ti41], 4 =0,...,m, we get

Hy@ =T = sttt )~ | Dt )7 (s, u(s)) ds

i

S Mew(t—si)

t
gt + / =) G(s)]| ds

t
<eMe“t=5)y 4 sM/ e“t=)p(s) ds.
Proceeding as above, we derive that

ly() =gty (&N < gl < ey te @8], G=1,...,m;

Jott) =)~ [ -yt as] <3 [ e -pcenas

t
< EM/ e“t=p(s)ds, te0,t].
0

Similarly, one can give similar remarks for the solutions of the inequalities (3.2)
and (3.1).
To discuss stability, we need the following additional assumption:

(Hy) Let ¢ € C(J,Ry) be a nondecreasing function. There exists ¢, > 0 such
that

t
/ @(s)ds < cpop(t), foreachte J
0

We need an impulsive Gronwall inequality which was given by Bainov and
Simeonov (see Theorem 16.4, [9]).

LEMMA 3.8. Let My := MU {0} and the following inequality holds

(3.10) u(t) < al(t) —1—/0 b(s)u(s)ds + Z Bru(ty), t=>0,

0<tp<t
where u, a,b € PC(R4,R), a is nondecreasing and b(t) > 0, B, > 0, k € M.
Then, fort € Ry, the following inequality is valid:

(3.11) u(t) < a(t)(1 4 B)* exp </0 b(s) ds), t € (th,trr1], k € My,
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where 8 = sup{B}.
keM

Now we are ready to state our main results in this section.

THEOREM 3.9. Assume that (Hy)—(H4) are satisfied. Then the equation (1.6)
is Ulam—Hyers—Rassias stable with respect to (p,1).

PROOF. Let y € PC(J,D(A)) N C ((s,ti+1],X) be a solution of the in-
equality (3.3). Denote by x the unique mild solution of the impulsive Cauchy

problem
2'(t) = Az(t) + f(t,z(t)), t€ (sitiy1), 1=0,...,m,
t+ = itiy t; ) .:17"'7 )
o1 o) = gltalt), i=1m
z(t) = gi(t, z(t;)), te (tisi], i=1,...,m,
z(0) = y(0)
Then we get
gi(t,$(tj_)), te (t]',Sj], j:l,...,m,
t
T(09(0) + [ T 9)f(s.a(s)) ds. te [o.n),
z(t) = 0 ¢
Tt = 5)gi(s0at)) + [ Tt =) f(s,2(5)) ds,
t e (Si,ti+1]7 1=1,...,m.
Keep in mind of (3.8), for each t € (s;,t;41], i =1,...,m, we have

Hy<t> - T - satsin(t) - | Dt ) Fs,u(s)) d

i

¢
- EMewT(w + [ o d8> < eMelT (W + epp(t)).
0
and for t € (tj,s,], j =1,...,m, we have

ly(t) — gi(t, y(t))|| < e,

and for ¢ € [0,¢1], we have
< eMe‘“"Tcg,ga(t).

Hy<t> -7 - [ Dt~ )1 (s, u(s)) ds

Hence, for each t € (s;,t;41], 4 =1,...,m, we get

() — 2(1)] < Hy<t> ~ Tl = s y(6) — [ T( = 9)f(59(9)ds

5

+ Me“Tlgi(si, y(t) — gilsi, 2 (t)l]

+ MeleIT / £(5,9(9)) = F (s, 2(9)) ds
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< Me'”(au T e+ o(0)] + L ly(t) — ot
sy [ ote) = ato)las)
<M (<14 o+ o]+ L [ Tl - ol
T3 L lytt) - x<t¢>|).
j=1
Further, for t € (¢;,s5], j =1,...,m, we have

ly(8) — 2@ < ly(0) = gaCt, v N + st y(e7) — g5 ()]
<ev+ ZL Iy(t) — 267
<M (14 + (0]
w iy [ o) - s)lds + ZL Io(67) 1)
Next, for t € [0,41], we have i
Io(0) )] < M (cct) 4 Ly [ Il = ol s )

t
<M (o1 i+ plo] 4 Ly [ o) - o)l ds).
0
Consequently, for ¢ € (t;,t;4+1], using Lemma 3.8, we derive that

ly(t) — 2(t)]| < Mel“IT(1 4 c,)(1+ MelIT L)1 eMe ™ Lite(y 4 (1))
SMe\w\T(l + Csa)(l + M€|w\TLg>meMe\w\TLfT€(w —|—(p(t))

= Cfm,g,0€ (Y + (1)),
for Ly := sup Lg,, which implies that the equation (1.6) is Ulam-Hyers-Rassias
i€M
stable with respect to (¢,%). The proof is completed. O

Just repeating the procedure in Theorem 3.9, we establish without proof the
following results.

REMARK 3.10. Under the assumptions of Theorem 3.9, we consider the equa-
tion (1.6) and the inequality (3.2). One can repeat the same process to verify
that the equation (1.6) is generalized Ulam-Hyers—Rassias stable with respect
to (p, 7).
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REMARK 3.11. Under the assumptions of Theorem 3.9, we consider the equa-
tion (1.6) and the inequality (3.1). One can repeat the same process to verify
that the equation (1.6) is Ulam-Hyers stable.

To end this section, we give an example to illustrate our abstract results
above.

ExaMPLE 3.12. We consider one-dimensional diffusion processes with not
instantaneous changes of states. The example can explain either evolution of the
temperature of the rod or the chemical concentration of the substance.

Consider the following impulsive partial differential equation

0 0?
ax(t, y) = a—?ﬂx(t,y), ye€(0,1), te0,1)U(2,3],
(3.13) 9 9

5y "0 = 5ot ) =0, t€0,)U(23]

x(t,y) = Az(17,y), Ae(-1,1), te(1,2], y € (0,1).

Hence J = [0,3], 0 = tg = sp, t1 = 1, sy = 2 and T = 3. Let X = L?(0,1).
Define

82
Az = a—y2x for x € D(A)
with
oz 0%z
= C—_— — = 1 = .
D(A) {xeX 9y’ 07 € X, z(0) ==z(1) 0}

Then, A is the infinitesimal generator of a Cp-semigroup {T(t),t > 0} in X.
Moreover, | T(t)|| <1forallt>0. So M =1 and w = 0.

Denote z(t)(y) = z(t,y), f(t,x)(y) = 0 and ¢1(¢,z)(y) = Az(y), then the
problem (3.13) can be abstracted into

2'(t) = Az(t), t€(0,1)U(2,3),

(3.14)
x(t) =Xx(17), te(1,2].

Clearly, (Ho)—(Hs) are satisfied. Then the equation (3.14) with a given initial
value has a unique solution z € PC(J, X). Moreover, we put ¢(t) = e’ and
¢ = 1. Then (Hy4) holds if ¢, = 1. Thus, by Theorem 3.9, the equation (3.13)
is Ulam-Hyers—Rassias stable with respect to (ef,1) on [0,3] and ¢y 4, =
2(1+|A)).

4. Extension stability results on the unbounded interval

In this section we consider the case J = Ry. Then one can replace i =
1,...,mbyi € Nand ¢ = 0,...,m by ¢ € {0} UN in the inequalities (3.1)—
(3.3) and (3.4)—(3.7), respectively. Then, one can rewrite four parallel stability
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definitions like Definitions 3.1-3.4 when we take

Z:=PC(J,X) [ C'((sitis1), X) () C(sisti1), D(A))
1€Mg

1€Mg
We state the following assumptions

(Hp) Co-semigroup {T'(t),t > 0} is exponentially stable, that is, w < 0 in (Ho)
() f € ([0, 00) x X, X).

(H5) There exists positive constant Ly € C'(Ry, (0, 00)) such that

I[f(#ur) = f(# u2) || < Lypllur — ug

for each ¢ € [0,00) and all ug,ug € X

(H5) ¢; € C([t;, si] x X, X) and there are positive constants L,,, i € N such
that

lgi(t, ur) — gi(t, u2)|| < Ly, [lur — uzl|
for each t € [t;, s;] and all uy,us € X
) There exists ¢, > 1 such that

(H}

t
/ ew(si_s)go(s) ds < c,p(t)

i

for any ¢ € [s;,t;+1] and i € M.

First we have the following extension of Theorem 2.2

THEOREM 4.1. Assume that (Hy), (H})—(Hj) are satisfied, then the equation
(1.7) has a unique mild solution x € PC(]0,00), X) with x(0) = z¢ € X
PrOOF. Take T' € R/,

= Ry \ M. Then by Theorem 2.2 the equation (1.7)

has a unique mild solution = € PC([0,7]),X) with £(0) = zo € X. Taking
T — oo, the proof is finished.

O
Now we pass to the stability problem

THEOREM 4.2. Assume that (H{)—(H}) are satisfied. Then the equation (1.7)
is Ulam—Hyers—Rassias stable with respect to (p,1) provided that

L, —supLgl < 00,
1€M

Q=

l_iéll\%(tﬁ-l —s;) >0,

w+ MLy <0, B i=MLgje@+Mbpe <1,

PROOF. Let y € Z be a solution of the inequality (3.3). Denote by x the
unique mild solution of

! (t) = Ax(t) + f(t, x(t)),
x(t)) =

4.1
(4.1) 20
2(0)

t € (siytiy1), 1 € Mo,
(ti, z(t;)), i€ M,

(),

gi
(, te (ti,Si], iEM,
y(0).
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Then we get
gi(t7x(t;))7 t e (ti78i], i € M,
2(t) = T(t)xo + /0 T(t—s)f(s,xz(s))ds, t €[0,t4],

T(t — s4)gi(si,2(t;)) +/ T(t—s)f(s,xz(s))ds, t€ (s;tiq1], 1 € M.

Here we note that we mean [a, 0] = [a,00) to avoid confusion. By (3.8), for
each t € (s;,t;1+1], 1 € M, we have

Hy<t> - 7= s (onn(e) - [ T(t — 5)f(s,y(s)) ds

t
< eMet=sqy 4 EM/ (=9 (s) ds < eMe ) e, (1 + (1)),

and for ¢ € (¢;,s;], i € M, we have |ly(t) — ¢:(t,y(¢t; ))|| < e, and for ¢ € [0, 1],
we have
¢ ¢
) = T(O0) ~ [ T(t =) (s, u(s)ds| <ebt [ () ds
0 0

<eMecge p(t).

Hence, for each t € (s;,t;41], i € M, we get

ly(t) — 2(1)] < Hy<t> =T )i 6)) — [ T(— ) (5,509 ds

i

+ Mew(tfsi)

(50, (87)) = i (6|
FM Ny f )] ds

<eMepe? (W 4 (1) + Me T Lyly(ty) — a(t7)|

t
# MLy [ I ys) o) ds,
;

which implies for g(¢) := e~ “'y(t) and Z(t) := e~ “!z(t) that
[5(t) =T <eMeye™ (¢ + o(1))
t
+ Me ) L[yt ) — 2t + MLf/ 17(s) —Z(s)l ds
Si

for t € [s;,ti+1], @ € M. By the Gronwall inequality (note (t) is nondecreasing),
we derive

15(6) =Z()]] < (eMege™ (Y+p(t)+Me =D Ly |[g(t;) —z(t;) )™ s =0,
which gives back

(42)  ly(t) — 2@ < MeltMENE ey (g + (1)) + Lylly(t7) — x(t7)])
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for ¢ € [s;,t;11], @ € M, and in particular

(4.3)  ly(tg) — =)l
< Me@HMEN =30 (ce (4 + (t7 1)) + Lolly(t7) — 2(t7)])
< Mege( + o(ti)) + Blly(ty) — ()]l
for i € M when #;,1 < 0o. Further, for ¢ € (t;, ], i € M, we have
(44) Ay — =@l < lly@) — gi(t, @& DI+ Ngs(t y(t)) — gi(t,z(8)]
e+ Lylly(t;) — (it

Moreover, for t € [0, 1], we have
t t
lote) = a(0l <M [ 05y ds+ M [ eIy ly(s) ~ (o) ds
0 0
t
<eMcye p(t) + MLy / e“ =)y (s) — z(s)| ds
0
which yields like above that
(45) () — a(t)| < eMegelMENtp(t) < eMeyit)
for ¢ € [0,¢1], and in particular

(4.6) ly(t7) — ()| < eMepp(ty).

Solving (4.3) and using (4.6) we derive

(A7) lly(7) =2 ()| < Meeg ) (4 +9(t5))8 + B y(tr) — 2(t7)]
=2
< 1-8
since (- ) is nondecreasing.
Now let ¢ > 0. Then either t € [0,¢1] and (4.5) gives

+eMeyp(t;),

(4.8) ly(t) — ()] < eMepp(t),

ort € (t;,t;y1] for some i € My. Then either ¢ € (t;, s;] and then (4.4) and (4.7)
give

(49)  y() —2(@)] <ep+ L, (M E%(f/’j;@? ), 5Mc¢¢<t;>)

< 6((1 + ]\fjig;P)lﬁ + (Aflig;w + Mcq;)(p(t)),




930 J. WANG — M. FECKAN
or t € (s;,t;11] and then (4.2) and (4.7) give

(4.10) ly(t) — 2 (t)]| < MelrMEn s (6%(1# + ()

. (M (o) EMW(Q)»

<Msc¢(<1 + 1L_"/8)1/)+ <2+ 1L_gﬁ)¢(t)).
Using (4.8), (4.9) and (4.10) we have

ly(8) = 2@ < ¢80 + @(1))

for any t > 0, where ¢y 4, := Mcy,(2+ Lg/(1 — (). Summarizing, we see that

the equation (1.7) is Ulam—Hyers—Rassias stable with respect to (¢, ). O

REMARK 4.3. If v := sup (¢;41 — ;) < 0o, then assumption (H}) holds for
€M

any p(t) = ce*’t. ¢ >0 and w’ > w. Indeed, we compute

t t ) B
/ 6‘*’(51'75)50(5) ds = c/ e@(si—s) s 4o < ¢

k3

w(s;—t)+w't e—wY

; w —w _w’—w<p(t)
for any t € [s;,ti41] and @ € My, so ¢, = 7“7 /(W —w). In particular, the
constant function ¢(t) = ¢ can be also used with w’ = 0.

Finally, we give an example to illustrate our above results.

EXAMPLE 4.4. Consider

0
—t:c(t,y) = (A, —3D)z(t,y), ye,

0
te(2i+1,2(i+1)], i € {0}UN,
a1, 20+ 1,26+ 1)), i € {0)
Lt y) =0, con, t>0,
ayw( Y) Y
x(t,y) =sini - (20", y), y €, (24,2t +1], i €N,

where @ C R? is a bounded domain, A, is the Laplace operator in R?, and
90 € C?. Note now s; = 2i + 1 and t; = 2i, i € {0} UN. Here we consider
infinitely many impulses on infinite time interval R .

Let X = Lo(Q2), D(A) = H2(Q)NHG(Q). Define Az = (A, —3I)z, x € D(A).
By Theorem 2.5 of [28], A is just the infinitesimal generator of a contraction Co-
semigroup in Ly(2), that is, |T(¢)]| < e 3t for t > 0,s0m =1and w = -3 < 0.

Denote z(-)(y) = =(-,y), f(-,2)(y) =0and g;(-,x)(y) = (sini) - x(y), then
the problem (4.11) can be abstracted into

z'(t) = Azx(t), t€ (20 +1,2(i +1)), i€ {0}UN,
(4.12) z(2it) = x(2i7), i €N,
x(t) = (sini)x(2i), te(2,2i+1], i e N.
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Clearly, (Hj))—(HS) are satisfied, and Ly =1, a =y =1, Ly =0, w+ML; = -3,
w = e ? < 1 and by Remark 4.3, we can take o(t) = e*'t, w' > —3 and ¢ = 1.
Then (H))) holds for ¢, = €3/(w’ + 3). Thus, applying Theorem 4.2, the equation
(4.11) is Ulam-Hyers-Rassias stable with respect to (e, 1) on Ry with ' > —3
and

e3 1
Cf,N791¢:w/+3 2+1—€_3 N
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