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ABSTRACT. By studying spaces of flow graphs in a closed oriented manifold,
we equip the Morse complex with the operations of an open topological
conformal field theory. This complements previous constructions due to
R. Cohen et al., K. Costello, K. Fukaya and M. Kontsevich and is also the
Morse theoretic counterpart to a conjectural construction of operations on
the chain complex of the Lagrangian Floer homology of the zero section of
a cotangent bundle, obtained by studying uncompactified moduli spaces of
higher genus pseudoholomorphic curves.

1. Introduction

A flow graph in a manifold M consists of the following data: a graph G,
a choice for every edge e of G of a flow ¥, on M, and a continuous map
~v: G — M so that the image of each edge e is a piece of a trajectory of the
corresponding flow .. Flow graphs can be used to recover invariants of a man-
ifold. The simplest instance of this is the Morse complex, corresponding to the
case when G consists of a single edge: by studying the spaces of trajectories
of the gradient flow of a Morse function, one constructs a chain complex which
computes homology. On the other hand, there are invariants which are not visi-
ble in the classical Morse complex but can be recovered using more general flow

graphs ([2], [5], [10]).
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In the work of R. Cohen and his collaborators ([2], [5]), flow graphs were
used to construct cohomology operations (we remark that our terminology is
somewhat different in that we use the term ’flow graph’ instead of ’graph flow’).
The operations associated to certain special graphs can be identified explicitly
and turn out to correspond to invariants known from classical algebraic topology:
the cup product, the Steenrod squares, the Stiefel-Whitney classes as well as the
Massey products (the latter using a somewhat different approach) can all be
encoded in this way. Moreover, the operations satisfy a field-theoretic law: there
is a compatibility between gluing together graphs and composing the associated
operations.

In this paper we construct, building upon seminal ideas of K. Fukaya ([10]),
the conformal version of this theory, obtained by studying flow graphs together
with a ribbon structure on the underlying graph. By taking the ribbon structure
into account in a suitable way, we define operations that are parametrized by
the moduli spaces of Riemann surfaces with boundary. The construction draws
upon ideas from Floer homology and Gromov-Witten theory.

Let 3 be a compact connected oriented surface with m > 0 boundary compo-
nents and with n4 +n_ > 0 boundary marked points, partitioned into incoming
and outgoing points. We assume that 2¢g — 2 + m > 0 and denote by My, the
space of complex structures on X, together with labellings of the marked points
by positive real numbers. Let g be a Riemannian metric and f a Morse function
on M, whose gradient flow with respect to g is Morse-Smale. Denote by C*(f)
the associated Morse complex, with the grading given by the Morse index and
the codifferential given by counts of trajectories of the positive gradient flow.
We will use flow graphs to construct cochain maps

(1.1) Fl: (C7()®" = C"(Mz) @ (C*(f)®",

where C*(My) is a chain complex computing the cohomology of My (more
precisely, cohomology with coefficients in a certain local system must be used).
For example, if ¥ is a disk with two incoming and one outgoing marked point,
then My is contractible and the map in cohomology induced by (1.1) is the cup
product. To construct the operations (1.1) in the general case, the ribbon graph
decomposition of Riemann surfaces ([14], [19]) will be used.

A graph is a one-dimensional CW complex. We refer to the univalent vertices
of a graph as the external vertices and to the vertices of valency greater than one
as internal. An edge is called external if it is incident to a univalent vertex, and
internal otherwise. Consider a graph G together with an embeddingi: G — ¥, so
that the univalent vertices of G are mapped to the boundary marked points, the
remaining points of G are mapped to the interior of ¥ and so that ¥ deformation
retracts to i(G). Two embeddings are identified if one is obtained from the other
by an isotopy which is constant on the univalent vertices. A ribbon structure on G
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is an equivalence class of embeddings. We write I' for the ribbon graph and we
say that I" has ¥ as its associated oriented surface.

FI1GURE 1. Two ribbon graphs whose associated surfaces are a pair of pants
and a torus with a disk removed respectively

A half-edge of a graph G is a pair (v, [p]), where v is a vertex and [¢] is an
isotopy class of embeddings ¢: ([0,1],0) — (G, v). It is a classical observation
that a ribbon structure on G can equivalently be defined as a cyclic ordering of
the half-edges at every vertex. An orientation of an edge is defined as an ordering
of the two-element set consisting of the corresponding half-edges. A metric
structure on G is an assignment to every edge e € F(G) of a non-negative real
number .

Assume that for every marked point on 0%, a critical point of f is fixed.
We write (p,,p-) for the tuple consisting of the critical points, partitioned
into intputs and outputs according to the partition of the corresponding marked
points. In Section 2, we associate to every ribbon graph I' as above a space
Mr x(p+,p—) of flow graphs in M. An element of Mp x(p4,p—) consists of
a metric structure on I' together with a continuous map ~: I' — M, so that the
restrictions of the map to the edges are pieces of trajectories of the flows of given
vector fields x on M and where incidence conditions corresponding to the critical
points p4,p_ are imposed at the external vertices. For generic choice of the
vector field datum x, the space Mr x(p+,p—) is a smooth manifold. Moreover,
the partial compactification Mr x(p+,p—) obtained by allowing internal edges
of zero length as well as broken flow lines at the external edges is a manifold with
corners. By the ribbon graph decomposition of Riemann surfaces, the space of
metric ribbon graphs I' as above is homeomorphic to My, (see (2.4) below) and
thus there is a projection 7r: Mr x(p+,p—) — My obtained by forgetting ~.
We show that 7 is a proper map. These claims are established in Section 2.2.

We view Zlf,x(p+,p_) = (Mrx(p+,pP-),7r) as a geometric chain in My.
In Section 2.1 we define a chain complex CBM (My) generated by pairs (P, ),
where P is a (not necessarily compact) oriented manifold with corners and
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7: P — My is a proper continuous map. The complex CZM (My) computes the
Borel-Moore homology of My, the latter being isomorphic by rational Poincaré
duality to the cohomology.

THEOREM 1.1. Let

(12) R (O = OPM (M det? @ or) ® (C7(£)) "
be the linear map defined by
(1.3) Py Y 2 (P, p)®@P-,

I'p_

where the sum is over all p_ € (Crit(f))*"= and over all the ribbon graphs T,
so that every internal vertex of T is trivalent.
(a) Fg is a cochain map.
(b) Fg is independent, up to chain homotopy, of choice of the vector field
data, of the Riemannian metric and of the Morse function.

Here d denotes the dimension of M and det and or are certain local systems
on My, defined in Section 3.1. The appearance of local coefficients is due to
the fact that the space Mr x(p+,Pp-) is not canonically oriented, but rather its
orientation is determined by fixing linear orderings of the vertices and of the
edges of I' and orientations of the edges. The dependence of the orientation
of Mr x(p+,p—) on these choices is described in Section 3.1. Theorem 1.1 is
proved in Section 3.2.

We now outline the relationship of Theorem 1.1 to some previous results. As
was mentioned above, a construction of operations from spaces of flow graphs
was first proposed in [2] (see [5] for a more recent exposition). In this latter
approach, one associates to a graph G a cohomology operation, parametrized by
the homology of the classifying space of the automorphism group Aut(G). The
main difference of the construction of Theorem 1.1 to these previous ideas is the
consideration of ribbon structures. As a consequence, the operations constructed
here are parametrized by the moduli spaces of Riemann surfaces instead.

While the operations (1.1) bear some formal resemblence to the structure of
Gromov—Witten invariants, there are two pronounced differences: firstly, 3 has
non-empty boundary and secondly, the operations are parametrized by the mod-
uli space My instead of the Deligne-Mumford compactification. The operations
(1.1) fit into the framework of an open topological conformal field theory ([21],
[13], [7]) — their compatibility with gluing is proved in Section 3.3.

There are two previously known constructions of open TCFTs. The first is an
algebraic-combinatorial approach based on an idea of M. Kontsevich in [18] (see
also [7], [15]) and produces an open TCFT starting with a (finite-dimensional
minimal) cyclic Ax-algebra — the homotopy associative analogue of a differential
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graded algebra, equipped with a compatible inner product. The chain complex
used in this approach is the so-called ribbon graph complex. The second con-
struction, due to K. Costello, is more analytic and relies on a notion of differential
forms on My ([8]). The starting point here is a so-called Calabi-Yau elliptic
space — one of the simplest examples of such an object is the de Rham algebra
of a closed oriented manifold. The relationship between these two approaches
is well-understood: a cyclic A.-algebra can be associated to each Calabi—Yau
elliptic space and the open TCFT obtained via the analytic construction on the
elliptic space is equivalent to the result of applying the algebraic approach to
the associated A..-algebra ([8, Section 5]). In a forthcoming paper, we will show
that the result of the more geometric construction of Theorem 1.1 is equivalent
to what one obtains by applying these previously known approaches.

It is known that for every open TCFT there is an associated universal open-
closed, and thus in particular a closed TCFT ([7]). A direct geometric construc-
tion of an open-closed TCFT on a manifold, following ideas different from what
is presented here, was outlined in [3]. The resulting closed TCFT is expected to
be closely related to the BV algebra of loop homology ([13]).

We finish the introduction by sketching the relationship of the construction of
Theorem 1.1 to Floer homology and the theory of pseudoholomorphic curves. For
a smooth function f on a manifold M, the graph L4 of the differential df is an
exact Lagrangian submanifold of the total space of the cotangent bundle T* M.
Two graphs Lgr, and Lg, intersect transversally if and only if the difference
f2 — f1 is a Morse function. In this case the Lagrangian Floer cohomology of the
pair Lgg,, Lag, is defined ([9]). The differential of Lagrangian Floer cohomology
is constructed by counting the elements of the zero-dimensional components of
the moduli spaces of pseudoholomorphic strips in T*M with Lgr, and Lgp, as
boundary conditions. Extending this idea, we can consider for any oriented
surface ¥ as in Theorem 1.1 the space of all pseudoholomorphic maps from X
to T*M with Lagrangian boundary conditions of the form Ly, f € C*°(M,R)
imposed on the components of the complement in 0¥ of the set of marked points.
For example, in the case when there are no marked points, we consider the space
Mg*M of all pseudoholomorphic curves in T*M which map every boundary
component of ¥ to a submanifold Lgs for some fixed f € C>°(M,R). The space
ME*M is usually non-compact, but if it carries a fundamental class in Borel-
Moore homology, then using the fact that the projection my;: M%"M — My
is proper, one would obtain a cocycle in My. More generally, by considering
surfaces with marked points on the boundary, we would be led to operations
on the chain complex of Lagrangian Floer cohomology, analogous to the ones
constructed in Theorem 1.1. If ¥ is a disk, this could be made rigorous by the
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methods developed in [12]. The general case is, to the knowledge of the author,
conjectural.

A. Floer showed that for a suitable choice of almost complex structures on
T*M and of a Riemannian metric on M, the chain complex of Lagrangian Floer
homology of a pair Ly, , Lgs, is isomorphic to the Morse complex of fo — f1
([9])- The main idea is sometimes referred to as an ’adiabatic limit’ argument:
Floer demonstrated that after multiplying f; and fo by a sufficiently small num-
ber, there is a one-to-one correspondence between isolated pseudoholomorphic
strips in T*M and isolated gradient flow trajectories in M. In [11], this idea
was generalized to obtain an identification between spaces of pseudoholomor-
phic disks with arbitrary number of boundary marked points and spaces of flows
of ribbon trees. These results suggest that the operations on the chain com-
plex of Lagrangian Floer homology of the zero section of the cotangent bundle,
defined as outlined above from the study of general psudoholomorphic curves
in T*M, should correspond to operations on the Morse complex C*(fa2 — f1),
obtained from spaces of flows of general ribbon graphs. Theorem 1.1 provides
the construction of these latter operations. Throughout this paper, homology
and cohomology with real coefficients is used and the coefficient ring is omitted
from the notation. Theorem 1.1 continues to hold for coefficients in an arbitrary
field of characteristic zero.

The author would like to thank Klaus Mohnke for many fruitful conversa-

tions.

2. Ribbon graphs and Morse theory

In this Section we introduce the complex CEM (My) of locally finite geomet-
ric chains in My, and use flow graphs in a manifold to define elements of this
complex.

2.1. Geometric chains and Borel-Moore homology. The Borel-Moore
homology, or homology with closed support, of a topological space X is defined
as the homology of the chain complex of locally finite singular chains in X, i.e.
of linear combinations ) n,o of singular simplices 0: A — X so that for every
compact subset K C X there are only finitely many non-vanishing coefficients
ne with 0(A) N K # (. Summing up the top-dimensional simplices of a tri-
angulation of a (not necessarily compact) oriented manifold N¢, one defines its
fundamental class [N] € HPM(N). The map x — [N] Nz yields a Poincaré
duality isomorphism

(2.1) H*(N) = HPN(N).
While Borel-Moore homology is not functorial in general, there is a pushforward

for HPM(X) = HPM(Y)



MoORSE HOMOTOPY AND TOPOLOGICAL CONFORMAL FIELD THEORY 13

provided that f: X — Y is proper.

If f: X — Y is continuous and on both X and Y there are Poincaré duality
isomorphisms as in (2.1), then f*: H*(Y) — H*(X) yields a transfer homomor-
phism fBM. gEM(y) H*B+I\gxfdy (X) in Borel-Moore homology.

Similarly to the case of singular homology discussed in [16], Borel-Moore
homology may be computed as the homology of a complex of geometric chains.
To define this complex, we recall that a d-dimensional manifold with corners P
is a paracompact Hausdorff space locally modelled on the products R ; x RZ=%,
0 <k <d. A local boundary component 3 at a point  of P consists of a choice,
for a coordinate neighbourhood U of z, of a connected component of the points
of U which lie on the codimension one stratum. With the convention

(2.2) OP = {(z,pB) : « € P, B a local boundary component of P at x},

the boundary of a manifold with corners is again a manifold with corners and
there is a natural map igp: OP — P.
We denote by CBM (X)) the vector space of all sums of the form > np(P, fp),
P

where P is an oriented manifold with corners and fp: P — X is a proper contin-
uous map. As before, we require that the geometric chain Y np(P, fp) be locally
P

finite: for every K CC X, there are only finitely many summands so that np is
non-zero and fp(P)NK # ). We make the following two identifications. Firstly,
if P’ is obtained from P by reversing the orientation, then we identify (P’, fp/)
with —(P, fp). Secondly, if P is the union P = Q Ux R of two codimension
zero submanifolds with corners @ and R along a (possibly empty) submanifold
with corners X C 9P,0Q, then we identify (P, fp) with the sum of (Q, fpr|g)
and (R, fp|r). The degree of (P, fp) is the dimension of P and the boundary is
defined by 8(P, fp) = (8P, fp ] iap).

(2.3) My ~ | JMet (") /Aut(T).
r

PROPOSITION 2.1. For any topological space X, the homology of the complex
CBM (X)) is isomorphic to the Borel-Moore homology of X .

PROOF. Denote by hBM (X)) the homology of the complex CPM (X) and by
HEM(X) the Borel-Moore homology of X. By definition, the latter is given by

equivalence classes of closed locally finite chains Y n,o, where o: A — X is
ag

a singular simplex. A map : HPM(X) — hBM(X) is defined by
{ano} — [ZnJ(A,U)}

Conversely, given a generator (P, fp) of CEM(X), choose a triangulation of P
which induces a triangulation of 9P and so that if two components of 9P are
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diffeomorphic, then the induced triangulations coincide. Since f is proper, the
sum Y fp

3 K3
is a locally finite singular chain in X; it is closed (resp. exact) if (P, fp) is

A, =: >0y over the top-dimensional simplices of the triangulation

closed (resp. exact) and its class in H2M(X) is independent of the choice of the
triangulation. Define ¢: hZM (X) — HEM(X) by

[P, fp] — [Zoi].

i

It is immidiate to check that ¢ and v are inverse to each other. O

In Section 3.3, we will use the fact that in two simple special cases the trans-
fer homomorphism f:BM . HBM(y) - HBEM(X) corresponding to a continuous
map f: X — Y can be identified as the homomorphism induced by an explicit
chain map fICBM . CBM(y) — CEM(X). Firstly, in the case of the inclusion
map i: X < Y of an open subset X C Y, the image under i'®ZM of a generator
(P, fp) of CEM(Y) is given by (f;l(X),fp|f;1(X)). Secondly, if 7 is the pro-
jection m: X — Y of a locally trivial fibre bundle, then the image of a generator
(P, fp) of CEM(Y) under ©'®BM is given by (fpX, 7" fp), where fpX — P
is the pullback bundle and 7* fp the map which makes the following diagram

commutative:

fI’SX&X

| b

P———Y

P

We will also consider the complex CEM with coefficients in a local system. In
this case a generator is a pair (P, fp) as before, together with a section of the
pullback of the local system under fp. If the local system is graded, then the
degree of the chain is given by the sum of the dimension of P and the degree of
the section. There is a straightforward analogue of Proposition 2.1 for homology
with local coefficients.

As was mentioned above, on any oriented manifold there is a Poincaré duality
isomorphism HBM (M) ~ HYmM=*()). Over a field of characteristic zero, this
is also true for the space My of complex structures. To explain this fact, we
recall that by the ribbon graph decomposition of Riemann surfaces ([14], [19],
see also [8]), there is a homeomorphism

(2.4) Ms ~ | JMeto(T')/ ~ .
r
The union on the right-hand side of (2.4) is over all ribbon graphs I' whose

associated oriented surface is ¥ and so that every internal vertex of the graph
has valency at least three; the univalent vertices of I correspond to the marked
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points on 9%. The symbol Meto(I") denotes the space of metric structures on T,
where we allow edges of length zero, subject to the condition that the sum of
the lengths of the edges in any cycle remain positive. The equivalence relation
is generated by the following two identifications. Firstly, we identify a metric
structure on a ribbon graph I' with each metric structure obtained as the pullback
under a ribbon graph automorphism I' — I' which fixes each univalent vertex.
Secondly, we identify two metric ribbon graphs if one is obtained from the other
by collapsing internal edges of zero length.

As a simple example, consider the case of a disk with four marked points on
the boundary (for simplicity, the real-valued labellings of the marked points are

omitted).

7 .
i .
i .

. .
N N
. %

N s
A ~

7
o

4

FIGURE 2. The ribbon graph decomposition of the moduli space of holo-
morphic disks with four marked points on the boundary

The moduli space is a real line which is identified as the result of gluing two
copies of R>¢ to a point. The homeomorphism (2.4) means that each element of
the moduli space is obtained uniquely from the fully symmetric configuration by
slicing open along one of the two axes of symmetry which do not contain marked
points, and then gluing in a complex strip.

It follows from (2.4) that My is an orbifold which admits a good cover in the
sense of [1, p. 35]. Thus over a field of characteristic zero, there is an isomorphism

(25) H:(MZHOT) >~ Hdim/\/lz—*(ME)v

where H¥(Msy;or) is the cohomology with compact support and coefficients
in the orientation sheaf. By the universal coefficient theorem, H}(Msx;or) and
H,(Msy) are the dual vector spaces to respectively HZM (My; or) and H*(My).
We conclude the isomorphism

(26) H*BM(Mz, 0'1”) ~ HdimMZ_*(Mz).

2.2. Flow graphs in a manifold. We now introduce spaces of flow graphs
in a manifold and use them to define elements of CZ (My). The discussion of
transversality and the construction of natural compactifications follows a similar
line of argument as in the classical setting of Morse theory ([20]).
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Let " be a ribbon graph which appears on the right-hand side of the ribbon
graph decomposition (2.4). Suppose that to every boundary marked point on 0%
(or, equivalently, to every external edge e of '), a critical point p. of the Morse
function f is associated. The partition of the marked points into incoming and
outgoing points defines a partition p = (p4,p—) of the tuple p of the critical
points. We will associate to this data a Banach manifold Br(p4+,p-). We first
introduce parametrizations of the edges of I'.

Let e be an external edge of I' and v be the external vertex incident to e. If
v is marked as incoming, then we fix a homeomorphism . : (—00,0] = e — {v}.
In the case when v is marked as outgoing, we fix 1. as a homeomorphism
te: [0,00) = e — {v}. In each case we orient e by prescribing 1. to be
orientation-preserving. To choose parametrizations of the internal edges of T,
we must take into account the fact that the choice of orientations of these edges
is non-canonical.

DEFINITION 2.2. We denote by IV — T the finite cover with fibre given by
all choices of orientations of all the internal edges of T'.

Thus IV is a graph whose points are given by pairs consisting of a point of I’
together with a choice of orientations of all the internal edges of I'. Every edge
of I carries a natural orientation and the projection pr: IV — T' preserves the
orientations of the external edges. The group T of covering transformations of
I — T is generated by the involutions 7. given by reversing the orientation of
an internal edge e of I

We fix for every internal edge e’ of IV a continuous map . : [0,1] — €
whose restriction to (0, 1) is a homeomorphism and which induces the natural
orientation of €¢/. If ¢’ is an incoming internal edge of I which is mapped to
e under pr, then a map . : (—00,0] — €’ is uniquely defined by requiring
that the composition of pr o 1., coincide with .. We define parametrizations
e [0,00) — €’ of the outgoing edges of IV analogously.

If ¢/ is an incoming external edge of IV and p the associated critical point of f,
then we denote by H, the space of all elemenets y € W,-((—o0, 0], M) so that
there exist 7 > 0 and & € W'([T, 00), T, M) with v(—t) = exp,(&(t)) for all
t > T'. Here exp,, denotes the exponential map at p, defined in a neighbourhood
of the origin of T, M. In the case when €’ is outgoing, we define H. analogously,
but with (—o0, 0] replaced by [0,00). For an internal edge e’ of T, we denote
H. = Wh12([0,1], M).

DEFINITION 2.3. We define Br(py,p—) as the space of contunuous maps
~v: TV — M, so that for every edge €’ of I, the composition v = v 0 . is an
element of H., and moreover for any pair of edges e of I" and €’ of IV, where e is
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an internal edge,

Yer (t) if pr(e’) # e,

2.7 en(t) =
27 WY L e =

The space Br(p+, p—) is a Banach manifold. The tangent space T, Br(p+, p-)
at a point «y is the closed subspace of ®e/6E(F/)W1’2(’yz/TM) consisting of all the
elements s = (Se¢/)erep(rv) Which define a continuous section of v*7T'M and so
that for all edges e of I and e’ of I/, where € is an internal edge,

ser (1) if pr(e) # e,
—se(1—1t) ifpr(e) =e.
Here W12(v%TM) denotes the space of sections of class W12 and E(I”) is the
set of edges of T".
We define a Banach bundle & — Met(T') x Br(py,p-) as the pullback of
TBr(p+,p-) under the projection Met(T") x Br(p+,p-) — Br(p+,p-) to the
second factor.

(2.8) Sro(en(t) =

There is a well-defined section
(29) S = (Se’)e’eE(F/) S LQ((C;)

determined by the condition that

(2.10) so(v) = 2

Yer ()
for every edge €’ of I".

We want to consider maps in Br(p+,p—), so that the restriction of the map
to every edge is a piece of a trajectory of the flow of a given one-parameter family
of vector fields. We now introduce the setup for the construction of these vector
field data.

We choose for each edge ¢ of TV a one-parameter family of vector fields
on M. Formally, consider the vector bundle £ — Meto(I") x [0, 1] x M given as
the pullback of TM under the projection to the last factor. Let X denote the

space of all sections of class W2 of E.

DEFINITION 2.4. We define AT to be the space of all elements

(2.11) x = (T )erenqr) € XE1PT)

which satisfy the following conditions:

(a) For any two edges e of I' and €’ of I, where e is an internal edge, and
each t € [0, 1],

Ter (58, ) if pr(e’) # e,

(2.12) Tr, (e (+,t,-)=
") —ze (-, 1=t ) ifpr(e) =e.
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(b) There is a constant C' > 0, so that for every edge e’ of IV, the estimate
(2.13) Hl‘e/ (f,f, ')||W1~2(TM) <C
holds true for all (£,t) € Meto(T") x [0, 1].

The first condition will be used to associate to every element of AT a well-
defined section of £. The second condition is essential for the construction of
compactifications of the spaces of flow graphs.

To every element x € AT, we associate a section Fix = (Fer)erepry of €
as follows. Let o: R — R be a smooth function with o(¢) = 1 for |¢| < 1 and
o(t) =0 for [t| > 2. If ¢ is an external edge of I, then

(2'14) Fe’ (87 7) (t) = vgf(’ye’(t)) + U(t)xe’ (Ev |t|’ Ve (t))

If ¢’ is an internal edge of IV which is mapped to e € E(T") under the projection
I — T, then we denote

(2'15) Fer (£7 7) (t) =leTer (ﬂ, b, Ve (t)),

where [, is the length of e in the metric structure £.
With this notation in place, we can now define the spaces of flow graphs.

DEFINITION 2.5. For x € AT, let Sy € L?(£) denote the section given as the
difference

(2.16) Sx =S — Fu,
where S is defined as in (2.10). We define the space

(2.17) Mr x(p+,p-) C Met(T") X Br(p+,p-)

of flows over I" subject to the vector field datum x as the zero locus of Si.

Definition 2.5 associates to each graph I which appears in the ribbon graph
decomposition (2.4) of My a corresponding space Mr x(p+,p—) of flow graphs
in a manifold. This is illustrated by the following simple example.

EXAMPLE 2.6. Consider the case when ¥ is an annulus with two marked
points on the same boundary component.

In this example, the moduli space My is homeomorphic to an open disk (for
simplicity, we omit the real-valued labels at the marked points). There are five
distinct isomorphism classes of ribbon graphs which appear on the right-hand
side of (2.4). Three two-dimensional cells corresponding to the three ribbon
graphs with two internal vertices of valency three are glued together along two
one-dimensaion cells which correspond to the two graphs with a single internal
vertex of valency four. There are no non-trivial automorphisms. The ribbon
graph decomposition and the spaces of flow graphs associated to the cells are
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illustrated in Figure 3. The shaded parts of the graphs indicate the vector field

data.

FIGURE 3. Flow graphs corresponding to an annulus with two marked
points on the same boundary component

The next proposition summarizes the arguments used to equip the space

Mr x(p4,p—) with the structure of a manifold.

PROPOSITION 2.7.

(a)
(2.18)

(2.19)

For every x € Xr, the section
Sx: Met(T') x Br(p+,p-) = &
is Fredholm of index
ind(8x) = |p-| = [p+[ + dx(¥) —dn_ + |E(T)|.

Here |p4| and |p—| denote the sum of the Morse indices of the critical
points corresponding to the incoming and to the outgoing marked points
respectively. The symbol |E(T")| stands for the number of edges of T.
There is a subset X1 req C X1 of second category so that for each x €
AXr reg, Sx 5 transverse to the zero section of £.

Suppose that for every graph T obtained from T by collapsing internal
edges (where as before no cycle is collapsed), an element Xz € Xf,reg 18
fized. Then there exists a subset of second category of Xr, so that for
every element x of that subset, the conclusion of (b) holds true and, in

addition, the restriction of x to Meto(I") C Meto(I") coincides with xg.

PRrROOF. The arguments are analogous to the classical case of spaces of flow

trajectories and we will thus stay brief. Denote by DS, the linearization of S, .
For a given £ € Met(I') and s € T,Br(p+,p-), we can write DS;(0,s) in the

form

(2.20)

d

(DS;(0,8))e (t) = dt

s (t) — A(t)se (1),
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where A(t) € End(T, ) M) are endomorphisms such that if ¢’ is an external
edge with v./(t) — p € Crit(f) for [t| — oo, then A(t) — Hess¢(p). Using the
non-degeneracy of the Hessian, one concludes from (2.20) the inequality

(2.21) [serllwrz < e(llser ||z + [[(DS(0,8))er || 12)
for a positive constant c. Using the compactness of the embedding

lez(T"/BF(p-ﬁ-) p—)) — LZ(T’YBF(p-‘rv p—))7

it follows from (2.21) that the map (DS;)2: s — DS,(0, s) has finite-dimensional
kernel and closed image. A standard computation using partial integration shows
that each element r € L?(€) so that (r, DS, (0,s)) = 0 for all s € T, Br(p4,p-)
is weakly differentiable and satisfies

(2.22) %re/(t) + AT (t)r (t) = 0.
Together with the Sobolev embedding I/Vli)f (R,M) — C°(R,M) and using

uniqueness of solutions of an ordinary differential equation, it follows that the
cokernel of (DS,)s is finite-dimensional and thus (DS,)s is Fredholm. Since
Met(I") is finite-dimensional, we conclude that DS, is Fredholm aswell. The
index formula (2.19) is straightforward.

To prove the second part of the proposition, we consider the map

(2.23) Sx: Ar x Met(T) X Br(p+,p-) — &, (x,£,7) — Sx(£,7).

It suffices to show that Sy is transverse to the zero section of £. To this end,
we must check that if Sy (x,£,v) = 0, then every element r € L?(€), so that
(r,DSx(y,m,s)) = 0forall (y,m,s) € Ar®T, Met(I")&T, Br(p+, p—), vanishes
identically. By the proof of the first part of the proposition, each component r./,
e/ € E(T"), is continuous. Thus it suffices to show that r. (t) = 0 for t € (0,1).
For simplicity, we will only carry this out in the case when €’ is an internal edge,
the case when €’ is an external edge being similar.
From (2.15), we have

(224) (DSX (Y> 07 O))e’ (t) = Ye (t> Ve (t))

Suppose that 7. (tg) # 0, tg € (0,1). Then there exist 0 < € < min(tg, 1 — tp)
and y.s € Xr, so that

(225) <r6/ (t)7 Ye’ (ea t7 ’Ye/(t)»g > 0 fOI‘ |t - t0| <e€
and
(2.26) Yor (U, t, -) =0 for |t —to] > e.

Using y./, we define y € Ar as follows. Let e be the edge of I' corresponding
to ¢ under the projection I — I'. If ¢” is an edge of I obtained from e’ by
a covering transformation of IY — I" which preserves the orientation of e, then
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we define y. ,, r)(€,t, -) = yer(£,t, - ). In the case when e’ is obtained from e’
by applying a covering transformation which reverses the orientation of e, we
put Y-, (£, t, ) = —yer (6,1 —t, -). Finally, define y.» = 0 for all other edges
e” of I'. Then y = (Yo )erep(rv) is a well-defined element of Ar. Using (2.8), we

compute:

(2.27) (1. DS(3.0,0)) = 2/ Eun(D)] [ _< (1), ger (1,70 (1)) > O

in contradiction to the choice of r. This completes the proof of the second part
of the proposition. The proof of the third part is analogous. O

COROLLARY 2.8.

(a) For every element x € AT yeq, the space Mr x(pP+,pP-) is a manifold
whose dimension is given by the right-hand side of the index formula
(2.19). The space is empty in the case when the right-hand side of (2.19)
18 negative.

(b) Let X5, denote the vector space

(2.28) Xy = EB Xr,
T

where the direct sum is over all the ribbon graphs I' in the ribbon graph
decomposition (2.4) of Myx,. There is a subset Xx req C Xx of second
category, so that

(229) XE,rcg C @ XF,ng
T

and, in addition, every element’y = (Xr)r € Xs ,eg Satisfies the fol-
lowing condition: if the graph I' is obtained from I' by collapsing inter-

nal edges, then Xg coincides with the restriction of xp to Meto(I') C
MetO(F).

The second part of this Corollary means that the vector field data for dif-
ferent ribbon graphs can be chosen consistently with the attachments of the
corresponding cells in the ribbon graph deocmposition.

PRrROOF. The first part of the Corollary follows from the first two parts of
Proposition 2.7. To prove the second part, start by associating an arbitrary
vector field datum in Ap ,es to each graph I' labelling a lowest-dimenional cell
in (2.4) and use the third part of Proposition 2.7 successively to extend over the

remaining cells. O

We will consider certain partial compactifications of the spaces Mr x(p+,p—).
The main idea is as follows. We observe that there are the following three sources
of non-compactness of the spaces:
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(a) Breaking of the trajectory corresponding to an external edge of the graph
into several trajectories connecting critical points.

(b) Convergence to zero of the length [, of an internal edge e of the graph.

(¢) Breaking of a trajectory corresponding to an internal edge of the graph.

FIGURE 4. Three types of boundary strata of natural compactifications of
the spaces of flow graphs

We will consider the partial compactification Mr x(p4,p—) of Mr x(p+,P-)
obtained by adding the strata of the first and the second (but not the third) type.
We now give the formal definition.

Given two critical points p and p’ of f, denote by

(2.30) M(p.p') = {7: R M, 5(t) = Y, /(+(2)),

. - . o
Jim y(t) =p, lim y(t) = p }/R

the space of flow trajectories emanating at p and converging to p’. Denote by

(2.31) M(p,p") =Mp,p U | M) x ... x M(gm,p')

m>1
q1,--,9m

the corresponding space of broken trajectories.
Given two n-tuples p = (p1,...,0n), P' = (p},...,p),) of critical points,

we write
(2.32) M(p,p') = M(p1,p1) x ... x M(pn,py,)-
DEFINITION 2.9. We define
(233) Mrx(py,p-)= |J Mpy.ar)x Mz, (ar,q9-) x M(q_,p-),

ay,q-,0<T

where the union is over all g4 € Crit(f)*™+, q— € Crit(f)*"- and all ribbon
graphs I" obtained by collapsing edges of I', so that no cycle is collapsed.

We now establish the properties of the spaces Mr x(p+,p—) which will be
used in the proof of Theorem 1.1.
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ProrosIiTION 2.10.

(a) For every x € Xr as in the third part of Proposition 2.7, the space
Mr x(p+,p-) is a manifold with corners.
(b) The boundary OMr x(p+,p—) is given by the disjoint union

231 OMraep) = (T Mbran) x Mrsarp-) )

la+|=Ip+|=1
H < H Mrx(qy,p-) X M(q,p))
[p—|—la-|=1

I1 ( I1 MF/e,x(p+7p))7

€€ Einy (T)—L(T)
where the last union is over all the internal edges e of I' which are not
loops and where T'/e denotes the ribbon graph obtained from T by col-
lapsing e.
(c) The projection mr: Mrx(p+,pP-) — My defined by forgetting ~ is
proper.

PROOF. In order to equip the space Mr x(p4,p—) with the structure of
a manifold with corners, we will identify it as a transverse intersection of a man-
ifold and a manifold with corners.

Assume that a connected component I'{y of I” is fixed or, equivalently, an
orientation of every internal edge of T' is chosen. For an internal edge e’ of Iy,
denote by @;:x(t, -): M — M the flow of the vector field on the right-hand side
of (2.15). We define M. = M./ (€,x) C M x M as the subspace

(2.35) Mo = {(q, %5 (1,q)) € M x M : g € M}.

Thus M,/ is a manifold diffeomorphic to M.

Suppose now that €’ is an external edge of ', with the corresponding critical
point p.,. Denote by <I>2:x(t, -) the flow of the vector field on the right-hand side
of (2.14). If ¢’ is marked as incoming, then we define

(2.36) W (per) = {q eM: tiil}loo (I)Zx(t, q) = pe/}7

(2.37) W (per) = U M(per,p') x W*(p)
p’ €Crit(f)

and

(2.38) Mo ={(¢,q) : g€ W"(per)} € M x M.

Similarly, if €’ is marked as outgoing, then we consider

(239) Ws(pe/) = {q eM: tli)m (I)Zx(tv Q) = pe/}v
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(2.40) W)= | wW@)xM@, pe)
p’ €Crit(f)

and

(2.41) Mo ={(q,9): q €W (per)} € M x M.

It is well known that W (p.) and W (p.s) are manifolds with corners, whose
boundaries are given by respectively

(2.42) OW" (per) = 11 M(per,p) x W (p)

indy (pe)—indy(p’)=1

and

(2.43) W (per) = 11 W’ (p) x M(p, per).
ind ¢ (p')—ind ¢ (pe)=1
We refer to [22] for a detailed study of trajectory spaces in Morse theory.

We have thus far associated to every edge ¢’ of I'y, a manifold with cor-
ners M,,. As a submanifold of M x M, M. depends on the choice of £ € Mety(T")
and of the vector field datum x, however the diffeomorphism type of M, is in-
dependent of these choices. Let us define

(2.44) N = Meto(T) x (M x M)*!PTo)l

and denote by Ly the subset

(2.45) L= U <{£} X ( X Me/(ﬁ,x)>) C N.
£eMeto(T) e’eE(I)

As a product of manifolds with corners, Ly is again a manifold with corners.

Next, we consider the submanifold L’ C N defined as follows. Recall that
each edge of I is oriented. We assign to each factor M appearing on the
right-hand side of (2.44) a vertex of I'y by the following rule: if ¢’ € E(I')
is incident to the vertices v and v’ in this order, then to the two factors of
the copy of M x M corresponding to €’ the vertices v and v’ respectively are
associated. Write each element of N as a (€, q), where q is a tuple whose entries
are points of M and denote for each entry g by v(g) the vertex of T’y assigned
to the corresponding factor of M. Then L’ C N is defined as the subset of all
those tuples (£, q), such that if for two entries ¢ and ¢’ of q, v(q) = v(¢’) is the
same internal vertex of I'(), then ¢ = ¢. Thus L' C N is a fat diagonal which
corresponds to the incidence relations of the internal vertices of the graph. We
identify the space Mr x(p+,p—) as the intersection Lx N L’: points of Ly are
tuples of flow lines associated to the edges of the graph, while intersecting with
L' corresponds to imposing the incidence relations that stem from continuity at
the internal vertices. It follows from Proposition 2.7 that the intersection Ly N L'
is transverse. This establishes the first part of the proposition. Formula (2.34)
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follows from (2.42) and (2.43). The third claim is a consequence of the above
discussion of compactifications of the spaces Mr x(p4,p—). O

Proposition 2.10 implies that the pair (Mrpx(p+,p—),7r), together with
a choice of orientation of Mr x(p4,p—), defines an element of the chain complex
CEM(Myx) introduced in Section 2.1.

3. The operations

This section contains the discussion of orientations of the spaces of flow
graphs as well as the proofs of Theorem 1.1 and of the gluing axiom.

3.1. Orientations of the spaces of flow graphs. The identification given
in the proof of Proposition 2.10 of the space Mr x(p+,p-) as a transverse inter-
section of submanifolds can be used in the discussion of orientations: to orient
Mr x(p+,p-), it suffices to fix orientations of the manifolds Ly, L' and N. It
follows from the definition of these manifolds that their orientations can be de-
termined by choosing orientations of the internal edges of I' as well as linear
orderings of the vertices and of the edges of I'. Moreover, it is straightforward
to determine how the orientations of Ly, L’ and N, and thus the orientation of
Mr x(p+,P-), change when we reorder vertices and edges or reverse the orien-
tation of an edge. The result of this discussion is summarized in the following
proposition.

PROPOSITION 3.1. Suppose that for every critical point p of f, an orientation

of the unstable submanifold W (p) is fized.

(a) An orientation of Mr x(p+,p—) is uniquely defined by choosing orien-
tations of all the internal edges of I' and linear orderings of all the edges
and of the internal vertices of T'.

(b) Rewversing the orientation of an internal edge or interchanging two con-
secutive internal vertices changes the orientation of Mr x(p+,p—) by
the factor (—1)%, where d is the dimension of M.

(c) Interchanging two consecutive edges e;, e; changes the orientation of
Mr «(py,p_) by the factor (—1)*ki  where the integers k; are given by
the following rule. If e; is an internal edge of the graph, then k; = d+1.
If e; is an external edge with the correspoinding critical point p;, then

d—inds(p;) +1 if e; is marked as incoming,

indy(p;) +1 if e; is marked as outgoing.
We can now explain the local systems det and or on My which appear in
Theorem 1.1. A local trivialization of det on Met(T")/Aut(I") C My is defined by

a choice of orientations of the internal edges as well as of linear orderings of the
vertices, of the internal edges and of those external edges of I", which are marked
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as incoming. Changing the orientation of an internal edge or interchanging two
consecutive vertices or edges changes the sign of the trivialization. The fibre of
det can be identified with the determinant line of the cohomology H*(T',O_) of
T" relative the vertices corresponding to the outgoing marked points. The local
system det is graded by assigning to each section the degree x(X) — n_.

The local system or is the orientation sheaf of My. Explicitly, a local trivi-
alization of or on Met(I")/Aut(I') C My is defined by a choice of orientations of
the internal edges and of linear orderings of all the vertices and edges of I'. Re-
versing the orientation of an edge or interchanging consecutive vertices or edges
reverses the sign of the trivializazion. The fibre of the local system or can be
identified with the determinant line of H*(I"). The grading of the system or is
trivial, i.e. every section has degree zero.

LEMMA 3.2. Suppose that every vertex of the ribbon graph T' has odd valency.
Then the pair (Mr x(py,p_),7r) defines an element of CPM(My; det® @ or).

PrOOF. We first note that since every external edge of I" is marked as either
incoming or outgoing and thus has a natural orientation, we could equivalently
define the local system det by considering linear orderings of all the vertices
instead of only the internal ones. Indeed, if e is an external edge with the
incident vertices v and v’, where v is an internal and v’ an external vertex, then
we insert v’ into a given ordering of the internal vertices as either the predecessor
or the successor of v, according to the orientation of e.

We must show that an orientation of Mr x(p4,p-) is the same as a trivial-
ization of the pullback under 7 of the local system det®? @ or. Comparing the
definitions of det and or with the result of Proposition 3.1, it suffices to check
that a trivialization of or is given by a choice an orientation of the vector space
spanned by the edges of the graph. This follows from the observation going back
to J. Conant and K. Vogtmann ([6, Corollary 1]) that if all vertices of I' have
odd valency, then there is a natural orientation of the vector space spanned by
the vertices and the half-edges. O

3.2. Proof of Theorem 1.1. We can now complete the proof of Theo-
rem 1.1. Recall that the top-dimensional cells in the ribbon graph decomposi-
tion (2.4) are labelled by the ribbon graphs whose internal vertices have valency
three. By Proposition 2.10 and Lemma 3.2, to each such graph I" and each choice
of a vector field datum x € AT ;g is associated a geometric chain

(3.1) Z{ . = (Mrx(p+.p-),7r) € CPM(Ms;det® @ or).

Moreover, we may assume that the vector field data for different graphs I' are
chosen as in the second part of Corollary 2.8.
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To prove that
FE (O ()®" = CPM (Mg; det® @ or) @ (C*(f)) ",

P+ > 2 (P+.P-) O P-
I'\p_

is a cochain map, we compute ( > 8Z1f’x(p+, p_)® p,). By the second part
I''p_
of Proposition 2.10, the latter expression is a sum of terms of two types: the first

type corresponds to breaking of trajectories at external edges (see the expressions
in the first two lines of (2.34)), while terms of the second type correspond to
collapsing an internal edge of I' (see the expression in the third line of (2.34)).
The summands of the first type yield

(32) Y Z{ (dpi,p-)@p- — > (-1 Mrx®PrrIzl (p, p )@dp_.
I'p_ Ip-

We must show that the sum of all the terms of the second type is zero. These are
of the form i(ﬂf,x(p+, p-), ), where [ is obtained by collapsing a single in-
ternal edge in a ribbon graph I, all of whose internal vertices have valency three.
The sign is determined as follows: ﬂf,x(p% p-) is oriented as a boundary com-
ponent of Mr x(p+,p-) and the trivialization of the pullback to ﬂf,x(p+7 p-)
of the local system det®? @ or is induced by the trivialization of the pullback
to MF,x(era p-).

We observe that in the sum of the terms of second type exactly those ribbon
graphs r appear, where there is a unique internal vertex of valency four and all
the remaining internal vertices have valency three. For each such I, there are
exactly two distinct pairs (I'1, e1) and (I'g, e2), so that [ is obtained from I'; and
I’y by collapsing the internal edges e; € F(I'1) and es € E(I'3) respectively: I'y
and T’y arise from the two different ways of expanding the four-valent vertex of
[ into two trivalent vertices.

e N

FIGURE 5. The two different ways of expanding a single four-valent vertex
of a ribbon graph into two trivalent vertices
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To complete the proof of the first part of the Theorem, it suffices to show:

LEMMA 3.3. The two copies of (ﬂf (P4, pP-), ) corresponding to bound-

ary components of (I'1,e1) and of (Ta, eq) enter the sum with the opposite sign.

PROOF. Assume first that d is even. In this case by Proposition 3.1, an orien-
tation of ﬂphx(m, p-) is the same as an orientation of the vector space Wy r,)
spanned by the edges of I'y. The boundary orientation of ﬂf’x(p%p_) C
OMr, x(p+,p-) is determined by requiring that the projection
(3.3) WE(Fl) ~ R, & WE(f) — WE(f)
to the second factor be orientation-preserving. Here the symbol R., denotes
the direct summand of R corresponding to the edge e;. The orientation of
ﬂfx(p+,p_) as a boundary component of Mr, x(p+,p-) is defined analo-
gouély.

It follows from the definition that a trivialization of the pullback of the
local system or to Mr, x(p+,P—) is given by an orientation of the vector space
Wea,) ® Wy () © Wh,), where Wy (ry and Wy () denote the vector spaces
generated by the vertices and by the half-edges of I'; respectively. The projection
Wgr,) — WE(f) was described above, while the projection Wy (r,y ® Wy (r,) —
WV(F) &) WH(f) is given as follows. Denote by hy and h} the half-edges of ey, by

v1 and v} the corresponding vertices of I'; and by v € V(I') the vertex to which
e; is collapsed. We identify

(3.4) Wy @y —{o oy = W@ (o)
as well as
(3.5) Wrey—thnyy = Wy

and consider the map

(3.6) Wy, & War,)
>~ (Rp, ©Rpy ORy,) © (Ryp @ Wy (r))— o101} @ WHT) = {h1,h]})
R & Wy o) ® W) = Wy © W),
where the arrow denotes projection to the second factor. A trivialization of
or over Mr, x(p4,p—) induces a trivialization over Mz _(p4,p—) by requiring
that the projection
(3.7) Wery) ® Wy © Wary) = Wi @ Wy i © W)

whose components are given by (3.3) and (3.6) be orientation-preserving. In the
same way a trivialization over Mz _ (p+,p-) is induced by a trivialization over

mFQ,X(p+7 p*)'
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Recall from the proof of Lemma 3.3 that since I'y and I's have vertices of
odd valency, the ribbon structures of I'y and of I's define orientations of the
vector spaces Wy (r,) & Wy r,) and Wy (r,) ® Wg(r,) respectively. It is im-
midiate to check using the explicit description given by (3.6) that the two ori-
entations on WV(T‘) ® WH(T‘) induced by the projections Wy (ry & Wy ;) —
Wv(f) S2) WH(f) and Wy () ®@ Wy r,) — Wv(f) &) WH(T“) are opposite. Thus if
the orientations of Mg (p+,p-) as boundary of Mr, x(p+,p-) and as bound-
ary of ﬂpzﬁx(p%p,) coincide, i.e. the projection (3.3) and the correspond-
ing projection for I'y are both orientation-preserving, then the orientations of
WE(T‘) &) WV(T“) &) WH(f‘) induced by the projection (3.7) and by the correspond-
ing projection for I's are opposite. In this case the two trivializations of or
over ﬂf)x(p+7p,) differ by a sign. This completes the proof of the Lemma
in the case when d is even. The case of odd d follows by the same argument,
but with W) replaced everywhere by Waey & Wg(r), where Wye is the vec-
tor space whose orientation corresponds to a trivialization of det (explicitly,
Waet = Wem—e_ 1) © Wy ) © Wh ), where E_(I') denote the outgoing ex-
ternal edges of I'). O

We now turn to the proof of the second part of the Theorem. This re-
lies on a flow graph version of the continuation argument, which is classically
used to prove the invariance of Morse homology. Given two triples (f, g,x) and
(f',g',x'), fix a one-paramater family (f:, g, X¢)1er so that

(fvgvx) lft§717

(fe 96, %¢) =
T (g it 1.

Recall that the classical continuation principle consists of the following: one
observes that for suitable choice of the one-parameter family (f;, g;, X¢)ter, each
of the spaces

(38) Np.p) = {7: R M, 3(t) = Vg fi(4(1)),

t——o0

lim ~(t) =p, lim ~(t) = p’}7

where p € Crit(f), p’ € Crit(f’) and ind;(p) = inds (p’), is a compact oriented
zero-dimensional manifold. One then shows that the count of the elements yields
a quasi-isomorphism ¥: C*(f,g) — C*(f',¢):
(3.9) U:pe > WV (p, )P

ind ¢/ (p’)=ind (p)

Now denote by
Ff - (C(f,9)%™ — CPM(My;det? @ or) @ (C*(f',9')) 2"
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the map associated by the construction of the first part of the theorem to the
triple (f’,¢’,x’). We will construct a chain homotopy © between sz' o YN+
and (Id ® ¥"-) o Fg . This chain homotopy will be obtained by studying spaces
Nr(p+,p’) which we now introduce.

Recall from Definition 2.5 that Mr x(p+,p—) is the zero locus of S — Fx,
where S and Fx are sections of a Banach bundle £ over Met(I') x Br(p+,p-)
(see Definition 2.3). Given p4 € Crit(f)*"™+ and p’ € Crit(f')*"~, we define
Nr(p+, P ) C Met(T') x Br(p+,p") as the union

Ne(p+.p) = |J Mor(ps.pl),
TeR

where N1 r(p+, p’) is the zero locus of the section S— Fr of £, with S is defined
as in (2.10) and Fr given as follows. If ¢’ is an external edge of IV, then

(3.10) For v (6,9)(t) = Vg, r frar (er () + 0 (t)er 141 (£, [E], ver (1))

If ¢’ is an internal edge of IV which is mapped to e € E(T") under the projection
I — T, then

(3.11) Forr(£,7)(t) = lewer 7(£,,7er (1))

(compare with (2.14) and (2.15) respectively). We denote by Nr(p,,p”) the
partial compactification of Nr(p4,p’) given by

(3.12)  Nr(p4+.pl) U M ay) x Na(ay,a') x M (d,p.)

a+,q_,I'<r

U( U Ny dy) xM'p,x/(q;,p’_)>
9y ,p+

U ( U Mr,x(p-i-,q—)) X N(q—ap/—)>a
a—.q’

where N (p, p’) denotes the product

(3.13) N(p,p') = | M(p.q) x N(a,q') x M (¢, p')
a,q’

with

(3.14) N(a,d) =N(q,q1) X .. X N(qn, q,,)

(note that if |q| = |q'[, then the space N(q,q’) is empty unless inds(g;) =
indy (q;) for j=1,...,n.)

The meaning of the terms on the right-hand side of (3.12) is as follows. The
expression in the first line corresponds to allowing internal edges of length zero
as well as breaking of trajectories along the external edges of I for fixed T' € R.
The terms in the second and third line correspond to partial compactifications
at T'— oo and T — —o0, respectively.
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By a slight abuse of notation, we will again denote by
mr: Nr(py,pl) = Ms
the natural projection.

LEMMA 3.4.

(a) There exists a one-parameter family (X¢):er, So that every pair

(3.15) Yr(p+,p_) = (Nr(p+,pl), 1)
defines an element of C;BM(ME, det®? @ or).
(b) Define
O: (C*(f)®™ — CBM(My;det® @ or) @ (C*(f))®"-,
(3.16) P+ > Yo(ps,pl)®p..
r,p_
Then
(3.17) do®+Ood=(Id®¥®")o Ff — Ff o (w&™+),

PROOF. The first part of the Lemma follows by analogous arguments as in the
proofs of Propositions 2.7 and 2.10. From (3.12), the boundary of Nt (py,p’")
may be identified as the disjoint union

(3.18) ONT(p+,pL) = H M(p+,4+) x Nr(a+,pl)

la+|—[p+|=1

H< 1T Nr((l+,p’_)><M’(q’_,p’_))

Ip_|—la’|=1

H( I1 N(P+’Q’+)><M/r,x/(q;ap’))

ld'y |=|p+|

H< I Mr,x(P+,q)></\/(q,p’_)>

la—|=Ip’_|
H( 11 Nr/e<p+,pf_>).
€€ Fint (I')—L(T)

The sum over all T' of the geometric chains corresponsing to the terms on the
left-hand side and in the first two lines of the right-hand side of (3.18) yields
the left-hand side of (3.17), while the expressions in the third and fourth lines
correspond to the right-hand side of (3.17). Finally, using Lemma 3.3, the sum
of the chains corresponding to the terms in the last line of (3.18) vanishes. O

This completes the proof of the second part of Theorem 1.1
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3.3. The gluing axiom. The goal of this section is to show that the oper-
ations constructed in Theorem 1.1 are compatible with the gluing of surfaces.

Let X1 and X5 be two surfaces as in Theorem 1.1 and assume that the number
nyi— of the outgoing marked points of ¥; coincides with the number noy of the
incoming marked points of ¥5. Denote this common number by n and denote
by 3 the compact orieted surface obtained by attaching ¥; to Xs along closed
disjoint intervals around the outgoing marked points of ¥ respectively around
the incoming marked points of ¥s. Using the homeomorphism (2.4) of the ribbon
graph decomposition, there is a map

(3.19) = le X Mzz — ./\/lz

defined by first attaching the outgoing edges of a metric ribbon graph corre-
sponding to Y1 to the incoming edges of a metric ribbon graph corresponding to
35 and then erasing the bivalent vertices from the resulting graph. Denote by
T My, X My, - My, and by me: Ms, X My, = My, the projection to the
first respectively to the second factor. The local system det is compatible with
gluing, i.e. 2*det >~ widet @ w5det. Thus = induces a map

(3.20) E*: H*(My; det®) — H* (Mg, ;det®) @ H* (Ms,; det®?).

We can express the gluing homomorphism (3.20) using geometric homology as
follows (we will for simplicity leave out the local coefficient systems in the nota-
tion). Via the Poincaré duality isomorphisms (2.6) on My, My, and Msy,, one

obtains from =* the corresponding transfer homomorphism

(3.21) EBM. gBM(Mys) — HEM(Msx, x Msx,).

The remarks made in Section 2.1 allow to identify Z:FM as the homomorphism

induced by an explicit chain map
(3.22) EICBM . OBM(Mysy) — CBM( My, x Msy,).

To this end, we observe that the image Z(Myx, x Myx,) C My is an open subset:
it consists of the equivalence classes of all the metric ribbon graphs I' which
can be obtained by gluing together graphs I'y and I's from the ribbon graph
decompositions of My, and My, respectively. There is a homeomorphism

(3.23) M, x My, = E(Ms, x Ms,) x RY

so that = can be identified as the composition of the projection 7w to the first
factor of E(Myg, x Msx,) x R} with the inclusion i: Z(Myx, x Mx,) — Msx.
This yields the following map (3.22): given a genereator (P, fp) of CEM(My),
we first intersect with Z(Myg, x My, ) to obtain

Q. fo) = iCPM(P, fp) € CPM(E(Ms, x Mx,)).



MoORSE HOMOTOPY AND TOPOLOGICAL CONFORMAL FIELD THEORY 33

Then
EXPM(P, fp) = (Q X R, foxmn) = mPM(Q, fo)
is obtained from (Q), fg) by putting a new vertex on each of the edges of I" which
originate from attaching an outgoing edge of I'; to an incoming edge of I's.
The next Proposition establishes the compatibility of the operations con-
structed in Theorem 1.1 with the gluing maps (3.22).

PRrROPOSITION 3.5. The following diagram commutes up to chain homotopy:
5
(c(f))em CPM(Ms) @ (C*(f))="

FZ
Fgll JELCBM@d

CIM(Ms,) @ (C*(f)®" ert CPM(Ms, x Ms,) @ (C*(f))*"-

PROOF OF PROPOSITION 3.5. Let us constructut a chain homotopy between
the compositions (Z¢BM @ 1d) o Fé and (Id ® szg) o szl.

Denote @ = (EX°FM @ 1d) o F{ and @, = (Id ® F{_ ) o F{ . We will define
cochain maps

(3.24) By,..., P 1 (CF(f)O" = CPM( My, x Mx,) @ (C*(f))®"-

and show that for £ = 0,...,n — 1, there is a chain homotopy between ®; and
D1 1. To this end, denote by X (k) the surface obtained by gluing 1 to Xs along
disjoint closed intervals around the first n — k outgoing marked points on X,
resp. the first n — k incoming marked points on ¥5. Thus £(0) = X, while ¥(n)
is the disjoint union of ¥ and Xs.

We define F: (C*(f))®™+ — CEM(Myxy)) @ (C*(f))®"~ by

(3.25) Py Y ZLww((Pr.a) (@,po)@p,
I'(k),q
where the sum is over all the graphs I'(k) in the ribbon graph decomposition (2.4)
of ¥(k) and over all tuples q € Crit(f)**. Attaching the last k outgoing edges
of T'(k) to the last k incoming edges yields a ribbon graph I" whose associated
surface is 3. We will assume that the vector field data x and x(k) for ¥ and 3(k)
are chosen so that for each k and all 'y, x and x(k) coincide on the complement
of these edges.
The homomorphism ®; is given as

(3.26) Py, = (EMBM o 1d) o Fy,
where Z%: My, x My, — My, is the gluing map from (3.19).

LEMMA 3.6. For eachk =0,...,n—1, there is a chain homotopy Ay between
(I)k and ©k+1'
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Proor. To simplify terminology, we will refer to a pair consisting of an
outgoing edge of I'; and the corresponding incoming edge of I'y as an attachment
pair.

The above formal definition of the homomorphism ®; means the following.
The map @, = (Id® FEJSQ) o Fgl is given by a count of chains corresponding
to pairs of graphs in the ribbon graphs decompositions of My, and My,, i.e.

(327) (de R )oF, :py > Zf (pr.@)® 2, (a.p-) @ P,
r,T2,9,p

where the sum is over ribbon graphs I'y and I's in the ribbon graph decom-
positions of ¥; and of X, respectively and over all tuples of critical points
(q,p_) € (Crit(f))*™+7-). For 0 < k < n, the map ®;, is obtained by counts
of geometric chains as on the right-hand of (3.27), but where instead of a broken
trajectory of the gradient flow, to the first n — k attachment pairs, a finite piece
of a flow trajectory is associated, namely to these attachment pairs solutions
of (2.15) are associated, where the parameter [, is given as the sum of the lengths
of the two edges of the pair. We denote the spaces of such flow graphs, partially
compactified as in Definitioin 2.9 by allowing breaking of trajectories along ex-
ternal edges as well as collapsing of internal edges, by Mr, r, x(P-,q, p+) and

write
(3.28) Ty, 1 Mry k(P 4, P4) = My, X My,

for the projection which maps each graph flow to the underlying metric structures
on I'; and on I's. Using this notation, ®; is given by

(329) (I)k(p"r) = Z Zghf‘%k(p-‘r) qa p—) ® p—7
y,l2,q,p—

where T'y and Ty are as in (3.27), q € Crit(f)** and

(330) Zg171"2,k(p+> q, p*) = (ml“hlh,k(pfa q, p+)a 7TF17F2)'

The construction of a chain homotopy between ®; and Py relies on the study
of spaces Lr, r,.x(P—,q, P+) which we now introduce.

Elements of Lr, r, r(P—,d,P+) are pairs consisting of a positive number T
together with a flow graph of the same form as in the case of Mr, 1, x(P—,q, P+),
however the equation (2.15) corresponding to the (n — k)-th attachment pair is
changed to

(331) Fe' (£7 ’7) (t) = TV!} (f(’YE' (t))) + ye’ (T7 ’67 ta ’Ye’ (t))v
subject to the following:

(a) T is greater or equal to the sum I., + ., of the lengths of the two edges
of the attachment pair.
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(b) Forle, +ley <T <ley +1e, +1,
(3.32) Yo (T, £,t, - ) = xer (£,L, -) for all t € [0,1].
(c) For every T > l¢, + 1, + 2, the vector field y. (T, £,t, -) satisfies

(3.33) Yo (T 0,1, ) = o(Tt)(x(k))e; (€1,Tt, -) for 0 <t <1/2,
o(T(1—1))(x(k))ey (€2, T2, -) for 1/2 <t <1,

where e} and e/, are the elements of the (n — k)th attachment pair and e’ the
edge obtained by gluing e} and efy, and erasing the resulting bivalent vertex. Here
£, and £y are the metric structures on I'; and I's respectively (we also note that
the orientations of €] and e}, define an orientation of e’). This space is again
partially compactified as in Definition 2.9 by allowing broken trajectories at the
edges corresponding to the boundary marked points of ¥ (k) and collapsing of
the remaining edges, but in addition we allow breaking along ¢’ (i.e. we take the
union with the spaces Mr, r, x+1(P—,d’, p+) for ' € (Crit(f))**+1),

Denoting again by 7r, r,: Lr, ryk(P—,Q, P+) — Ms, X Ms, the natural
projection, it follows as in Proposition 2.7 that

Xghl"z,k(pfa q, p+) = (ZF,F/,k(pfa q, p+)7 7TF1,F2)
is a well-defined element of CPM (Mg, x Ms,). We denote

Az (CH(F)F™ = CPM Mz, x Mz,) @ (C*(£)*"-,

(334) P+ — Z Xgl’r‘%k(p*H q, p*) ®PpP-,
[1,l2,q,p—

where the sum is as in (3.29).

The boundary of (Lr, r,.x(P—,q, P+),7r,.r,) i a disjoint union of compo-
nents of the following form. Firstly, corresponding to the case T' = lo; + le,,
we have the components of Mr, 1, x(P—,q,p+). Secondly, corresponding to the
case T — oo, we have boundary components of the form Mr, r, x+1(pP—,d’, P+),
where q' € (Crit(f))**1. Thirdly, there are the boundary components corre-
sponding to the breaking of trajectories along the incoming edges of I'; and the
outgoing edges of I's. Finally, we have the boundary components corresponding
to collapsing an internal edge of I'; or of I's.

Summing up all the boundary components of the first two types yields ®p41—
®y,, while the sum of the boundary components of the third type and all the
expressions (GXlichFQ’k(p_s_,q, p_)) ® p_ yields d o Ay + A, o d. Finally, using
Lemma 3.3, the sum of all the components of the last type is zero. O

This completes the proof of Proposition 3.5. O
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