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MORSE HOMOTOPY

AND TOPOLOGICAL CONFORMAL FIELD THEORY

Viktor Fromm

Dedicated to Yuli Rudyak, on the occasion of his 65th birthday

Abstract. By studying spaces of flow graphs in a closed oriented manifold,

we equip the Morse complex with the operations of an open topological
conformal field theory. This complements previous constructions due to

R. Cohen et al., K. Costello, K. Fukaya and M. Kontsevich and is also the

Morse theoretic counterpart to a conjectural construction of operations on
the chain complex of the Lagrangian Floer homology of the zero section of

a cotangent bundle, obtained by studying uncompactified moduli spaces of

higher genus pseudoholomorphic curves.

1. Introduction

A flow graph in a manifold M consists of the following data: a graph G,

a choice for every edge e of G of a flow Ψe on M , and a continuous map

γ : G → M so that the image of each edge e is a piece of a trajectory of the

corresponding flow Ψe. Flow graphs can be used to recover invariants of a man-

ifold. The simplest instance of this is the Morse complex, corresponding to the

case when G consists of a single edge: by studying the spaces of trajectories

of the gradient flow of a Morse function, one constructs a chain complex which

computes homology. On the other hand, there are invariants which are not visi-

ble in the classical Morse complex but can be recovered using more general flow

graphs ([2], [5], [10]).
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In the work of R. Cohen and his collaborators ([2], [5]), flow graphs were

used to construct cohomology operations (we remark that our terminology is

somewhat different in that we use the term ’flow graph’ instead of ’graph flow’).

The operations associated to certain special graphs can be identified explicitly

and turn out to correspond to invariants known from classical algebraic topology:

the cup product, the Steenrod squares, the Stiefel-Whitney classes as well as the

Massey products (the latter using a somewhat different approach) can all be

encoded in this way. Moreover, the operations satisfy a field-theoretic law: there

is a compatibility between gluing together graphs and composing the associated

operations.

In this paper we construct, building upon seminal ideas of K. Fukaya ([10]),

the conformal version of this theory, obtained by studying flow graphs together

with a ribbon structure on the underlying graph. By taking the ribbon structure

into account in a suitable way, we define operations that are parametrized by

the moduli spaces of Riemann surfaces with boundary. The construction draws

upon ideas from Floer homology and Gromov-Witten theory.

Let Σ be a compact connected oriented surface with m > 0 boundary compo-

nents and with n+ +n− ≥ 0 boundary marked points, partitioned into incoming

and outgoing points. We assume that 2g − 2 + m > 0 and denote by MΣ the

space of complex structures on Σ, together with labellings of the marked points

by positive real numbers. Let g be a Riemannian metric and f a Morse function

on M , whose gradient flow with respect to g is Morse-Smale. Denote by C∗(f)

the associated Morse complex, with the grading given by the Morse index and

the codifferential given by counts of trajectories of the positive gradient flow.

We will use flow graphs to construct cochain maps

(1.1) F fΣ : (C∗(f))⊗n+ → C∗(MΣ)⊗ (C∗(f))⊗n− ,

where C∗(MΣ) is a chain complex computing the cohomology of MΣ (more

precisely, cohomology with coefficients in a certain local system must be used).

For example, if Σ is a disk with two incoming and one outgoing marked point,

thenMΣ is contractible and the map in cohomology induced by (1.1) is the cup

product. To construct the operations (1.1) in the general case, the ribbon graph

decomposition of Riemann surfaces ([14], [19]) will be used.

A graph is a one-dimensional CW complex. We refer to the univalent vertices

of a graph as the external vertices and to the vertices of valency greater than one

as internal. An edge is called external if it is incident to a univalent vertex, and

internal otherwise. Consider a graphG together with an embedding i : G ↪→ Σ, so

that the univalent vertices of G are mapped to the boundary marked points, the

remaining points of G are mapped to the interior of Σ and so that Σ deformation

retracts to i(G). Two embeddings are identified if one is obtained from the other

by an isotopy which is constant on the univalent vertices. A ribbon structure on G
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is an equivalence class of embeddings. We write Γ for the ribbon graph and we

say that Γ has Σ as its associated oriented surface.

Figure 1. Two ribbon graphs whose associated surfaces are a pair of pants
and a torus with a disk removed respectively

A half-edge of a graph G is a pair (v, [ϕ]), where v is a vertex and [ϕ] is an

isotopy class of embeddings ϕ : ([0, 1], 0) ↪→ (G, v). It is a classical observation

that a ribbon structure on G can equivalently be defined as a cyclic ordering of

the half-edges at every vertex. An orientation of an edge is defined as an ordering

of the two-element set consisting of the corresponding half-edges. A metric

structure on G is an assignment to every edge e ∈ E(G) of a non-negative real

number le.

Assume that for every marked point on ∂Σ, a critical point of f is fixed.

We write (p+,p−) for the tuple consisting of the critical points, partitioned

into intputs and outputs according to the partition of the corresponding marked

points. In Section 2, we associate to every ribbon graph Γ as above a space

MΓ,x(p+,p−) of flow graphs in M . An element of MΓ,x(p+,p−) consists of

a metric structure on Γ together with a continuous map γ : Γ→M , so that the

restrictions of the map to the edges are pieces of trajectories of the flows of given

vector fields x on M and where incidence conditions corresponding to the critical

points p+,p− are imposed at the external vertices. For generic choice of the

vector field datum x, the space MΓ,x(p+,p−) is a smooth manifold. Moreover,

the partial compactification MΓ,x(p+,p−) obtained by allowing internal edges

of zero length as well as broken flow lines at the external edges is a manifold with

corners. By the ribbon graph decomposition of Riemann surfaces, the space of

metric ribbon graphs Γ as above is homeomorphic to MΣ (see (2.4) below) and

thus there is a projection πΓ : MΓ,x(p+,p−) → MΣ obtained by forgetting γ.

We show that πΓ is a proper map. These claims are established in Section 2.2.

We view ZfΓ,x(p+,p−) = (MΓ,x(p+,p−), πΓ) as a geometric chain in MΣ.

In Section 2.1 we define a chain complex CBM∗ (MΣ) generated by pairs (P, π),

where P is a (not necessarily compact) oriented manifold with corners and
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π : P →MΣ is a proper continuous map. The complex CBM∗ (MΣ) computes the

Borel–Moore homology ofMΣ, the latter being isomorphic by rational Poincaré

duality to the cohomology.

Theorem 1.1. Let

(1.2) F fΣ : (C∗(f))⊗n+ → CBM∗ (MΣ; detd ⊗ or)⊗ (C∗(f))⊗n−

be the linear map defined by

(1.3) p+ 7→
∑
Γ,p−

ZfΓ,x(p+,p−)⊗ p−,

where the sum is over all p− ∈ (Crit(f))×n− and over all the ribbon graphs Γ,

so that every internal vertex of Γ is trivalent.

(a) F fΣ is a cochain map.

(b) F fΣ is independent, up to chain homotopy, of choice of the vector field

data, of the Riemannian metric and of the Morse function.

Here d denotes the dimension of M and det and or are certain local systems

on MΣ, defined in Section 3.1. The appearance of local coefficients is due to

the fact that the space MΓ,x(p+,p−) is not canonically oriented, but rather its

orientation is determined by fixing linear orderings of the vertices and of the

edges of Γ and orientations of the edges. The dependence of the orientation

of MΓ,x(p+,p−) on these choices is described in Section 3.1. Theorem 1.1 is

proved in Section 3.2.

We now outline the relationship of Theorem 1.1 to some previous results. As

was mentioned above, a construction of operations from spaces of flow graphs

was first proposed in [2] (see [5] for a more recent exposition). In this latter

approach, one associates to a graph G a cohomology operation, parametrized by

the homology of the classifying space of the automorphism group Aut(G). The

main difference of the construction of Theorem 1.1 to these previous ideas is the

consideration of ribbon structures. As a consequence, the operations constructed

here are parametrized by the moduli spaces of Riemann surfaces instead.

While the operations (1.1) bear some formal resemblence to the structure of

Gromov–Witten invariants, there are two pronounced differences: firstly, Σ has

non-empty boundary and secondly, the operations are parametrized by the mod-

uli spaceMΣ instead of the Deligne–Mumford compactification. The operations

(1.1) fit into the framework of an open topological conformal field theory ([21],

[13], [7]) – their compatibility with gluing is proved in Section 3.3.

There are two previously known constructions of open TCFTs. The first is an

algebraic-combinatorial approach based on an idea of M. Kontsevich in [18] (see

also [7], [15]) and produces an open TCFT starting with a (finite-dimensional

minimal) cyclic A∞-algebra – the homotopy associative analogue of a differential
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graded algebra, equipped with a compatible inner product. The chain complex

used in this approach is the so-called ribbon graph complex. The second con-

struction, due to K. Costello, is more analytic and relies on a notion of differential

forms on MΣ ([8]). The starting point here is a so-called Calabi–Yau elliptic

space – one of the simplest examples of such an object is the de Rham algebra

of a closed oriented manifold. The relationship between these two approaches

is well-understood: a cyclic A∞-algebra can be associated to each Calabi–Yau

elliptic space and the open TCFT obtained via the analytic construction on the

elliptic space is equivalent to the result of applying the algebraic approach to

the associated A∞-algebra ([8, Section 5]). In a forthcoming paper, we will show

that the result of the more geometric construction of Theorem 1.1 is equivalent

to what one obtains by applying these previously known approaches.

It is known that for every open TCFT there is an associated universal open-

closed, and thus in particular a closed TCFT ([7]). A direct geometric construc-

tion of an open-closed TCFT on a manifold, following ideas different from what

is presented here, was outlined in [3]. The resulting closed TCFT is expected to

be closely related to the BV algebra of loop homology ([13]).

We finish the introduction by sketching the relationship of the construction of

Theorem 1.1 to Floer homology and the theory of pseudoholomorphic curves. For

a smooth function f on a manifold M , the graph Ldf of the differential df is an

exact Lagrangian submanifold of the total space of the cotangent bundle T ∗M .

Two graphs Ldf1
and Ldf2

intersect transversally if and only if the difference

f2−f1 is a Morse function. In this case the Lagrangian Floer cohomology of the

pair Ldf1
, Ldf2

is defined ([9]). The differential of Lagrangian Floer cohomology

is constructed by counting the elements of the zero-dimensional components of

the moduli spaces of pseudoholomorphic strips in T ∗M with Ldf1
and Ldf2

as

boundary conditions. Extending this idea, we can consider for any oriented

surface Σ as in Theorem 1.1 the space of all pseudoholomorphic maps from Σ

to T ∗M with Lagrangian boundary conditions of the form Ldf , f ∈ C∞(M,R)

imposed on the components of the complement in ∂Σ of the set of marked points.

For example, in the case when there are no marked points, we consider the space

MT∗M
Σ of all pseudoholomorphic curves in T ∗M which map every boundary

component of Σ to a submanifold Ldf for some fixed f ∈ C∞(M,R). The space

MT∗M
Σ is usually non-compact, but if it carries a fundamental class in Borel-

Moore homology, then using the fact that the projection πΣ : MT∗M
Σ → MΣ

is proper, one would obtain a cocycle in MΣ. More generally, by considering

surfaces with marked points on the boundary, we would be led to operations

on the chain complex of Lagrangian Floer cohomology, analogous to the ones

constructed in Theorem 1.1. If Σ is a disk, this could be made rigorous by the
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methods developed in [12]. The general case is, to the knowledge of the author,

conjectural.

A. Floer showed that for a suitable choice of almost complex structures on

T ∗M and of a Riemannian metric on M , the chain complex of Lagrangian Floer

homology of a pair Ldf1
, Ldf2

is isomorphic to the Morse complex of f2 − f1

([9]). The main idea is sometimes referred to as an ’adiabatic limit’ argument:

Floer demonstrated that after multiplying f1 and f2 by a sufficiently small num-

ber, there is a one-to-one correspondence between isolated pseudoholomorphic

strips in T ∗M and isolated gradient flow trajectories in M . In [11], this idea

was generalized to obtain an identification between spaces of pseudoholomor-

phic disks with arbitrary number of boundary marked points and spaces of flows

of ribbon trees. These results suggest that the operations on the chain com-

plex of Lagrangian Floer homology of the zero section of the cotangent bundle,

defined as outlined above from the study of general psudoholomorphic curves

in T ∗M , should correspond to operations on the Morse complex C∗(f2 − f1),

obtained from spaces of flows of general ribbon graphs. Theorem 1.1 provides

the construction of these latter operations. Throughout this paper, homology

and cohomology with real coefficients is used and the coefficient ring is omitted

from the notation. Theorem 1.1 continues to hold for coefficients in an arbitrary

field of characteristic zero.

The author would like to thank Klaus Mohnke for many fruitful conversa-

tions.

2. Ribbon graphs and Morse theory

In this Section we introduce the complex CBM∗ (MΣ) of locally finite geomet-

ric chains in MΣ and use flow graphs in a manifold to define elements of this

complex.

2.1. Geometric chains and Borel–Moore homology. The Borel–Moore

homology, or homology with closed support, of a topological space X is defined

as the homology of the chain complex of locally finite singular chains in X, i.e.

of linear combinations
∑
nσσ of singular simplices σ : ∆→ X, so that for every

compact subset K ⊂ X there are only finitely many non-vanishing coefficients

nσ with σ(∆) ∩ K 6= ∅. Summing up the top-dimensional simplices of a tri-

angulation of a (not necessarily compact) oriented manifold Nd, one defines its

fundamental class [N ] ∈ HBM
d (N). The map x 7→ [N ] ∩ x yields a Poincaré

duality isomorphism

(2.1) Hk(N)
∼−→ HBM

d−k (N).

While Borel–Moore homology is not functorial in general, there is a pushforward

f∗ : HBM
∗ (X)→ HBM

∗ (Y )
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provided that f : X → Y is proper.

If f : X → Y is continuous and on both X and Y there are Poincaré duality

isomorphisms as in (2.1), then f∗ : H∗(Y )→ H∗(X) yields a transfer homomor-

phism f !BM
∗ : HBM

∗ (Y )→ HBM
∗+dX−dY (X) in Borel–Moore homology.

Similarly to the case of singular homology discussed in [16], Borel–Moore

homology may be computed as the homology of a complex of geometric chains.

To define this complex, we recall that a d-dimensional manifold with corners P

is a paracompact Hausdorff space locally modelled on the products Rk≥0×Rd−k,

0 ≤ k ≤ d. A local boundary component β at a point x of P consists of a choice,

for a coordinate neighbourhood U of x, of a connected component of the points

of U which lie on the codimension one stratum. With the convention

(2.2) ∂P = {(x, β) : x ∈ P, β a local boundary component of P at x},

the boundary of a manifold with corners is again a manifold with corners and

there is a natural map i∂P : ∂P → P .

We denote by CBM∗ (X) the vector space of all sums of the form
∑
P

nP (P, fP ),

where P is an oriented manifold with corners and fP : P → X is a proper contin-

uous map. As before, we require that the geometric chain
∑
P

nP (P, fP ) be locally

finite: for every K ⊂⊂ X, there are only finitely many summands so that nP is

non-zero and fP (P )∩K 6= ∅. We make the following two identifications. Firstly,

if P ′ is obtained from P by reversing the orientation, then we identify (P ′, fP ′)

with −(P, fP ). Secondly, if P is the union P = Q ∪X R of two codimension

zero submanifolds with corners Q and R along a (possibly empty) submanifold

with corners X ⊂ ∂P, ∂Q, then we identify (P, fP ) with the sum of (Q, fP |Q)

and (R, fP |R). The degree of (P, fP ) is the dimension of P and the boundary is

defined by ∂(P, fP ) = (∂P, fP ◦ i∂P ).

(2.3) MΣ '
⋃
Γ

Met(Γ)/Aut(Γ).

Proposition 2.1. For any topological space X, the homology of the complex

CBM∗ (X) is isomorphic to the Borel–Moore homology of X.

Proof. Denote by hBM∗ (X) the homology of the complex CBM∗ (X) and by

HBM
∗ (X) the Borel–Moore homology of X. By definition, the latter is given by

equivalence classes of closed locally finite chains
∑
σ
nσσ, where σ : ∆ → X is

a singular simplex. A map ψ : HBM
∗ (X)→ hBM∗ (X) is defined by[∑

σ

nσσ

]
7→
[∑

σ

nσ(∆, σ)

]
.

Conversely, given a generator (P, fP ) of CBM∗ (X), choose a triangulation of P

which induces a triangulation of ∂P and so that if two components of ∂P are
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diffeomorphic, then the induced triangulations coincide. Since f is proper, the

sum
∑
i

fP |∆i
=:
∑
i

σi over the top-dimensional simplices of the triangulation

is a locally finite singular chain in X; it is closed (resp. exact) if (P, fP ) is

closed (resp. exact) and its class in HBM
∗ (X) is independent of the choice of the

triangulation. Define φ : hBM∗ (X)→ HBM
∗ (X) by

[P, fP ] 7→
[∑

i

σi

]
.

It is immidiate to check that φ and ψ are inverse to each other. �

In Section 3.3, we will use the fact that in two simple special cases the trans-

fer homomorphism f !BM
∗ : HBM

∗ (Y )→ HBM
∗ (X) corresponding to a continuous

map f : X → Y can be identified as the homomorphism induced by an explicit

chain map f !CBM
∗ : CBM∗ (Y ) → CBM∗ (X). Firstly, in the case of the inclusion

map i : X ↪→ Y of an open subset X ⊂ Y , the image under i!CBM∗ of a generator

(P, fP ) of CBM∗ (Y ) is given by (f−1
P (X), fP |f−1

P (X)). Secondly, if π is the pro-

jection π : X → Y of a locally trivial fibre bundle, then the image of a generator

(P, fP ) of CBM∗ (Y ) under π!CBM
∗ is given by (f∗PX,π

∗fP ), where f∗PX → P

is the pullback bundle and π∗fP the map which makes the following diagram

commutative:

f∗PX

��

π∗fP
// X

π

��

P
fP

// Y

We will also consider the complex CBM∗ with coefficients in a local system. In

this case a generator is a pair (P, fP ) as before, together with a section of the

pullback of the local system under fP . If the local system is graded, then the

degree of the chain is given by the sum of the dimension of P and the degree of

the section. There is a straightforward analogue of Proposition 2.1 for homology

with local coefficients.

As was mentioned above, on any oriented manifold there is a Poincaré duality

isomorphism HBM
∗ (M) ' HdimM−∗(M). Over a field of characteristic zero, this

is also true for the space MΣ of complex structures. To explain this fact, we

recall that by the ribbon graph decomposition of Riemann surfaces ([14], [19],

see also [8]), there is a homeomorphism

(2.4) MΣ '
⋃
Γ

Met0(Γ)/ ∼ .

The union on the right-hand side of (2.4) is over all ribbon graphs Γ whose

associated oriented surface is Σ and so that every internal vertex of the graph

has valency at least three; the univalent vertices of Γ correspond to the marked
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points on ∂Σ. The symbol Met0(Γ) denotes the space of metric structures on Γ,

where we allow edges of length zero, subject to the condition that the sum of

the lengths of the edges in any cycle remain positive. The equivalence relation

is generated by the following two identifications. Firstly, we identify a metric

structure on a ribbon graph Γ with each metric structure obtained as the pullback

under a ribbon graph automorphism Γ → Γ which fixes each univalent vertex.

Secondly, we identify two metric ribbon graphs if one is obtained from the other

by collapsing internal edges of zero length.

As a simple example, consider the case of a disk with four marked points on

the boundary (for simplicity, the real-valued labellings of the marked points are

omitted).

Figure 2. The ribbon graph decomposition of the moduli space of holo-

morphic disks with four marked points on the boundary

The moduli space is a real line which is identified as the result of gluing two

copies of R≥0 to a point. The homeomorphism (2.4) means that each element of

the moduli space is obtained uniquely from the fully symmetric configuration by

slicing open along one of the two axes of symmetry which do not contain marked

points, and then gluing in a complex strip.

It follows from (2.4) thatMΣ is an orbifold which admits a good cover in the

sense of [1, p. 35]. Thus over a field of characteristic zero, there is an isomorphism

(2.5) H∗c (MΣ; or) ' HdimMΣ−∗(MΣ),

where H∗c (MΣ; or) is the cohomology with compact support and coefficients

in the orientation sheaf. By the universal coefficient theorem, H∗c (MΣ; or) and

H∗(MΣ) are the dual vector spaces to respectively HBM
∗ (MΣ; or) and H∗(MΣ).

We conclude the isomorphism

(2.6) HBM
∗ (MΣ; or) ' HdimMΣ−∗(MΣ).

2.2. Flow graphs in a manifold. We now introduce spaces of flow graphs

in a manifold and use them to define elements of CBM∗ (MΣ). The discussion of

transversality and the construction of natural compactifications follows a similar

line of argument as in the classical setting of Morse theory ([20]).
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Let Γ be a ribbon graph which appears on the right-hand side of the ribbon

graph decomposition (2.4). Suppose that to every boundary marked point on ∂Σ

(or, equivalently, to every external edge e of Γ), a critical point pe of the Morse

function f is associated. The partition of the marked points into incoming and

outgoing points defines a partition p = (p+,p−) of the tuple p of the critical

points. We will associate to this data a Banach manifold BΓ(p+,p−). We first

introduce parametrizations of the edges of Γ.

Let e be an external edge of Γ and v be the external vertex incident to e. If

v is marked as incoming, then we fix a homeomorphism ψe : (−∞, 0]
∼−→ e−{v}.

In the case when v is marked as outgoing, we fix ψe as a homeomorphism

ψe : [0,∞)
∼−→ e − {v}. In each case we orient e by prescribing ψe to be

orientation-preserving. To choose parametrizations of the internal edges of Γ,

we must take into account the fact that the choice of orientations of these edges

is non-canonical.

Definition 2.2. We denote by Γ′ → Γ the finite cover with fibre given by

all choices of orientations of all the internal edges of Γ.

Thus Γ′ is a graph whose points are given by pairs consisting of a point of Γ

together with a choice of orientations of all the internal edges of Γ. Every edge

of Γ′ carries a natural orientation and the projection pΓ : Γ′ → Γ preserves the

orientations of the external edges. The group T of covering transformations of

Γ′ → Γ is generated by the involutions τe given by reversing the orientation of

an internal edge e of Γ.

We fix for every internal edge e′ of Γ′ a continuous map ψe′ : [0, 1] → e′

whose restriction to (0, 1) is a homeomorphism and which induces the natural

orientation of e′. If e′ is an incoming internal edge of Γ′ which is mapped to

e under pΓ, then a map ψe′ : (−∞, 0] → e′ is uniquely defined by requiring

that the composition of pΓ ◦ ψe′ coincide with ψe. We define parametrizations

ψe′ : [0,∞)→ e′ of the outgoing edges of Γ′ analogously.

If e′ is an incoming external edge of Γ′ and p the associated critical point of f ,

then we denote by He′ the space of all elemenets γ ∈W 1,2
loc ((−∞, 0],M) so that

there exist T > 0 and ξ ∈ W 1,2([T,∞), TpM) with γ(−t) = expp(ξ(t)) for all

t ≥ T . Here expp denotes the exponential map at p, defined in a neighbourhood

of the origin of TpM . In the case when e′ is outgoing, we define He′ analogously,

but with (−∞, 0] replaced by [0,∞). For an internal edge e′ of Γ′, we denote

He′ = W 1,2([0, 1],M).

Definition 2.3. We define BΓ(p+,p−) as the space of contunuous maps

γ : Γ′ → M , so that for every edge e′ of Γ′, the composition γe′ = γ ◦ ψe′ is an

element of He′ and moreover for any pair of edges e of Γ and e′ of Γ′, where e is
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an internal edge,

(2.7) γτe(e′)(t) =

γe′(t) if pΓ(e′) 6= e,

γe′(1− t) if pΓ(e′) = e.

The space BΓ(p+,p−) is a Banach manifold. The tangent space TγBΓ(p+,p−)

at a point γ is the closed subspace of ⊗e′∈E(Γ′)W
1,2(γ∗e′TM) consisting of all the

elements s = (se′)e′∈E(Γ′) which define a continuous section of γ∗TM and so

that for all edges e of Γ and e′ of Γ′, where e is an internal edge,

(2.8) sτe(e′)(t) =

 se′(t) if pΓ(e′) 6= e,

−se′(1− t) if pΓ(e′) = e.

Here W 1,2(γ∗e′TM) denotes the space of sections of class W 1,2 and E(Γ′) is the

set of edges of Γ′.

We define a Banach bundle E → Met(Γ) × BΓ(p+,p−) as the pullback of

TBΓ(p+,p−) under the projection Met(Γ) × BΓ(p+,p−) → BΓ(p+,p−) to the

second factor.

There is a well-defined section

(2.9) S = (se′)e′∈E(Γ′) ∈ L2(E)

determined by the condition that

(2.10) se′(γ) =
d

dt
γe′(t)

for every edge e′ of Γ′.

We want to consider maps in BΓ(p+,p−), so that the restriction of the map

to every edge is a piece of a trajectory of the flow of a given one-parameter family

of vector fields. We now introduce the setup for the construction of these vector

field data.

We choose for each edge e′ of Γ′ a one-parameter family of vector fields

on M . Formally, consider the vector bundle E → Met0(Γ)× [0, 1]×M given as

the pullback of TM under the projection to the last factor. Let XΓ denote the

space of all sections of class W 1,2 of E.

Definition 2.4. We define XΓ to be the space of all elements

(2.11) x = (xe′)e′∈E(Γ′) ∈ X
⊗|E(Γ′)|
Γ

which satisfy the following conditions:

(a) For any two edges e of Γ and e′ of Γ′, where e is an internal edge, and

each t ∈ [0, 1],

(2.12) xτe(e′)( · , t, · ) =

 xe′( · , t, · ) if pΓ(e′) 6= e,

−xe′( · , 1− t, · ) if pΓ(e′) = e.
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(b) There is a constant C > 0, so that for every edge e′ of Γ′, the estimate

(2.13) ‖xe′(`, t, · )‖W 1,2(TM) < C

holds true for all (`, t) ∈ Met0(Γ)× [0, 1].

The first condition will be used to associate to every element of XΓ a well-

defined section of E . The second condition is essential for the construction of

compactifications of the spaces of flow graphs.

To every element x ∈ XΓ, we associate a section Fx = (Fe′)e′∈E(Γ′) of E
as follows. Let σ : R → R be a smooth function with σ(t) = 1 for |t| ≤ 1 and

σ(t) = 0 for |t| ≥ 2. If e′ is an external edge of Γ′, then

(2.14) Fe′(`, γ)(t) = ∇gf(γe′(t)) + σ(t)xe′(`, |t|, γe′(t)).

If e′ is an internal edge of Γ′ which is mapped to e ∈ E(Γ) under the projection

Γ′ → Γ, then we denote

(2.15) Fe′(`, γ)(t) = lexe′(`, t, γe′(t)),

where le is the length of e in the metric structure `.

With this notation in place, we can now define the spaces of flow graphs.

Definition 2.5. For x ∈ XΓ, let Sx ∈ L2(E) denote the section given as the

difference

(2.16) Sx = S−Fx,

where S is defined as in (2.10). We define the space

(2.17) MΓ,x(p+,p−) ⊂ Met(Γ)× BΓ(p+,p−)

of flows over Γ subject to the vector field datum x as the zero locus of Sx.

Definition 2.5 associates to each graph Γ which appears in the ribbon graph

decomposition (2.4) ofMΣ a corresponding spaceMΓ,x(p+,p−) of flow graphs

in a manifold. This is illustrated by the following simple example.

Example 2.6. Consider the case when Σ is an annulus with two marked

points on the same boundary component.

In this example, the moduli spaceMΣ is homeomorphic to an open disk (for

simplicity, we omit the real-valued labels at the marked points). There are five

distinct isomorphism classes of ribbon graphs which appear on the right-hand

side of (2.4). Three two-dimensional cells corresponding to the three ribbon

graphs with two internal vertices of valency three are glued together along two

one-dimensaion cells which correspond to the two graphs with a single internal

vertex of valency four. There are no non-trivial automorphisms. The ribbon

graph decomposition and the spaces of flow graphs associated to the cells are
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illustrated in Figure 3. The shaded parts of the graphs indicate the vector field

data.

Figure 3. Flow graphs corresponding to an annulus with two marked
points on the same boundary component

The next proposition summarizes the arguments used to equip the space

MΓ,x(p+,p−) with the structure of a manifold.

Proposition 2.7.

(a) For every x ∈ XΓ, the section

(2.18) Sx : Met(Γ)× BΓ(p+,p−)→ E

is Fredholm of index

(2.19) ind(Sx) = |p−| − |p+|+ dχ(Σ)− dn− + |E(Γ)|.

Here |p+| and |p−| denote the sum of the Morse indices of the critical

points corresponding to the incoming and to the outgoing marked points

respectively. The symbol |E(Γ)| stands for the number of edges of Γ.

(b) There is a subset XΓ,reg ⊂ XΓ of second category so that for each x ∈
XΓ,reg, Sx is transverse to the zero section of E.

(c) Suppose that for every graph Γ̃ obtained from Γ by collapsing internal

edges (where as before no cycle is collapsed), an element xΓ̃ ∈ XΓ̃,reg is

fixed. Then there exists a subset of second category of XΓ, so that for

every element x of that subset, the conclusion of (b) holds true and, in

addition, the restriction of x to Met0(Γ̃) ⊂ Met0(Γ) coincides with xΓ̃.

Proof. The arguments are analogous to the classical case of spaces of flow

trajectories and we will thus stay brief. Denote by DSx the linearization of Sx.

For a given ` ∈ Met(Γ) and s ∈ TγBΓ(p+,p−), we can write DSx(0, s) in the

form

(2.20) (DSx(0, s))e′(t) =
d

dt
se′(t)−A(t)se′(t),
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where A(t) ∈ End(Tγe′ (t)M) are endomorphisms such that if e′ is an external

edge with γe′(t) → p ∈ Crit(f) for |t| → ∞, then A(t) → Hessf (p). Using the

non-degeneracy of the Hessian, one concludes from (2.20) the inequality

(2.21) ‖se′‖W 1,2 ≤ c(‖se′‖L2 + ‖(DSx(0, s))e′‖L2)

for a positive constant c. Using the compactness of the embedding

W 1,2(TγBΓ(p+,p−)) ↪→ L2(TγBΓ(p+,p−)),

it follows from (2.21) that the map (DSx)2 : s 7→ DSx(0, s) has finite-dimensional

kernel and closed image. A standard computation using partial integration shows

that each element r ∈ L2(E) so that 〈r, DSx(0, s)〉 = 0 for all s ∈ TγBΓ(p+,p−)

is weakly differentiable and satisfies

(2.22)
d

dt
re′(t) +AT (t)re′(t) = 0.

Together with the Sobolev embedding W 1,2
loc (R,M) ↪→ C0(R,M) and using

uniqueness of solutions of an ordinary differential equation, it follows that the

cokernel of (DSx)2 is finite-dimensional and thus (DSx)2 is Fredholm. Since

Met(Γ) is finite-dimensional, we conclude that DSx is Fredholm aswell. The

index formula (2.19) is straightforward.

To prove the second part of the proposition, we consider the map

(2.23) SX : XΓ ×Met(Γ)× BΓ(p+,p−)→ E , (x, `, γ) 7→ Sx(`, γ).

It suffices to show that SX is transverse to the zero section of E . To this end,

we must check that if SX (x, `, γ) = 0, then every element r ∈ L2(E), so that

〈r, DSX (y,m, s)〉 = 0 for all (y,m, s) ∈ XΓ⊕T`Met(Γ)⊕TγBΓ(p+,p−), vanishes

identically. By the proof of the first part of the proposition, each component re′ ,

e′ ∈ E(Γ′), is continuous. Thus it suffices to show that re′(t) = 0 for t ∈ (0, 1).

For simplicity, we will only carry this out in the case when e′ is an internal edge,

the case when e′ is an external edge being similar.

From (2.15), we have

(2.24) (DSX (y, 0, 0))e′(t) = ye′(t, γe′(t)).

Suppose that re′(t0) 6= 0, t0 ∈ (0, 1). Then there exist 0 < ε < min(t0, 1 − t0)

and ye′ ∈ XΓ, so that

(2.25) 〈re′(t), ye′(`, t, γe′(t))〉g > 0 for |t− t0| < ε

and

(2.26) ye′(`, t, · ) ≡ 0 for |t− t0| ≥ ε.

Using ye′ , we define y ∈ XΓ as follows. Let e be the edge of Γ corresponding

to e′ under the projection Γ′ → Γ. If e′′ is an edge of Γ′ obtained from e′ by

a covering transformation of Γ′ → Γ which preserves the orientation of e, then
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we define yτe′′ (e′)(`, t, · ) = ye′(`, t, · ). In the case when e′′ is obtained from e′

by applying a covering transformation which reverses the orientation of e, we

put yτe′ (e′)(`, t, · ) = −ye′(`, 1− t, · ). Finally, define ye′′ ≡ 0 for all other edges

e′′ of Γ′. Then y = (ye′)e′∈E(Γ′) is a well-defined element of XΓ. Using (2.8), we

compute:

(2.27) 〈r, DS(y, 0, 0)〉 = 2|Eint(Γ)|
∫ ε

t=0

〈re′(t), ye′(t, γe′(t))〉g > 0

in contradiction to the choice of r. This completes the proof of the second part

of the proposition. The proof of the third part is analogous. �

Corollary 2.8.

(a) For every element x ∈ XΓ,reg, the space MΓ,x(p+,p−) is a manifold

whose dimension is given by the right-hand side of the index formula

(2.19). The space is empty in the case when the right-hand side of (2.19)

is negative.

(b) Let XΣ denote the vector space

(2.28) XΣ =
⊕

Γ

XΓ,

where the direct sum is over all the ribbon graphs Γ in the ribbon graph

decomposition (2.4) of MΣ. There is a subset XΣ,reg ⊂ XΣ of second

category, so that

(2.29) XΣ,reg ⊂
⊕

Γ

XΓ,reg

and, in addition, every element y = (xΓ)Γ ∈ XΣ,reg satisfies the fol-

lowing condition: if the graph Γ̃ is obtained from Γ by collapsing inter-

nal edges, then xΓ̃ coincides with the restriction of xΓ to Met0(Γ̃) ⊂
Met0(Γ).

The second part of this Corollary means that the vector field data for dif-

ferent ribbon graphs can be chosen consistently with the attachments of the

corresponding cells in the ribbon graph deocmposition.

Proof. The first part of the Corollary follows from the first two parts of

Proposition 2.7. To prove the second part, start by associating an arbitrary

vector field datum in XΓ,reg to each graph Γ labelling a lowest-dimenional cell

in (2.4) and use the third part of Proposition 2.7 successively to extend over the

remaining cells. �

We will consider certain partial compactifications of the spacesMΓ,x(p+,p−).

The main idea is as follows. We observe that there are the following three sources

of non-compactness of the spaces:
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(a) Breaking of the trajectory corresponding to an external edge of the graph

into several trajectories connecting critical points.

(b) Convergence to zero of the length le of an internal edge e of the graph.

(c) Breaking of a trajectory corresponding to an internal edge of the graph.

Figure 4. Three types of boundary strata of natural compactifications of

the spaces of flow graphs

We will consider the partial compactificationMΓ,x(p+,p−) ofMΓ,x(p+,p−)

obtained by adding the strata of the first and the second (but not the third) type.

We now give the formal definition.

Given two critical points p and p′ of f , denote by

(2.30) M(p, p′) =

{
γ : R→M, γ̇(t) = ∇gf(γ(t)),

lim
t→−∞

γ(t) = p, lim
t→∞

γ(t) = p′
}/

R

the space of flow trajectories emanating at p and converging to p′. Denote by

(2.31) M(p, p′) =M(p, p′) ∪
⋃
m≥1

q1,...,qm

M(p, q1)× . . .×M(qm, p
′)

the corresponding space of broken trajectories.

Given two n-tuples p = (p1, . . . , pn), p′ = (p′1, . . . , p
′
n) of critical points,

we write

(2.32) M(p,p′) =M(p1, p
′
1)× . . .×M(pn, p

′
n).

Definition 2.9. We define

(2.33) MΓ,x(p+,p−) =
⋃

q+,q−,Γ̃≺Γ

M(p+,q+)×MΓ̃,x(q+,q−)×M(q−,p−),

where the union is over all q+ ∈ Crit(f)×n+ , q− ∈ Crit(f)×n− and all ribbon

graphs Γ̃ obtained by collapsing edges of Γ, so that no cycle is collapsed.

We now establish the properties of the spaces MΓ,x(p+,p−) which will be

used in the proof of Theorem 1.1.



Morse Homotopy and Topological Conformal Field Theory 23

Proposition 2.10.

(a) For every x ∈ XΓ as in the third part of Proposition 2.7, the space

MΓ,x(p+,p−) is a manifold with corners.

(b) The boundary ∂MΓ,x(p+,p−) is given by the disjoint union

∂MΓ,x(p+,p−) =

( ∐
|q+|−|p+|=1

M(p+,q+)×MΓ,x(q+,p−)

)
(2.34)

∐( ∐
|p−|−|q−|=1

MΓ,x(q+,p−)×M(q−,p−)

)
∐( ∐

e∈Eint(Γ)−L(Γ)

MΓ/e,x(p+,p−)

)
,

where the last union is over all the internal edges e of Γ which are not

loops and where Γ/e denotes the ribbon graph obtained from Γ by col-

lapsing e.

(c) The projection πΓ : MΓ,x(p+,p−) → MΣ defined by forgetting γ is

proper.

Proof. In order to equip the space MΓ,x(p+,p−) with the structure of

a manifold with corners, we will identify it as a transverse intersection of a man-

ifold and a manifold with corners.

Assume that a connected component Γ′0 of Γ′ is fixed or, equivalently, an

orientation of every internal edge of Γ is chosen. For an internal edge e′ of Γ′0,

denote by Φe
′

`,x(t, · ) : M →M the flow of the vector field on the right-hand side

of (2.15). We define Me′ = Me′(`,x) ⊂M ×M as the subspace

(2.35) Me′ = {(q,Φe
′

`,x(1, q)) ∈M ×M : q ∈M}.

Thus Me′ is a manifold diffeomorphic to M .

Suppose now that e′ is an external edge of Γ′0 with the corresponding critical

point pe′ . Denote by Φe
′

`,x(t, ·) the flow of the vector field on the right-hand side

of (2.14). If e′ is marked as incoming, then we define

(2.36) Wu(pe′) =

{
q ∈M : lim

t→−∞
Φe
′

`,x(t, q) = pe′

}
,

(2.37) W
u
(pe′) =

⋃
p′∈Crit(f)

M(pe′ , p
′)×Wu(p′)

and

(2.38) Me′ = {(q, q) : q ∈Wu
(pe′)} ⊂M ×M.

Similarly, if e′ is marked as outgoing, then we consider

(2.39) W s(pe′) =

{
q ∈M : lim

t→∞
Φe
′

`,x(t, q) = pe′

}
,
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(2.40) W
s
(pe′) =

⋃
p′∈Crit(f)

W s(p′)×M(p′, pe′)

and

(2.41) Me′ =
{

(q, q) : q ∈W s
(pe′)

}
⊂M ×M.

It is well known that W
u
(pe′) and W

s
(pe′) are manifolds with corners, whose

boundaries are given by respectively

(2.42) ∂W
u
(pe′) =

∐
indf (pe)−indf (p′)=1

M(pe′ , p)×W
u
(p)

and

(2.43) ∂W
s
(pe′) =

∐
indf (p′)−indf (pe)=1

W
s
(p)×M(p, pe′).

We refer to [22] for a detailed study of trajectory spaces in Morse theory.

We have thus far associated to every edge e′ of Γ′0 a manifold with cor-

ners Me′ . As a submanifold of M×M , Me′ depends on the choice of ` ∈ Met0(Γ)

and of the vector field datum x, however the diffeomorphism type of Me′ is in-

dependent of these choices. Let us define

(2.44) N = Met0(Γ)× (M ×M)×|E(Γ′0)|

and denote by Lx the subset

(2.45) Lx =
⋃

`∈Met0(Γ)

(
{`} ×

( ×
e′∈E(Γ′)

Me′(`,x)

))
⊂ N.

As a product of manifolds with corners, Lx is again a manifold with corners.

Next, we consider the submanifold L′ ⊂ N defined as follows. Recall that

each edge of Γ′0 is oriented. We assign to each factor M appearing on the

right-hand side of (2.44) a vertex of Γ′0 by the following rule: if e′ ∈ E(Γ′0)

is incident to the vertices v and v′ in this order, then to the two factors of

the copy of M ×M corresponding to e′ the vertices v and v′ respectively are

associated. Write each element of N as a (`,q), where q is a tuple whose entries

are points of M and denote for each entry q by v(q) the vertex of Γ′0 assigned

to the corresponding factor of M . Then L′ ⊂ N is defined as the subset of all

those tuples (`,q), such that if for two entries q and q′ of q, v(q) = v(q′) is the

same internal vertex of Γ′0, then q = q′. Thus L′ ⊂ N is a fat diagonal which

corresponds to the incidence relations of the internal vertices of the graph. We

identify the space MΓ,x(p+,p−) as the intersection Lx ∩ L′: points of Lx are

tuples of flow lines associated to the edges of the graph, while intersecting with

L′ corresponds to imposing the incidence relations that stem from continuity at

the internal vertices. It follows from Proposition 2.7 that the intersection Lx∩L′

is transverse. This establishes the first part of the proposition. Formula (2.34)
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follows from (2.42) and (2.43). The third claim is a consequence of the above

discussion of compactifications of the spaces MΓ,x(p+,p−). �

Proposition 2.10 implies that the pair (MΓ,x(p+,p−), πΓ), together with

a choice of orientation ofMΓ,x(p+,p−), defines an element of the chain complex

CBM∗ (MΣ) introduced in Section 2.1.

3. The operations

This section contains the discussion of orientations of the spaces of flow

graphs as well as the proofs of Theorem 1.1 and of the gluing axiom.

3.1. Orientations of the spaces of flow graphs. The identification given

in the proof of Proposition 2.10 of the spaceMΓ,x(p+,p−) as a transverse inter-

section of submanifolds can be used in the discussion of orientations: to orient

MΓ,x(p+,p−), it suffices to fix orientations of the manifolds Lx, L′ and N . It

follows from the definition of these manifolds that their orientations can be de-

termined by choosing orientations of the internal edges of Γ as well as linear

orderings of the vertices and of the edges of Γ. Moreover, it is straightforward

to determine how the orientations of Lx, L′ and N , and thus the orientation of

MΓ,x(p+,p−), change when we reorder vertices and edges or reverse the orien-

tation of an edge. The result of this discussion is summarized in the following

proposition.

Proposition 3.1. Suppose that for every critical point p of f , an orientation

of the unstable submanifold Wu
f (p) is fixed.

(a) An orientation of MΓ,x(p+,p−) is uniquely defined by choosing orien-

tations of all the internal edges of Γ and linear orderings of all the edges

and of the internal vertices of Γ.

(b) Reversing the orientation of an internal edge or interchanging two con-

secutive internal vertices changes the orientation of MΓ,x(p+,p−) by

the factor (−1)d, where d is the dimension of M .

(c) Interchanging two consecutive edges ei, ej changes the orientation of

MΓ,x(p+,p−) by the factor (−1)kikj , where the integers ki are given by

the following rule. If ei is an internal edge of the graph, then ki = d+ 1.

If ei is an external edge with the correspoinding critical point pi, then

ki =

d− indf (pi) + 1 if ei is marked as incoming,

indf (pi) + 1 if ei is marked as outgoing.

We can now explain the local systems det and or on MΣ which appear in

Theorem 1.1. A local trivialization of det on Met(Γ)/Aut(Γ) ⊂MΣ is defined by

a choice of orientations of the internal edges as well as of linear orderings of the

vertices, of the internal edges and of those external edges of Γ, which are marked
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as incoming. Changing the orientation of an internal edge or interchanging two

consecutive vertices or edges changes the sign of the trivialization. The fibre of

det can be identified with the determinant line of the cohomology H∗(Γ, O−) of

Γ relative the vertices corresponding to the outgoing marked points. The local

system det is graded by assigning to each section the degree χ(Σ)− n−.

The local system or is the orientation sheaf of MΣ. Explicitly, a local trivi-

alization of or on Met(Γ)/Aut(Γ) ⊂MΣ is defined by a choice of orientations of

the internal edges and of linear orderings of all the vertices and edges of Γ. Re-

versing the orientation of an edge or interchanging consecutive vertices or edges

reverses the sign of the trivializazion. The fibre of the local system or can be

identified with the determinant line of H∗(Γ). The grading of the system or is

trivial, i.e. every section has degree zero.

Lemma 3.2. Suppose that every vertex of the ribbon graph Γ has odd valency.

Then the pair (MΓ,x(p+,p−), πΓ) defines an element of CBM∗ (MΣ; det⊗d⊗or).

Proof. We first note that since every external edge of Γ is marked as either

incoming or outgoing and thus has a natural orientation, we could equivalently

define the local system det by considering linear orderings of all the vertices

instead of only the internal ones. Indeed, if e is an external edge with the

incident vertices v and v′, where v is an internal and v′ an external vertex, then

we insert v′ into a given ordering of the internal vertices as either the predecessor

or the successor of v, according to the orientation of e.

We must show that an orientation of MΓ,x(p+,p−) is the same as a trivial-

ization of the pullback under πΓ of the local system det⊗d ⊗ or. Comparing the

definitions of det and or with the result of Proposition 3.1, it suffices to check

that a trivialization of or is given by a choice an orientation of the vector space

spanned by the edges of the graph. This follows from the observation going back

to J. Conant and K. Vogtmann ([6, Corollary 1]) that if all vertices of Γ have

odd valency, then there is a natural orientation of the vector space spanned by

the vertices and the half-edges. �

3.2. Proof of Theorem 1.1. We can now complete the proof of Theo-

rem 1.1. Recall that the top-dimensional cells in the ribbon graph decomposi-

tion (2.4) are labelled by the ribbon graphs whose internal vertices have valency

three. By Proposition 2.10 and Lemma 3.2, to each such graph Γ and each choice

of a vector field datum x ∈ XΓ,reg is associated a geometric chain

(3.1) ZfΓ,x = (MΓ,x(p+,p−), πΓ) ∈ CBM∗ (MΣ; det⊗d ⊗ or).

Moreover, we may assume that the vector field data for different graphs Γ are

chosen as in the second part of Corollary 2.8.
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To prove that

FMΣ : (C∗(f))⊗n+ →CBM∗ (MΣ; det⊗d ⊗ or)⊗ (C∗(f))⊗n− ,

p+ 7→
∑
Γ,p−

ZfΓ,x(p+,p−)⊗ p−

is a cochain map, we compute
( ∑

Γ,p−

∂ZfΓ,x(p+,p−)⊗ p−

)
. By the second part

of Proposition 2.10, the latter expression is a sum of terms of two types: the first

type corresponds to breaking of trajectories at external edges (see the expressions

in the first two lines of (2.34)), while terms of the second type correspond to

collapsing an internal edge of Γ (see the expression in the third line of (2.34)).

The summands of the first type yield

(3.2)
∑
Γ,p−

ZfΓ,x(dp+,p−)⊗ p− −
∑
Γ,p−

(−1)dimMΓ,x(p+,p−)ZfΓ,x(p+,p−)⊗ dp−.

We must show that the sum of all the terms of the second type is zero. These are

of the form ±(MΓ̃,x(p+,p−), πΓ̃), where Γ̃ is obtained by collapsing a single in-

ternal edge in a ribbon graph Γ, all of whose internal vertices have valency three.

The sign is determined as follows: MΓ̃,x(p+,p−) is oriented as a boundary com-

ponent ofMΓ,x(p+,p−) and the trivialization of the pullback toMΓ̃,x(p+,p−)

of the local system det⊗d ⊗ or is induced by the trivialization of the pullback

to MΓ,x(p+,p−).

We observe that in the sum of the terms of second type exactly those ribbon

graphs Γ̃ appear, where there is a unique internal vertex of valency four and all

the remaining internal vertices have valency three. For each such Γ̃, there are

exactly two distinct pairs (Γ1, e1) and (Γ2, e2), so that Γ̃ is obtained from Γ1 and

Γ2 by collapsing the internal edges e1 ∈ E(Γ1) and e2 ∈ E(Γ2) respectively: Γ1

and Γ2 arise from the two different ways of expanding the four-valent vertex of

Γ̃ into two trivalent vertices.

Figure 5. The two different ways of expanding a single four-valent vertex

of a ribbon graph into two trivalent vertices
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To complete the proof of the first part of the Theorem, it suffices to show:

Lemma 3.3. The two copies of (MΓ̃,x(p+,p−), πΓ̃) corresponding to bound-

ary components of (Γ1, e1) and of (Γ2, e2) enter the sum with the opposite sign.

Proof. Assume first that d is even. In this case by Proposition 3.1, an orien-

tation ofMΓ1,x(p+,p−) is the same as an orientation of the vector space WE(Γ1)

spanned by the edges of Γ1. The boundary orientation of MΓ̃,x(p+,p−) ⊂
∂MΓ1,x(p+,p−) is determined by requiring that the projection

(3.3) WE(Γ1) ' Re1 ⊕WE(Γ̃) →WE(Γ̃)

to the second factor be orientation-preserving. Here the symbol Re1 denotes

the direct summand of R corresponding to the edge e1. The orientation of

MΓ̃,x(p+,p−) as a boundary component of MΓ2,x(p+,p−) is defined analo-

gously.

It follows from the definition that a trivialization of the pullback of the

local system or to MΓ1,x(p+,p−) is given by an orientation of the vector space

WE(Γ1) ⊕WV (Γ1) ⊕WH(Γ1), where WV (Γ1) and WH(Γ1) denote the vector spaces

generated by the vertices and by the half-edges of Γ1 respectively. The projection

WE(Γ1) →WE(Γ̃) was described above, while the projection WV (Γ1)⊕WH(Γ1) →
WV (Γ̃)⊕WH(Γ̃) is given as follows. Denote by h1 and h′1 the half-edges of e1, by

v1 and v′1 the corresponding vertices of Γ1 and by v ∈ V (Γ̃) the vertex to which

e1 is collapsed. We identify

(3.4) WV (Γ1)−{v′,v′1} 'WV (Γ̃)−{v}

as well as

(3.5) WH(Γ1)−{h1,h′1} 'WH(Γ̃)

and consider the map

WV (Γ1) ⊕WH(Γ1)(3.6)

' (Rh1 ⊕ Rh′1 ⊕ Rv1)⊕ (Rv′1 ⊕WV (Γ1)−{v1,v′1} ⊕WH(Γ1)−{h1,h′1})

→Rv ⊕WV (Γ̃)−{v} ⊕WH(Γ̃) 'WV (Γ̃) ⊕WH(Γ̃),

where the arrow denotes projection to the second factor. A trivialization of

or over MΓ1,x(p+,p−) induces a trivialization over MΓ̃,x(p+,p−) by requiring

that the projection

(3.7) WE(Γ1) ⊕ (WV (Γ1) ⊕WH(Γ1))→WE(Γ̃) ⊕ (WV (Γ̃) ⊕WH(Γ̃))

whose components are given by (3.3) and (3.6) be orientation-preserving. In the

same way a trivialization over MΓ̃,x(p+,p−) is induced by a trivialization over

MΓ2,x(p+,p−).
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Recall from the proof of Lemma 3.3 that since Γ1 and Γ2 have vertices of

odd valency, the ribbon structures of Γ1 and of Γ2 define orientations of the

vector spaces WV (Γ1) ⊕ WH(Γ1) and WV (Γ2) ⊕ WH(Γ2) respectively. It is im-

midiate to check using the explicit description given by (3.6) that the two ori-

entations on WV (Γ̃) ⊕ WH(Γ̃) induced by the projections WV (Γ1) ⊕ WH(Γ1) →
WV (Γ̃) ⊕WH(Γ̃) and WV (Γ2) ⊕WH(Γ2) → WV (Γ̃) ⊕WH(Γ̃) are opposite. Thus if

the orientations ofMΓ̃,x(p+,p−) as boundary ofMΓ1,x(p+,p−) and as bound-

ary of MΓ2,x(p+,p−) coincide, i.e. the projection (3.3) and the correspond-

ing projection for Γ2 are both orientation-preserving, then the orientations of

WE(Γ̃)⊕WV (Γ̃)⊕WH(Γ̃) induced by the projection (3.7) and by the correspond-

ing projection for Γ2 are opposite. In this case the two trivializations of or

over MΓ̃,x(p+,p−) differ by a sign. This completes the proof of the Lemma

in the case when d is even. The case of odd d follows by the same argument,

but with WE(Γ) replaced everywhere by Wdet ⊕WE(Γ), where Wdet is the vec-

tor space whose orientation corresponds to a trivialization of det (explicitly,

Wdet = WE(Γ)−E−(Γ) ⊕WV (Γ) ⊕WH(Γ), where E−(Γ) denote the outgoing ex-

ternal edges of Γ). �

We now turn to the proof of the second part of the Theorem. This re-

lies on a flow graph version of the continuation argument, which is classically

used to prove the invariance of Morse homology. Given two triples (f, g,x) and

(f ′, g′,x′), fix a one-paramater family (ft, gt,xt)t∈R so that

(ft, gt,xt) =

(f, g,x) if t ≤ −1,

(f ′, g′,x′) if t ≥ 1.

Recall that the classical continuation principle consists of the following: one

observes that for suitable choice of the one-parameter family (ft, gt,xt)t∈R, each

of the spaces

(3.8) N (p, p′) =

{
γ : R→M, γ̇(t) = ∇gtft(γ(t)),

lim
t→−∞

γ(t) = p, lim
t→∞

γ(t) = p′
}
,

where p ∈ Crit(f), p′ ∈ Crit(f ′) and indf (p) = indf ′(p
′), is a compact oriented

zero-dimensional manifold. One then shows that the count of the elements yields

a quasi-isomorphism Ψ: C∗(f, g)→ C∗(f ′, g′):

(3.9) Ψ: p 7→
∑

indf′ (p
′)=indf (p)

|N (p, p′)|p′.

Now denote by

F f
′

Σ : (C∗(f ′, g′))⊗n+ → CBM∗ (MΣ; detd ⊗ or)⊗ (C∗(f ′, g′))⊗n−
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the map associated by the construction of the first part of the theorem to the

triple (f ′, g′,x′). We will construct a chain homotopy Θ between F f
′

Σ ◦ Ψ⊗n+

and (Id⊗Ψn−) ◦ F fΣ . This chain homotopy will be obtained by studying spaces

NΓ(p+,p
′
−) which we now introduce.

Recall from Definition 2.5 that MΓ,x(p+,p−) is the zero locus of S − Fx,

where S and Fx are sections of a Banach bundle E over Met(Γ) × BΓ(p+,p−)

(see Definition 2.3). Given p+ ∈ Crit(f)×n+ and p′− ∈ Crit(f ′)×n− , we define

NΓ(p+,p
′
−) ⊂ Met(Γ)× BΓ(p+,p

′
−) as the union

NΓ(p+,p
′
−) =

⋃
T∈R
NΓ,T (p+,p

′
−),

where NΓ,T (p+,p
′
−) is the zero locus of the section S−FT of E , with S is defined

as in (2.10) and FT given as follows. If e′ is an external edge of Γ′, then

(3.10) Fe′,T (`, γ)(t) = ∇gt+T
ft+T (γe′(t)) + σ(t)xe′,t+T (`, |t|, γe′(t)).

If e′ is an internal edge of Γ′ which is mapped to e ∈ E(Γ) under the projection

Γ′ → Γ, then

(3.11) Fe′,T (`, γ)(t) = lexe′,T (`, t, γe′(t))

(compare with (2.14) and (2.15) respectively). We denote by NΓ(p+,p
′
−) the

partial compactification of NΓ(p+,p
′
−) given by

NΓ(p+,p
′
−) =

⋃
q+,q′−,Γ̃≺Γ

M(p+,q+)×NΓ̃(q+,q
′
−)×M′(q′−,p′−)(3.12)

⋃( ⋃
q′+,p+

N (p+,q
′
+)×M′Γ,x′(q′+,p′−)

)
⋃( ⋃

q−,q′−

MΓ,x(p+,q−))×N (q−,p
′
−)

)
,

where N (p,p′) denotes the product

(3.13) N (p,p′) =
⋃
q,q′

M(p,q)×N (q,q′)×M′(q′,p′)

with

(3.14) N (q,q′) = N (q1, q
′
1)× . . .×N (qn, q

′
n)

(note that if |q| = |q′|, then the space N (q,q′) is empty unless indf (qj) =

indf ′(q
′
j) for j = 1, . . . , n.)

The meaning of the terms on the right-hand side of (3.12) is as follows. The

expression in the first line corresponds to allowing internal edges of length zero

as well as breaking of trajectories along the external edges of Γ for fixed T ∈ R.

The terms in the second and third line correspond to partial compactifications

at T →∞ and T → −∞, respectively.
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By a slight abuse of notation, we will again denote by

πΓ : NΓ(p+,p
′
−)→MΣ

the natural projection.

Lemma 3.4.

(a) There exists a one-parameter family (xt)t∈R, so that every pair

(3.15) YΓ(p+,p
′
−) = (NΓ(p+,p

′
−), πΓ)

defines an element of CBM∗ (MΣ,det⊗d ⊗ or).

(b) Define

Θ: (C∗(f))⊗n+ → CBM∗ (MΣ; det⊗d ⊗ or)⊗ (C∗(f ′))⊗n− ,

p+ 7→
∑
Γ,p′−

YΓ(p+,p
′
−)⊗ p′−.

(3.16)

Then

(3.17) d ◦Θ + Θ ◦ d = (Id⊗Ψ⊗n−) ◦ F fΣ − F
f ′

Σ ◦ (Ψ⊗n+).

Proof. The first part of the Lemma follows by analogous arguments as in the

proofs of Propositions 2.7 and 2.10. From (3.12), the boundary of NΓ(p+,p
′
−)

may be identified as the disjoint union

∂NΓ(p+,p
′
−) =

∐
|q+|−|p+|=1

M(p+,q+)×NΓ(q+,p
′
−)(3.18)

∐( ∐
|p′−|−|q′−|=1

NΓ(q+,p
′
−)×M′(q′−,p′−)

)
∐( ∐

|q′+|=|p+|

N (p+,q
′
+)×M′Γ,x′(q′+,p′−)

)
∐( ∐

|q−|=|p′−|

MΓ,x(p+,q−)×N (q−,p
′
−)

)
∐( ∐

e∈Eint(Γ)−L(Γ)

NΓ/e(p+,p
′
−)

)
.

The sum over all Γ of the geometric chains corresponsing to the terms on the

left-hand side and in the first two lines of the right-hand side of (3.18) yields

the left-hand side of (3.17), while the expressions in the third and fourth lines

correspond to the right-hand side of (3.17). Finally, using Lemma 3.3, the sum

of the chains corresponding to the terms in the last line of (3.18) vanishes. �

This completes the proof of the second part of Theorem 1.1



32 V. Fromm

3.3. The gluing axiom. The goal of this section is to show that the oper-

ations constructed in Theorem 1.1 are compatible with the gluing of surfaces.

Let Σ1 and Σ2 be two surfaces as in Theorem 1.1 and assume that the number

n1− of the outgoing marked points of Σ1 coincides with the number n2+ of the

incoming marked points of Σ2. Denote this common number by n and denote

by Σ the compact orieted surface obtained by attaching Σ1 to Σ2 along closed

disjoint intervals around the outgoing marked points of Σ1 respectively around

the incoming marked points of Σ2. Using the homeomorphism (2.4) of the ribbon

graph decomposition, there is a map

(3.19) Ξ: MΣ1
×MΣ2

→MΣ

defined by first attaching the outgoing edges of a metric ribbon graph corre-

sponding to Σ1 to the incoming edges of a metric ribbon graph corresponding to

Σ2 and then erasing the bivalent vertices from the resulting graph. Denote by

π1 : MΣ1
×MΣ2

→MΣ1
and by π2 : MΣ1

×MΣ2
→MΣ2

the projection to the

first respectively to the second factor. The local system det is compatible with

gluing, i.e. Ξ∗det ' π∗1det⊕ π∗2det. Thus Ξ induces a map

(3.20) Ξ∗ : H∗(MΣ; det⊗d)→ H∗(MΣ1 ; det⊗d)⊗H∗(MΣ2 ; det⊗d).

We can express the gluing homomorphism (3.20) using geometric homology as

follows (we will for simplicity leave out the local coefficient systems in the nota-

tion). Via the Poincaré duality isomorphisms (2.6) onMΣ,MΣ1 andMΣ2 , one

obtains from Ξ∗ the corresponding transfer homomorphism

(3.21) Ξ!BM
∗ : HBM

∗ (MΣ)→ HBM
∗+n(MΣ1

×MΣ2
).

The remarks made in Section 2.1 allow to identify Ξ!BM
∗ as the homomorphism

induced by an explicit chain map

(3.22) Ξ!CBM
∗ : CBM∗ (MΣ)→ CBM∗+n(MΣ1 ×MΣ2).

To this end, we observe that the image Ξ(MΣ1
×MΣ2

) ⊂MΣ is an open subset:

it consists of the equivalence classes of all the metric ribbon graphs Γ which

can be obtained by gluing together graphs Γ1 and Γ2 from the ribbon graph

decompositions of MΣ1 and MΣ2 , respectively. There is a homeomorphism

(3.23) MΣ1
×MΣ2

' Ξ(MΣ1
×MΣ2

)× Rn+

so that Ξ can be identified as the composition of the projection π to the first

factor of Ξ(MΣ1
×MΣ2

) × Rn+ with the inclusion i : Ξ(MΣ1
×MΣ2

) ↪→ MΣ.

This yields the following map (3.22): given a genereator (P, fP ) of CBM∗ (MΣ),

we first intersect with Ξ(MΣ1
×MΣ2

) to obtain

(Q, fQ) = i!CBM∗ (P, fP ) ∈ CBM∗ (Ξ(MΣ1 ×MΣ2)).
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Then

Ξ!CBM
∗ (P, fP ) = (Q× Rn, fQ×Rn) = π!CBM

∗ (Q, fQ)

is obtained from (Q, fQ) by putting a new vertex on each of the edges of Γ which

originate from attaching an outgoing edge of Γ1 to an incoming edge of Γ2.

The next Proposition establishes the compatibility of the operations con-

structed in Theorem 1.1 with the gluing maps (3.22).

Proposition 3.5. The following diagram commutes up to chain homotopy:

(C∗(f))⊗n+
F f

Σ
//

F f
Σ1
��

CBM∗ (MΣ)⊗ (C∗(f))⊗n

Ξ!CBM
∗ ⊗Id

��

CBM∗ (MΣ1
)⊗ (C∗(f))⊗n

Id⊗F f
Σ2

// CBM∗ (MΣ1
×MΣ2

)⊗ (C∗(f))⊗n−

Proof of Proposition 3.5. Let us constructut a chain homotopy between

the compositions (Ξ!CBM
∗ ⊗ Id) ◦ F fΣ and (Id⊗ F fΣ2

) ◦ F fΣ1
.

Denote Φ0 = (Ξ!CBM
∗ ⊗ Id) ◦ F fΣ and Φn = (Id⊗ F fΣ2

) ◦ F fΣ1
. We will define

cochain maps

(3.24) Φ1, . . . ,Φn−1 : (C∗(f))⊗n+ → CBM∗ (MΣ1
×MΣ2

)⊗ (C∗(f))⊗n−

and show that for k = 0, . . . , n − 1, there is a chain homotopy between Φk and

Φk+1. To this end, denote by Σ(k) the surface obtained by gluing Σ1 to Σ2 along

disjoint closed intervals around the first n − k outgoing marked points on Σ1,

resp. the first n− k incoming marked points on Σ2. Thus Σ(0) = Σ, while Σ(n)

is the disjoint union of Σ1 and Σ2.

We define Fk : (C∗(f))⊗n+ → CBM∗ (MΣ(k))⊗ (C∗(f))⊗n− by

(3.25) p+ 7→
∑

Γ(k),q

ZfΓ(k),x(k)((p+,q), (q,p−))⊗ p−,

where the sum is over all the graphs Γ(k) in the ribbon graph decomposition (2.4)

of Σ(k) and over all tuples q ∈ Crit(f)×k. Attaching the last k outgoing edges

of Γ(k) to the last k incoming edges yields a ribbon graph Γ whose associated

surface is Σ. We will assume that the vector field data x and x(k) for Σ and Σ(k)

are chosen so that for each k and all Γk, x and x(k) coincide on the complement

of these edges.

The homomorphism Φk is given as

(3.26) Φk = (Ξk,!CBM∗ ⊗ Id) ◦ Fk,

where Ξk : MΣ1 ×MΣ2 →MΣ(k) is the gluing map from (3.19).

Lemma 3.6. For each k = 0, . . . , n−1, there is a chain homotopy ∆k between

Φk and Φk+1.
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Proof. To simplify terminology, we will refer to a pair consisting of an

outgoing edge of Γ1 and the corresponding incoming edge of Γ2 as an attachment

pair.

The above formal definition of the homomorphism Φk means the following.

The map Φn = (Id ⊗ F fΣ2
) ◦ F fΣ1

is given by a count of chains corresponding

to pairs of graphs in the ribbon graphs decompositions of MΣ1
and MΣ2

, i.e.

(3.27) (Id⊗ F fΣ2
) ◦ F fΣ1

: p+ 7→
∑

Γ1,Γ2,q,p−

ZfΓ1,x
(p+,q)⊗ ZfΓ2,x′

(q,p−)⊗ p−,

where the sum is over ribbon graphs Γ1 and Γ2 in the ribbon graph decom-

positions of Σ1 and of Σ2, respectively and over all tuples of critical points

(q,p−) ∈ (Crit(f))×(n+n−). For 0 ≤ k < n, the map Φk is obtained by counts

of geometric chains as on the right-hand of (3.27), but where instead of a broken

trajectory of the gradient flow, to the first n− k attachment pairs, a finite piece

of a flow trajectory is associated, namely to these attachment pairs solutions

of (2.15) are associated, where the parameter le is given as the sum of the lengths

of the two edges of the pair. We denote the spaces of such flow graphs, partially

compactified as in Definitioin 2.9 by allowing breaking of trajectories along ex-

ternal edges as well as collapsing of internal edges, by MΓ1,Γ2,k(p−,q,p+) and

write

(3.28) πΓ1,Γ2
: MΓ1,Γ2,k(p−,q,p+)→MΣ1

×MΣ2

for the projection which maps each graph flow to the underlying metric structures

on Γ1 and on Γ2. Using this notation, Φk is given by

(3.29) Φk(p+) =
∑

Γ1,Γ2,q,p−

ZfΓ1,Γ2,k
(p+,q,p−)⊗ p−,

where Γ1 and Γ2 are as in (3.27), q ∈ Crit(f)×k and

(3.30) ZfΓ1,Γ2,k
(p+,q,p−) = (MΓ1,Γ2,k(p−,q,p+), πΓ1,Γ2).

The construction of a chain homotopy between Φk and Φk+1 relies on the study

of spaces LΓ1,Γ2,k(p−,q,p+) which we now introduce.

Elements of LΓ1,Γ2,k(p−,q,p+) are pairs consisting of a positive number T

together with a flow graph of the same form as in the case ofMΓ1,Γ2,k(p−,q,p+),

however the equation (2.15) corresponding to the (n− k)-th attachment pair is

changed to

(3.31) Fe′(`, γ)(t) = T∇g(f(γe′(t))) + ye′(T, `, t, γe′(t)),

subject to the following:

(a) T is greater or equal to the sum le1 + le2 of the lengths of the two edges

of the attachment pair.
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(b) For le1 + le2 ≤ T ≤ le1 + le2 + 1,

(3.32) ye′(T, `, t, · ) = xe′(`, t, · ) for all t ∈ [0, 1].

(c) For every T > le1 + le2 + 2, the vector field ye′(T, `, t, · ) satisfies

(3.33) ye′(T, `, t, · ) =

σ(Tt)(x(k))e′1(`1, T t, · ) for 0 ≤ t ≤ 1/2,

σ(T (1− t))(x(k))e′2(`2, T t, · ) for 1/2 ≤ t ≤ 1,

where e′1 and e′2 are the elements of the (n − k)th attachment pair and e′ the

edge obtained by gluing e′1 and e′2 and erasing the resulting bivalent vertex. Here

`1 and `2 are the metric structures on Γ1 and Γ2 respectively (we also note that

the orientations of e′1 and e′2 define an orientation of e′). This space is again

partially compactified as in Definition 2.9 by allowing broken trajectories at the

edges corresponding to the boundary marked points of Σ(k) and collapsing of

the remaining edges, but in addition we allow breaking along e′ (i.e. we take the

union with the spaces MΓ1,Γ2,k+1(p−,q
′,p+) for q′ ∈ (Crit(f))×(k+1)).

Denoting again by πΓ1,Γ2 : LΓ1,Γ2,k(p−,q,p+) → MΣ1 ×MΣ2 the natural

projection, it follows as in Proposition 2.7 that

Xf
Γ1,Γ2,k

(p−,q,p+) = (LΓ,Γ′,k(p−,q,p+), πΓ1,Γ2
)

is a well-defined element of CBM∗ (MΣ1
×MΣ2

). We denote

∆k : (C∗(f))⊗n+ → CBM∗ (MΣ1 ×MΣ2)⊗ (C∗(f))⊗n− ,

p+ 7→
∑

Γ1,Γ2,q,p−

Xf
Γ1,Γ2,k

(p+,q,p−)⊗ p−,(3.34)

where the sum is as in (3.29).

The boundary of (LΓ1,Γ2,k(p−,q,p+), πΓ1,Γ2
) is a disjoint union of compo-

nents of the following form. Firstly, corresponding to the case T = le1 + le2 ,

we have the components ofMΓ1,Γ2,k(p−,q,p+). Secondly, corresponding to the

case T →∞, we have boundary components of the formMΓ1,Γ2,k+1(p−,q
′,p+),

where q′ ∈ (Crit(f))k+1. Thirdly, there are the boundary components corre-

sponding to the breaking of trajectories along the incoming edges of Γ1 and the

outgoing edges of Γ2. Finally, we have the boundary components corresponding

to collapsing an internal edge of Γ1 or of Γ2.

Summing up all the boundary components of the first two types yields Φk+1−
Φk, while the sum of the boundary components of the third type and all the

expressions (∂Xf
Γ1,Γ2,k

(p+,q,p−)) ⊗ p− yields d ◦ ∆k + ∆k ◦ d. Finally, using

Lemma 3.3, the sum of all the components of the last type is zero. �

This completes the proof of Proposition 3.5. �
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