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OSCILLATION THEOREMS RELATED TO
AVERAGING TECHNIQUE FOR DAMPED
PDE WITH p—LAPLACIAN

ZHITING XU

ABSTRACT. We present some oscillation theorems related
to integral averaging technique for damped PDEs with p-

Laplacian
N
(B) ) Dilay@)|Dyl"~2D;)
i, j=1

+ (b(x), | D[P~ Dy) + () f(y) = 0.

The results obtained extend the criteria for the Sturm-
Liouville linear equation due to Kamenev, Kong, Philos and
Wong to equation (E).

1. Introduction. We consider the second order damped partial
differential equation (PDE) with p-Laplacian

N
(1.1) Z Dilai;(x)| Dyl|P~* Dyyl+(b(x), [| Dy||P~* Dy)+c(x) f(y) = 0

in an exterior domain Q(rg) := {x € RY : ||z|| > r¢}, where ry > 0,
z = (z)L; € RN, N >2,p>1, Diy = dy/0w;, Dy = (Diy)}y,
I - || and (-,-) denote the usual Euclidean norm and the usual scalar
product in RY, respectively.

Throughout this paper, we assume that the following conditions hold.

(A1) A = (aij(x))nxn is a real symmetric positive define matrix
function with a;; € CLT#(Q(rg), R), 0 < pu < 1.
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Denote by Apmin(z) the smallest eigenvalue of the matrix A. We
assume that there exists a function A € C([rg, c0), R™) such that

; Amin(x)
lzlimr AP/ =D > \(r) for r>rg,

where ||A|| means the norm of the matrix A4, i.e.,

N 1/2
JA] = [ 3 afj@:)} ;
ij=1

(A2) b(z) = (bi(@)) Xy, bi. c € Clag(Qro). R), 0 < < 1;

(A3) f e C(R, R)UCHR — {0}, R) with yf(y) > 0 and

')

W25>0 for y#o'

By a solution of (1.1) is meant a function y € C?*#(Q(rg), R), 0 < pu <
1, which has the property a;;(z)||Dy||P~?D;y € C**#(Q(ro), R) and
satisfies (1.1) at each x € Q(rg). Regarding the question of existence
of solution of (1.1), we refer the reader to the monograph [1]. In what
follows, our attention is restricted to these solutions which don’t vanish
identically in any neighborhood of co. The oscillation is considered in
the usual sense, that is, a solution y(z) of (1.1) is said to be oscillatory
if it has arbitrarily large zeros, i.e., the set {x € RY : y(x) = 0}
is unbounded, otherwise it is called nonoscillatory. Equation (1.1) is
called oscillatory if all its solutions are oscillatory. Conversely, (1.1) is
nonoscillatory if there exists a solution which is not oscillatory.

The PDEs with p-Laplacian have applications in various physical and
biological problems, in the study of non-Newtonian fluids, in glaciology
and slow diffusion problems. For a more detailed discussion about
applications of PDE with p-Laplacian, the reader is referred to [1] and
the references cited therein. In the qualitative theory of nonlinear PDE,
one of the important themes is to determine whether or not solutions
of the equation under consideration are oscillatory. In the last decade,
oscillation or nonoscillation of solutions of the half-linear PDE with
p-Laplacian

(1.2) div (| Dy[|"~* Dy) + c(2)|yl"~?y = 0
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has received much attention and been extensively studied by many
authors, see, e.g., [2, 4, 6-9, 12, 14-16]. These investigations were
mostly based on the so-called Riccati technique, which was developed
by Noussair and Swanson [10], consisting in the fact that if y = y(z)
is a nonoscillatory solution of (1.2) then the N—dimensional vector
function w defined by

_ | DylP2Dy
ly[p—2y

(1.3) w(z)

satisfies the partial Riccati-type differential equation

(L) divals) = —ca) - (= Dlul’, g= L.

Recently, Matik [9], by using Riccati-type inequality and integral
averages, has generalized Kamenev’s criteria [3] to the half-linear PDE
with damping

(1.5)  div (| Dyl|["~2 Dy) + (b(x), [| Dy||’~* Dy) + c()|y’~*y = 0,

which seems to be the first paper to study the oscillation of (1.5).
However, his result is not very sharp, because the two-parametric
weighting function H (¢, z) introduced by Philos [11], which is used in
the proof, must satisfy some harsh conditions (see [9, Theorem 3.10]),
and the Kamenev-type theorem has not been well-developed for (1.5) in
[9]. Our aim here is motivated by the recent papers [5, 11, 13] dealing
with oscillatory properties of the Sturm-Liouville linear equation

(1.6) (r()y' ()" +p(t)y(t) =0,

and is to extend the results of Kamenev [3], Kong [5], Philos [11] and
Wong [13] to general equation (1.1), thereby improving the main results
in [12, 14-16]. Our methodology is somewhat different from that of
previous authors; we believe that our approach is simpler and also
provides a more unified account for study of Kamenev-type oscillation
theorems for (1.1).
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2. Notations and lemmas. The following notations will be used
throughout this paper. Set

S, ={z e RN : |z| =},
Q(ri,m) = {z e RY 11y <||z|| < 72},
y={z e RN :r <|z|| < 72},
y={z e RN :r| < ||z|| < 72},

Qi (r,72
Qa(ri,ro

and

DO:{(Tvs):T>SZTO} and D:{(T,S):TZSZTO}_

For [ > 1, we define

) = cla) - 1(%) L@ APl AP,

C]V[(T):/S C(:L‘)do’,

and
g(r) = wnrNTHEPTINT(r), R =e"P(p— 1P,

where wy = fSl do = 27N/2/T(N/2) denotes the surface measure of
the unit sphere, g and [* are conjugate numbers to p and [, respectively,
ie., 1/p+1/g=1and 1/l +1/1* = 1.

Definition 2.1. A function H € C(D, R") is said to belong to a
function set R, denoted by H € R, if

(1) H(r,r) =0 for r > ro, H(r,s) > 0 on Dy;

(2) H(r,s) has continuous and nonpositive partial derivative 0H/Js
on Dy;

(3) there exists a function h € C(Dy, R) such that

——(r,s8) = h(r,s)H(r,s) on Dy.
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Definition 2.2. A function H € C(D, R") is said to belong to a
function set <&, denoted by H € S, if

(1) H(r,r) =0 for r > ro, H(r,s) > 0 on Dy;

(2) H(r, s) has continuous partial derivatives 0H (r, s)/0r and OH (r, s)/
0ds on Dy;

(3) there exist two functions hq, ha € C(Dy, R) such that

OH

B (r,s) = hi(r,s)H(r,s) and on (r,s) = — ha(r,s)H(r,s) on Dy.

Os

Letting p € CY([rg,),RT), we take two operators I'2(-;7) and
©2(-;r), which are defined in [13] in terms of H and p, as follows:

(2.1) I2(¢;r) /Hrs p(s)ds, r>r
and
(2.2) O~ (p;1) / H(s,T)p(s)p(s)ds, r >,

where ¢ € C([rg,0),R). It is easy to verify that I'?(-;r) and ©2(-;r)
are linear operators and satisfy

2" sr) = —H(r,7)p(T)p(T) — T? ({ ha + }w)

O2(y'sr) = H(r, T)p(r)i(r) — ©F ( [h + ”—']W)

) r>T,

where ¢ € CY([rg,00),R), hy = h(s,7) and hy = h(r, s).

The following Lemma 2.1 plays an important role in our proof, which
is a modified version of Lemma 1 in [10] for the semi-liner elliptic
equation.

(2.3) >~ Hrm)p(rb(r) - Fﬁ( h

(2.4) > H(r.m)p(r)i(r) - @¢< et
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Lemma 2.1. Let | > 1. Suppose that (1.1) has a nonoscillatory
solution y = y(x) # 0 for all x € Q(r1), 1 > ro. Then the N-
dimensional vector function W (z) is well defined on Q(r1) by

(2.5)

N 1 o —2
W = W0 = (W), W) = 71 (;amwm Djy)

and satisfies the following partial Riccati-type inequality

R

2.6 divw < - C(x) —
2 =@ Tage

Proof. Without loss of generality, let us consider that y = y(z) > 0
on (rq). Differentiation of W;(x) with respect to x; gives

, N
D;W;(z) = — Jj;(y)) Dy ( Z aij(x)llDyllpszy)

(y

1 N
+ 55 D (;am)ww-%y),

for i =1,...,N. Summation over 7 and use of (1.1) lead to
(2.7)
. f'(y) -2 T | Dy|[*—*Dy
divwW = —¢(x) — Dy||P~*(Dy)* A(Dy) — {b(z), —————=).
() = oy 10U~ 2(Du)" A(Dy) = (bla), =)
Note that
(Dy)" A(Dy) > Amin(2)|| Dyl?
and
1
W] < — ||A]| || Dy|[P~*.
W] < W) Al Dyl
This, along with (2.7) as well as (A3), implies that
. fl(y) )‘min(x) q
divWw < _0(37) - |f(y)|(p_2)/(p_1) HAHq HWH
(2) — (b(x), ATIW)

< (o) = SR W (b4 W),
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Application of Young’s inequality yields

29) el W17+ (b(a) A W)
_ ﬂ )\min (1')
LAl

1 LA g
2w+ = AT payatt wy - iwe
w2 B et W w

1/ 1\ 1— € Amin()
>——|— AP AP (@) ||b(x) AP 4+ — S W||9.
(5 1apA@Is@ A+ £ 2w
Combining (2.8) and (2.9), we get that (2.6) holds. This completes the
proof. ]

Lemma 2.2. Let H €S, p € C([rg,00),RT) and | > 1. Assume
that y = y(z) s a solution of (1.1) such that y(z) > 0 for x € Q1(t,v).
Put

(2.10) Z(r)= /S (W(x),v(z)) do.
Then
1 ) o
(2.11) D) I (CM — kglhy — o ,v) < p(t)Z(1).

where W (x) is defined by (2.5), v(zx) is the normal unit vector and
he = h(v,s).

Proof. In view of Lemma 2.1, then (2.6) holds. By the Green formula
in (2.10), observing that (2.6), we have

(2.12) Z'(r) = /

divWdo < —/
S,

C(a)do — — )\(r)/ W do.
S, ! S

Holder’s inequality shows that

|1Z(r)l S/ST IW (@)l |lv(z)]| do < (/S da)l/p<[sr HW”qu)l/q

1/p 1/q
— (riN_l) (/ ||W|qd0> ,
S,
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and equivalently,

( / |W||Qda) > (wnr¥ )P Z (),

which, together with (2.12), implies that
(2.13) Z'(r)+ Cu(r) +eg' ~9(r)|Z(r)|? < 0.

Applying the operator 'Y (-,7) to (2.13) for r € [t,v) and using (2.3),
we find

/
T2 (Car;r) < H(r, t)p(t) Z(t —I—Fp(h —p—‘Z;r>
(2.14) i (Carsr) < H(r, t)p(t) Z(t) + T7 | (2 pll
— el (g" 7 21% 7).
The Young’s inequality follows
pl pl p
(2.15) hQ—Z |Z| < kg hQ—Z +eg'79Z|.

Substituting (2.15) into (2.14), we conclude

1 pl p
—— T Cy —kglha — —| 57 ) < p(t)Z(t
H('F,t) t< M g|n2 P ,7‘>_p() ()a
using r — v~ in the above we obtain (2.11). O

Similar to the proof of Lemma 2.2, we have

Lemma 2.3. Let HE€ S, p € CY([rg,00),R") and | > 1. Assume
that y = y(x) is a solution of (1.1) such that y(z) > 0 for z € Qa(u,t).
Then

/

1
h1+p—
p

(2.16) 1)

or (CM — kg

p;t) < p()Z(1),

where Z(r) is defined by (2.10) and hy = hi(s,u).
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3. Main results. In this section, we will establish some oscillation
theorems for (1.1). The first one is an analogue of Philos’s criteria [11]
for (1.6).

Theorem 3.1. Let H e R, p € C'([rg,00),RT) and | > 1. If

. 1 o

p
;7] = o0,
r—00 P

where h = h(r,s), then (1.1) is oscillatory.

Proof. Let y = y(z) be a nonoscillatory solution of (1.1); without
loss of generality, we may assume that y = y(z) > 0 for Q(r1) for some
sufficiently large r; > ro. Replacing rq1, 7, h by t,v, ha, respectively,
then by Lemma 2.2, we have that for all » > r; > rq,

o

p
12, (= kol = 21 ) < stz ),
P

Thus, we get that for all r > rg,

/

re. <C’M - kg‘h -2
/ /

p
)
0
p
=17 (CM = kg‘h— % ;m) + TP, (CM - k;g’h - %

p
)

T1
< H(r,mo) {/ p(8)|Cha(s) ds + P(Tl)lz(h)l}-
ro
Dividing both sides of the above inequality by H(r, 1) and taking the
superior limit as r — oo, we obtain a contradiction with (3.1). The
proof is complete. ni

Remark 3.1. Theorem 3.1 improves Theorem 1 in [16] for (1.2).

Remark 3.2. Comparing Theorem 3.1 with Theorem 3.10 in [9], the
parametric weighting function H(r, s) introduced in this paper seems
more reasonable. Furthermore, we also point out that the technical
assumptions imposed for the function H(r, s) are minimal.
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The next theorems provide some extensions of Kong-type interval
criteria [5] to (1.1).

Theorem 3.2. Let H € S, p € C'([rg,0),R") and | > 1. If,
for each T > 1y, there exist increasing divergent sequences of positive
numbers {u,}, {tn}, {vn} with T < wu, <t, <wv, such that

p
;tn)
1

—T? (Cy -k
+H(Un7tn) tn( M g

/

1
(32) ———or (cM — kg|h1 + %

H(ty, un)

/

P
hy — 2 ;vn) >0,
p

where hy = hi(s,u,) and ho = h(vy,s), then (1.1) is oscillatory.

Proof. Let y = y(z) be a nonoscillatory solution of (1.1); without
loss of generality, we assume that y = y(z) > 0 for Q(T") for some
sufficiently large T' > 7¢. For any interval sequence [u,,v,] C [T, c0),
by Lemmas 2.2 and 2.3, we have that for any ¢, € [uy, vy],

(3.3)
1 , pl p
and
(3.4)
U e (e —nglne = 210 < ot 2t
H(’Un,tn) tn M g|hna P y Un S plin n).

But (3.2) implies that both (3.3) and (3.4) do not hold for the given
t,,, and hence y(x) must have a zero either in Q1 (uy,,t,) or Qa(ty, vy).
Thus, y = y(x) has at least one zero in [u,, v,]. Note that lim,, o u, =
0o. We can see that y(z) have arbitrary large zeros. Therefore, (1.1) is
oscillatory. The theorem is proved. |

Theorem 3.3. Let H € S, p € Cl([rg,<),R*) and I > 1. If, for
each T > 1y,

/

(3.5) lim sup 97 (CM — kg|h1 + —

r—00

p
p ;r>>0
P
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and

/
hy —

P
;r) > 0,
p

where hy = hyi(s,7) and hy = ha(r, s), then (1.1) is oscillatory.

(3.6) limsup I'? (CM — kg

T—00

Proof. For any T > rg, let u,, = T. In (3.5), we choose T = u,,. Then
there exists t,, > u,, such that

/

p
ho+ 2 ;tn) > 0.
p

(3.7) or <CM — kg

In (3.6) we choose 7 = t,,. Then there exists v, > t,, such that

/|P
(3.8) e <C’M — kglhy — % ;vn) > 0.

Combining (3.7) and (3.8), we obtain (3.2). The conclusion is thus
from Theorem 3.2. The proof is complete. i

For the case when H := H(r — s) € &, we have that hi(r — s) =
ha(r — s) and denote them by h(r — s). The subclass of & containing
such H(r—s) is denoted by . Applying Theorem 3.2 to g, we obtain

Theorem 3.4. Let H € So, p € C'([ro,00),RT) and | > 1. If,
for each T > rq, there exist increasing divergent sequences of positive
numbers {u,}, {tn} with T < up, < ty, such that

(3.9) / " H(s — un)[p(s)Chr(s) + p(2tn — $)Cai (26n — 5)] ds

tn
h(s —u,) +

> k| [ G = ) a0

Un

+g(2t, — s)p(2t,, — s)|h(s — uy) —

then (1.1) is oscillatory.
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Proof. Let v, = 2t, — u,. Then H(v, —t,) = H(t, — u,) =
H((vy, — un)/2), and for any & € Llu,, v,], we have

tn

/tvn H(v, — 8)&(s)ds = H(s —up)&(2t, — s)ds.

n n

Thus that (3.9) holds implies that (3.2) holds for H € Sy and p €
C1([ro,00), R*). Therefore (1.1) is oscillatory by Theorem 3.2. The
theorem is proved. a

Next, we define

and let
H(r,s) = [G(r) = G(s)]*, (r,s) €D,

where a > p — 1 is a constant; then

- agt/-p) (r) B agl/(lfp)(s)

hl(T,S) = m, ]’LQ(T, S) = m, (T, S) S Do.
Note that
2 (afhe = 2| sr) = [ 1600 - G dcies)
= 60 - Gt
and
p/

" 1) =ar [ 166) - Gl aGe

= 60 - G

or (g

Therefore, by Theorems 3.1 and 3.3, we can easily show that the
following theorems hold; here we omit the details.

hi1+ —
p
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Theorem 3.5. Let lim, oo G(r) = oo and | > 1. If, for some
a>p—1,

(3.10) ti sup Gal(r) / G0 = G(s)°Cur() ds = oo,

then (1.1) is oscillatory.

Remark 3.3. Theorem 3.5 improves Theorem 4 in [12] and Theorem
3.1 in [14] for (1.2).

Theorem 3.6. Let lim, oo G(r) = oo and | > 1. If, for some
a>p—1,

1 " kaP
. . _ « > —
(3.11) hiris;}p—G"_p“(T)/T [G(s) = G(7)]*"Cum(s) ds = p——
and
312) tmsw ot [166) - GGrou iz 2
e Ol A )

then (1.1) is oscillatory.

Now we give two examples to illustrate our results. To the best of
our knowledge, no previous oscillation criteria can be applied to these
examples.

Example 3.1. Consider equation (1.1) with

) 1 1 sin ||z|| cos ||z|
A(z) = diag (—, —>, b(z) = ( , ,
[ el llll® " e?
_ llzllsin [[z[| + 2 — cos ||z

C(I) - ’

]

(3.13)

where x € Q(rg), N = 2, p > 3/2. For | > 1, a direct computation
shows

A(r) = 279/2p /=) g(p) = g(1¥) P2l He/2
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and

o] sin [l2]] +2 = cosj 1/ L\ -
O(z) = o - 9P/2|| |12,

Then
G(r)=ci(r—ro) and Cy(r)=2n(rsinr+2—cosr) — cor 2P,

where

p—1
61 = (1)~ 1a/ (=P +2)/20-P)  anq CQ_I<L) ol +p/2,
p\eq

Now, condition (3.10) leads to

1 ,
0 / [60) = GO ds

2 [T 9 c2 " 2,-2
SIS d[s<2—coss>1—r—2/m<r—s> 5 ds
2r 9 "
= =3 —710(2 = cosro)(r —19)? 42 $(2 —coss)(r—s)ds
T 0
C2 2.,—2p
-= (r—s)s ds — o0 as 1 — 00;
2 Jry

hence, (3.13) is oscillatory by Theorem 3.5.

Example 3.2. Consider equation (1.1) with

1 1 1 1
A =di
(=) lag<||x|6’ el Tale” |x||6>’

_ 162 7%/ 2y
bi(x) =0, i=1,...,4, c(x):W,

(3.14)

where z € Q(1), N =p =4, u > (3/4)>. Lete = land I* = 7'/2/275/3;
then

4 1 3
=3 k= 1 (%) COANr) =272 wy = 27%/2,
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and

3 1 324 73
g =5, Glr) = 5= (7 =1), Culr)="——

T r7

Now, for o > 3, we have that for all 7 > 1,

1 T
liirlsip G /T [G(s) — G(T)]“Ca(s) ds
8lu . 1 " (82— T2
=5 llillsip TPy /T 7 ds
~_ 8lu i su (r2—72)>  8lu
~ 4(a—3) P r2a  4(a—3)

For any u > (3/4), there exists a > 3 such that 81u/(4(a — 3)) >
ka*/(a — 3). This means (3.11) holds. By Lemma 3.1 in [5], we find
that (3.12) holds for the same «. Thus, all conditions of Theorem 3.6
are satisfied, so (3.14) is oscillatory.

Remark 3.4. The theorems above are presented in the form of a high
degree of generality. They extend, improve, and complement a number
of existing results in [12, 14-16] and handle some cases not covered by
known criteria even for (1.2). They also give rather wide possibilities of
deriving different explicit oscillation criteria for (1.1) with appropriate
choices of the functions H(r, s) and p(r). Though throughout the paper
we have always chosen H € S, there are interesting possibilities to
apply our results, for instance, with

H(r,s) = {/:%r, r>s >,

where @« > p — 1 is a constant, § € C([rg,00),R") satisfying
f:)o 1/0(z) ds = co. In fact, one of the important cases to be considered
is 0(z) = 27 with v < 1.

Acknowledgments. I am grateful to the referee for her/his sug-
gestions and comments which led to an important improvement of my
original manuscript.



1378 7.T. XU

REFERENCES

1. J.I. Diaz, Nonlinear partial differential equations and free boundaries, Vol. 1.,
Elliptic equations, Pitman, London, 1985.

2. O. Dosly and R. Maiik, Nonezistence of positive solutions of PDE’s with
p-Laplacian, Acta. Math. Hungar. 90 (2001), 89-107.

3. L.V. Kamenev, An integral criterion for oscillation of linear differential
equations, Math. Z. 23 (1978), 249-251 (in Russian).

4. T. Kusano, J. Javos and N. Yoshida, A Picone-type identity and Sturmian
comparison and oscillation theorems for a class of half-linear partial differential
equations of second order, Nonlinear Anal. 40 (2003), 381-395.

5. Q. Kong, Interval criteria for oscillation of second order linear ordinary
differential equations, J. Math. Anal. Appl. 229 (1999), 258-270.

6. R. Maiik, Oscillation criteria for PDE with p-Laplacian via the Riccati
technique, J. Math. Anal. Appl. 248 (2000), 290-308.

7. , Hartman-Wintner type theorem for PDE with p-Laplacian, EJQTDE,
Proc. 6th Colloq. QTDE, 18 (2000), 1-7.

8. , Integral averages and oscillation criteria for half-linear partial differ-
ential equatwn Appl. Math. Comput. 150 (2004), 69-87.

9. , Riccati-type inequality and oscillation criteria for a half-linear PDE
with Dampmg, Electronic J. Diff. Equations 11 (2004), 1-17.

10. E.S. Noussair and C.A. Swanson, Oscillation of semilinear elliptic inequalities
by Riccati transformation, Canad. J. Math. 32 (1980), 908-923.

11. Ch.G. Philos, Oscillation theorems for linear differential equation of second
order, Arch. Math (Basel) 53 (1989), 482-492.

12. H. Usami, Some oscillation theorems for a class of quasilinear elliptic
equations, Ann. Math. Pura. Appl. 175 (1998), 277-283.

13. J.S.W. Wong, On Kamenev-type oscillation theorems for second-order dif-
ferential equations with damping, J. Math. Anal. Appl. 258 (2001), 244-257.

14. Z.T. Xu, Oscillation properties for quasilinear elliptic equations in divergence
form, J. Systems Sci. Math. Sci. 24 (2004), 85-95 (in Chinese).

15. Z.T. Xu and D.K. Ma, Oscillation criteria related to integral averaging
technique for quasilinear elliptic equations, Chinese Quart. J. Math. 18 (2003),
349-357.

16. Z.T. Xu and H.Y. Xing, Oscillation criteria of Kamenev-type for PDE with
p—Laplacian, Appl. Math. Comput. 145 (2003), 735-745.

SCHOOL OF MATHEMATICAL SCIENCES, SOUTH CHINA NORMAL UNIVERSITY,
GUANGZHOU, 510631, CHINA
E-mail address: xztxhyyj@pub.guangzhou.gd.cn



