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ON THE SPECTRUM OF A SECOND-ORDER
PERIODIC DIFFERENTIAL EQUATION

HASKIZ COSKUN

ABSTRACT. In this paper we derive asymptotic approx-
imations for the periodic and semi-periodic eigenvalues for
a second-order periodic differential equation known as Hill’s
equation. Our results are sharper than the existing results in
the literature in that they give sharper error bounds whilst
relaxing the smoothness assumptions. For some particular
potentials, including that of Mathieu equation, we provide es-
timates for the corresponding eigenvalues using the symbolic
manipulator package, Maple.

1. Introduction. We consider the differential equation

(1.1) ' (1) + (A= q(t)y(t) =0,

where A is a real-parameter, ¢ is a real-valued periodic function with
period m. For some N > 2 we assume that ¢V~ (t) exists and is
integrable on [0, ].

We associate two types of boundary conditions with (1.1) on the
interval [0,7]. The periodic boundary conditions y(0) = y(m),
y'(0) = y/(m); the semi-periodic boundary conditions y(0) = —y(7),
y'(0) = —y/(w). We denote the periodic eigenvalues by {\,} and the
semi-periodic eigenvalues by {u,}. It is known [3] that the two sets of
eigenvalues satisfy the relation

=00 < Ao <o S pp <A < Ag <pp <pg <
The instability intervals of (1.1) are defined to be Iy =(—00, \g), Iam+1=

(M2m,,u2m+1) and 12m+2 = ()\2m+1, >\2m+2)~

We make the point that a more general second-order periodic differ-
ential equation

(1.2) {p®)y' ()} +{X\s(t) —q(t)}y(t) =0
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can be reduced to an equation of type (1.1) by using the Liouville
transformation if p” and s” exist and are piecewise continuous. In
this case, the periodic and the semi-periodic eigenvalues of the reduced
equation are the same as with those of (1.1), [3].

Many authors have computed estimates to the periodic and the semi-
periodic eigenvalues and used those to solve the forward and inverse
scattering problems. We refer in particular to [3] and [6]. A feature
of the estimates is that they become increasingly accurate the more
times that p(t), ¢(t) and s(t) are differentiable. In this paper, we derive
asymptotic estimates for the periodic and the semi-periodic eigenvalues
of (1.1) with an error term of order O(m~(¥+1) under the condition
that ¢(N=1)(t) exist and be integrable on [0,7]. The error term in the
corresponding estimates derived in [3] is o(m ™) under the condition
that ¢(N=1(t) exists and is piecewise continuous on the same interval.
Besides the improvement in the error term, the computations are
carried out to all orders in the spectral parameter and coefficients are
given recursively while a few of them are explicitly given in [3]. Also
examples including the Mathieu equation are carried out by Maple.

We suppose without loss of generality that ¢ has a mean value zero,

ie.,
/ oty dt = 0.
0

As an illustration of our results we show that if ¢V =1 (t) exists and is
integrable on [0, ] then the periodic and the semi-periodic eigenvalues
of (1.1) satisfy, as m — oo

i) N is even

(1.3)

12 1/2 }
/'LQ{n?:uQr/nqu = (2m+1)+

+ </Oﬂq(N1) (t) cos(2(2m+1)t) dt> 2] 1/2+O(m7(NH))
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and
(1.4)
i & 1 "
1/2 1/2
)‘27/n+17)‘2{n+2 = 2(m—|—1)+; Z 22k~ (4 1)2h—1 /0 a1 (t) dt
k=1
™ 2
F S S / ¢ (1) sin(4(m+1)t) dt
22N (m+1)N o
™ 211/2
+ (/ q(N—l)(t) cos(4(m+1)t) dt) ] —|—O(m_(N+1)).
0
ii) N is odd
(1.5)
172 1/2 j W22 1 m
/‘2m7ﬂ2m+1:(2m+1)+; Z W/ Qo1 (t) dt
k=1 0
1 N—-2 .r
T e v t _1-k(t)dt
2m(2m—+1)N E/O ar(t)an-—1-k(t)d
1 ’T 2
N TN (V=D (t) sin(2(2m+1
F N2 @mt )N [(/0 q (t) sin(2(2m+1)t) dt)
™ 271/2
_|_</ q(N—l)(t) cos(2(2m+1)t) dt) } _|_O(m7(N+1))
0
and
(1.6)
1/2 1/2 T Qi 1 g
A2m+1,)\2m+2:2(m+1)+; Z 22k71(m+1)2k71/0 Qvgp—1(t) di
k=1

N-=2
1 ™
T 2, e

1 2

e G K /O "D () sin(4(m-+1)8) dt)

# (a0 costatmer 1) dt>2]1/2+0<m<N+1>>,
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where

and forn=1,2,... ,N—1

n—1
(1.7) ansa(t) = i[al(t) + 3 an(Ban—(0)].
k=1
with i2 = —1. As a result of these estimates, instability intervals are

given explicitly as follows:

1 2

+ (/OTr ¢V V(1) cos(2(2m+1)t) dt> 2] 1/2+O(m7N)

Iomio = 22N*17r(711+1)N*1 K/oﬂ gV (1) sin(4(m~+1)t) dt>2
+ ( /07’ ¢V Y (4) cos(4(m+1)t) dt) 2] 1/Q—G—O(m_N).

Central to our analysis is the following theorem of Hochstadt [5],
which involves A, (7), the eigenvalues of (1.1) considered on the interval
[, 7 + 7], where 0 < 7 < 7, with the Dirichlet boundary conditions

(1.8) y(r) =y(r+m) =0.

Theorem A. The ranges of Aoy, (7) and Agy11(7), as function of T
for T € [0, 7] are [fiam, fom+1] and [Agmi1, Aam+2], Tespectively.

We also note (see [5]) that (1.1) with (1.8) is equivalent to
(1.9) Yy () + (A —q(t+7)y(t) =0
with the boundary condition

(1.10) y(0) = y(m) = 0.
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The method is an exploitation of the well-known Ricatti equation
associated to Hill’s equation, to compute the expansion of A, (7) and
then use Theorem A.

2. The technique. We only consider the case that N is even and
define

y(tA)
2.1 vr(t,A) =
2 TN
where r,(t,A) is a complex-valued differentiable function which will

be determined, and y(¢, A) is a complex-valued solution of (1.9) with
y'(0,A)/y(0,A) = r-(0,A). Substitution of (2.1) into (1.9) yields

- T‘r(t7 A)>

(22) ’U;. = _Uz - 2'UTTT - Q‘r;

where

(2.3) Qr =72 47+ (A—qlt +7)).

Let
N—1

(2.4) re(t,A) =AY+ YT AT P (E+ ) + pe(t A)
n=1

with p-(0,A) = 0. We choose
ai(t+71) = —%q(t—|—2)7

) 1
ag(t—i—T):§a'l(t—|—7):Zq’(t+T)
and forn=2,... ,N — 2,

(2.5) i1 (t+7) = %[a;(t—kﬂ—ki a(t+T)an_i (7).
k=1
Then (2.3) becomes
(2.6)
2N -2
Qr(t,A) = > AT2(NT anlt+r)ag(t+7))
n=N—1 rts=n

+ ATWN=D200 (t47) 420, (8, A)
N-1
X ( > A*”/Qan(tw)) + 02 (t, A)+2iAY 2 p (8, A)+pl (¢, A).

n=1
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To determine p,(t,A) we solve the following first-order linear differen-
tial equation

(2.7)
N—1

A A)—|—2(iA1/2 +3 A a4 A))pT(t, A)
n=1

2N-2
= —{A_(N_l)/QOé?Vfl(t-i-T)—‘r > A—"/Q( > ar(t+7)as(t+7))}
n=N-1 r4+s=n

and find that

t
prt,A) = — / (A0 2al ()
0

2N—2

(28) £ 3 A2 (Y aatnas(etn)]
1

n=N— r+s=n

o [ A e i g
After p,(t,A) has been determined, (2.6) reduces to

(2.9) Qr(t.A) = p2(t,A).

Since «a;(t+7) involves no derivative of ¢(¢ + 7) and hence of ¢(t) with
a degree greater than i — 1, p,(¢,A) given by (2.8) is bounded. Hence
there exists a K < oo such that

(2.10) o7 (£, A)] < KyA~ (V=172
and
(2.11) Q-(t,A) = p2(t,A) < KZA~N=D — oy A-(V=D),

Using this bound on Q. (¢, A) we prove that v, (¢, A) is bounded. First,
we define the following functions:
sup

¢
/ QT(t,A)€72L r-(s,A) ds dt 7
0<g<z | Jo

T
B, (z,A) ::/ le” ft rr(s,A) *| dt,
0

Vi(2,A) == sup [or(t,A)].

o<tz

Ar(x,A)
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Lemma 1. |v (t,A)| < 24,(m,A) = O(A~ V=) 0 <t <.
We prove the lemma in two steps.

Step 1.
(2.12) 4A, (7, A)B,(m,A) < 1
for sufficiently large A.

Proof of Step 1. We note that r.(t,A), given by (2.4), is a complex-
valued function and hence can be written as

(2.13) rr(t,A) =711 (,A) + i - (E, A),

where both 71 - (¢, A) and 75 - (¢, A) are real-valued. Now, by construc-
tion r,(t,A), and hence 1 (¢, A), is the sum of powers of derivatives
of q(t + 7). Because of the assumptions on ¢(t 4+ 7), r-(¢,A), hence of
r1,7(t,A), is bounded. Therefore, for some M > 0

(2.14) —2r1 - (t,A) < M.
Using (2.14) we bound B;(z, A) for any x in [0, 7] as follows:

B:(z,A) —/Owe—fom(aA)dth
= /”” ‘6_2 L’(TI,T(SaA)'*‘iTz,T(S,A))ds| gt
0
_ /:1: ‘6,2‘[:" r1,+(s,A) ds|dt
0
</Om€f:Mdsdt

:/ eM(w_t)dt<eM”/ dt
0 0

M

(2.15)

< Te

Next, we bound A, (z, A) for any x in [0, 7]. From (2.11) and (2.14) we
see that

13
A (z,A) < C A-<N—1>/ M gt
(2.16) (@A) < Oy ) €

< OyA~ NV geMr
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From (2.15) and (2.16) we conclude that
(2.17) A (2, M) By (2, A) < n2Cy A~ N =DM,
Now, by choosing A large enough we find that
Ar(z,A)B-(z,A) < i
Letting x = m we get (2.12).
Step 2. If 4A,(w,A)B-(m,A) < 1, then
(2.18) lvr(z, A)] < 24, (7, A).

Proof of Step 2. First, solving the equation (2.2) with v, (0,A) = 0
we find that

(2, A) = —[/0 Q. (t, Aye 2 M ds gy

(2.19) i z
+/ vi(t,A)e*th TT(S,A)det}.
0
Therefore
|vr(x,A)] < ’/ QT(t’A)e—QL’rT(s,A) ds dt‘
0
) —2[17‘7(5’/\)(15
oo
0
2
(2.20) < A (m A)+ [ sup IvT(t,A)@
0<t<zx

X/ |672ft$r7(s,A)dS‘dt
0
< Ap(m, N+ V2 (2, A) B (7, A)

for any «x in [0, 7.

We now claim that if 44, (7, A)B,(m,A) < 1, then |v (z,A)| <
2A,(mw,A). We need to establish that

Vi (2, A) < 24, (x, A).



SPECTRUM OF A SECOND-ORDER EQUATION 1269

Clearly, V;(0,A) = 0. Assume that the claim is false, and let z¢ € (0, ]
be the smallest such that

(2.21) Vi (zo, A) = 2A,(m, A).
Using (2.20) and the definition of V- (z, A) we see that
(2.22) Vi (z0,A) < A (7, A) + V2(x0, A) B, (7, A).
Substituting (2.21) into (2.22) we observe that
(2.23) 24, (m,A) < A (m,A)(1+4A (7, A)B- (7, A)).
From (2.12) and (2.23) we get that

2A.(m,A) < 2A.(m, A),

which is a contradiction, and therefore the proof of Step 2 follows.
We also know from (2.16) that

Ar(z,A) = O(A~V=D),

This together with Step 1 and Step 2 proves the lemma.
Combining the lemma with (2.1) we find that

y'(t,A)
(2.24) y(t,A)

=7r-(t,A) + O(A~N=1)
=11, (t, A) +irg . (6, A) + O(A~N D),

On the other hand y(¢, A) is a complex-valued solution of (1.9) which
can be written as

(2.25) y(t,A) = R(t, A) exp(if(t, A)),

where R(t,A) and 6(t, A) are both real-valued. It follows from (2.25)
that

/ /

Y R .
2.26 = = — 0.
( ) ’ R +1
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Substitution of (2.26) into (2.24) yields

(2.27) g((f’ﬁ)) =71, (t, A) + O(A~ N7V,

(2.28) O (t,A) = o, (t, A) + O(A~N 1)),

From (2.28)

(2.29) (n+ 1)r = /Tf ran(t,A) + O(A-(V-1).
0

where 73,(t,A) is the imaginary part of r,(t,A). (For details, see
[4], [2]). To separate r.(t,A) into the real and imaginary parts, we
need to know which elements of the sum in (2.4) are real and which
are imaginary. We also need to separate p,(t,A) into the real and
imaginary parts. To this end we give the following lemma:

Lemma 2. «ai(t + 7) is real if k = 2m and pure imaginary if
k=2m+1.

We prove the lemma by induction. Clearly the lemma is true for
k =1 and k = 2 since

i
a(t+71) = ~3 q(t+ 1)
is pure imaginary, and
1 / 1 /
ao(t+7) = —2—ia1(t+7) =4 (t+71)

is real. We assume that the lemma is true for k < n, and we prove that
it is also true for k = n + 1. For the case of n = 2m, from (1.7)

. 2m—1
(2
Aomi(t+7) =5 A (E+T)+ Y st +T)agm—s(t +7)|.
s=1

Now, o, (t+7) is real since g, (t+7) is so by the induction hypothesis.
It suffices to show that each term of the sum is also real. To see this:



SPECTRUM OF A SECOND-ORDER EQUATION 1271

e if s is even, so is 2m — s. Hence both a,(t + 7) and agy,—s(t + 7)
are real and so is their product.

e if sis odd, so is 2m — s. Hence both a4(t + 7) and agpm—s(t + 7)
are pure imaginary and hence their product is real.

The other case is similar.

We also find Im (p,(t,A)) with an error term O(A~V+1/2) which is
(see [1])

(2.30)
Im (p-(t,A)) = AT /0 [iaﬁvfl(.’[}-i—T)

N-2
+1 Zak(x—l—T)aN,l,k(x—l—T)} COS(QA% (t—x)) dzx
k=1
N-2

—2AN/2 /Ot [049\/—1 (x+T)+Z Oék(x‘FT)OJN—l—k(x“'T)}
k=1

X (/t a1(s+71) ds) sin(2AY2(t—z)) dz
’ N-1

—|—A_N/2/Ot(2ak(:v—|—7)a1vk(w—i—T)) sin(2AY2(t—z)) dx
k=1

—|—O(A7(N+1)/2)

and hence
N/2
ro r (t, A) = A1/2 —1 Z QoK1 (t+T)A_(2k_1)/2
k=1
t N—2
+A(N-1)/2 / [z’a?v_l (x+7)+1 Z o (T +T) N1k (I—FT)}
0 k=1
(2.31)

cos(2AY 2 (t—x)) da

. N-2
_opAN/2 /0 {QQ\H (x+7) +Z ak(:c—i-T)Oqufk(fC'i‘T)}
k=1



1272 H. COSKUN

X (/tozl(s—l—T) ds)sin(2A1/2(t—x))dx
: N-1

AN / | > anle+r)an-s@+r)] sin@AY2(t-2)) de
0 "g=1

—I—O(A_(N+1)/2).

Substituting (2.4) into (2.29) and rearranging yields

(n+D)m=ATn—iy A2 / agp (E+7) dt
0

+A T ; (/Otio/N_l(a:—i—T) cos(QA%(t—x))dx) dt

AT /OTr (/Ot(ilgak(x—l-T)Oéle(x"‘T))

cos(2A2 (t—x)) dx) dt

_op /OW (/Ot a'N_l(a?—l—T)(/;al(s—FT) ds)

sin(2A% (t—)) dx) dt

Y /0” (/Ot [NZQQk(x+T)aN1k(x+T)]
k=1
(2.32) X (/tal(s—i—T) ds)sin(zA%(t—x))dx) dt
+AE /0” (/Ot {éak(x+7)a1vk(x+f)}

sin(2AY2(t—z)) dx) dt
+O(A V),

After some calculations (changing the order of integration and using
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integration by parts repeatedly) (2.32) reduces to the following;:

N/2
(n+1)m = AYV2r—i ZA_(%_”/Q/ oo (E+7) dt

(233) ,L'N72
—|—2—NA*N/2/ ¢ (t+7) sin(2AY 2 (n—t)) dt
0

+O(ANH/2),

Using reversion on (2.33) we get

(2.34)
. N/2 L

AP(r)=(n+1)+ ;/; m/o Qop—1(t) dt

7;1\/'72

v - ™ (N-1) . (N+1)
+ 2N7r(n+1)N/0 q (t4+7)sin(2(n+1)t) dt+O0(n~ ).

The following lemma will be needed to find the periodic and the
semi-periodic eigenvalues.

Lemma 3. Let

Li(n,T):= /7T gV (t + 1) sin(2(n + 1)t) dt.
0

Then
i 1) == | (a5 @)sincztn+ ) ar)
(2.35) ° 172
+ (/0 gV () cos(2(n + 1)) dt) }
and
o 1, = | (a7 @sin(a(n+ 1) )
(2.36) 0

+ (/7r gV () cos(2(n + 1)t) dt) 2} 1/2.
0
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Proof. By a change of variable, t + 7 = u, we see that

T+
Ii(n,7) = cos(2(n+1)7) / ¢V (t) sin(2(n+1)t)) dt

! T+
— sin(2(n+1)7) / gV () cos(2(n+1)t)) dt
(2.37) /7
= cos(2(n—|—1)7’)/ gV (4) sin(2(n+1)t)) dt
0
~ sin(2(n+1)7) /0 ¢V (1) cos(2(n+1)t)) dt.

The last equality holds since

cos
¢V (t)sin(2(n + 1)t))
is periodic with period 7.
Let

s

¢V V() sin(2(n 4 1)t)) dt,

S— 55—

B1 (n)

s

gV (1) cos(2(n + 1)t)) dt.

By(n)

Then (2.37) becomes
- Ii(n,7) = B1(n) cos(2(n + 1)7))— Ba(n) sin(2(n + 1)7))
(2:3) = \/B}(n) + B3(n)sin(2(n + 1)7) + ¢),

where 1 is chosen so that

siny) = Bi(n) cosy = —B>(n) .
VB + B3(n) VB0 + B3(n)

Hence a value of 7 which makes (2.38) a minimum is given by

ruin(m) = 55 (5 ).
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and a value of 7 that makes (2.38) a maximum is given by

1 ™
Tmax(n) = 2(n T 1) (5 - w)
Replacing 7 in (2.38) by Tmin(n) and Tyax(n) the lemma is proved.

Finally, asymptotic estimates for the periodic and the semi-periodic
eigenvalues stated at the beginning follow from (2.34)—(2.36).

We also note that the error term at the end of (2.34) can be improved
to o(n~(V+1) by further manipulations in (2.8). In this case

. N/2 w
/2y _ r
An (T) - n+ 1 + T kgl (TL+1 2/9 1 /0 Oé2k—1(t) dt

’LN 2 ™
—_— (N=1)(¢ in(2 1)t)dt
+ gy [, 0V s 1)

+ W /OF Ocl(t)aN,l(t) dt

N—-1
1 /"
. an(t)an—x(t) dt
27 (n + 1)N+1 kz::l 0 N
+ o(n~ (V1)

as n — oQ.

In the following examples we only find the semi-periodic eigenvalues.
The first equation is known as Mathieu equation.

Example 1. ¢(t) = 2acos2t, N = 2, a is constant.

647m°+160mrm*+1447m>3+56mm>+87mm—+/2aA -3
m(14+m)r(4dm2+4m+1) + O(m )

vV H2m =
VH2m41 =

| = 00| =

647m°+160mrm?*+1447m> +56mm>+8mm-+v2aA + o) (m73)
m(1+m)w(4m2+4m+1) ’

where

A = /(1 +m+ m?2 — 4mcost — 4cosTm?).
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Example 2. ¢(t) =t — (n/2), N = 2.

647m> + 96wm?2 + 487wm + 87

Hom = 30 m2 + 327m + 81
B V/(=2cos (4mm + 27) +2)/(4m? + 4m + 1) L O
32mm?2 + 32mm + 87
647mm3 + 96wm?2 + 487wm + 87
VHZmA1 = 327m? + 327m + 87
N V/ (=2cos (4mm + 27) + 2)/(4m?2 + 4m + 1) +O(m-d).

32mm?2 4+ 32mm + 87

Example 3. ¢(t) =t'/? —2/37'/2, N = 2,

1927rm? + 2887m? + 1447m + 24x

Ham = 967m2 + 96mm + 24w
3y/(m(Fresnel S(8m+4)+Fresnel C(8m+4))/(2m+1))
96mm?2 + 96mm + 247
+0(m™?),
1927m? + 2887m? + 1447m + 24w
v H2m+1 = 967m2 + 96mm + 24
N 3y/(m(Fresnel S(8m+4)+Fresnel C(8m+4))/(2m+1))
96mm?2 + 96mm + 247w
+0(m™?),
where

8m—+4 T
Fresnel S(8m +4) = / sin (§t2) dt,
0

8m-+4 -
Fresnel C(8m +4) = / cos (—t2) dt.
0 2
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