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ASYMPTOTIC ANALYSIS OF QUENCHING PROBLEMS

MAREK FILA AND BERNHARD KAWOHL

Introduction. Let 2 C R™ be a bounded domain with smooth
boundary and let o > 0. Consider the problem

up—Au=—u"%* in (0,7T) x Q,
(P)qu=1 on (0,7) x 99,
u(0, z) = up(x) in Q.

Here 0 < ug(z) < 1 is assumed throughout the paper. It is well known
that for sufficiently large domains 2 the solution can approach zero
in finite time, see [10,2]. This phenomenon is called quenching and
throughout this paper we assume that u quenches at time T' < co.

It was furthermore shown that u; — —oo as u — 0, see [10,5,1,6].

In the present paper we derive some asymptotic estimates for u near
the point (7,0) in which u is supposed to quench. They will be of the

type

(1) min u(t, z) < [(1+a)(T — )]+,
(2) u(t,z) > Cy (T — t)V/ 1+,

(3) u(T,r) < Cor?/0+e)  for a < 1,

(4) u(t,r) > Cyr?/ () for 0 < v < a.

Notice that (2) implies the blow up of u; at quenching. Therefore,
(1) and (2) give us the rate at which u; — —oo. Notice further that
(3) implies u,(T,0) = 0 for 0 < a < 1, see also Remark 2.10. (3) and
(4) will be derived only in a radial situation where Q is a ball and ug
radially symmetric and for (3) ug = 1. A consequence of (4) is the fact
that forn > 2 or a < 3

11— u(t, )lmo) < Cs foranyte(0,7),
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so that u does not blow up in H'(Q2) as t — T~. For a € (0,1) one
can establish this result without using (4) and for general domains €2,
see Theorem 3.1.

Moreover, we are interested in the behavior of fQ u~%dx, or even of

(5) IA(t):/Qu*’\(t,x)dx

ast — T, where A\ > 0. It turns out that there exists a number
A* = (n/2)(1 + «) such that I(t) blows up for A > A\* and remains
bounded in time for A < A*. More precisely, if 2 C R"™ is pseudoconvex,
i.e., if the mean curvature of 0f) is nonnegative, and if A > \*, then

(6) I(t) 00 ast—T".

But if @ C R"™ is a ball and wug satisfies certain assumptions (see
Theorem 3.1), then for A < A*

I(t)<Cs<oo ast—T7,
while for A=A, 0 <a<1landuy =1
I)\(T):OO.

The proofs of these results are based on the maximum principle and
were partly inspired by papers of Friedman and McLeod [7] and
Bebernes, Bressan and Lacey [4] on blow up problems. Since blow
up and quenching problems are essentially of the same nature (see [1,
11]), it is not surprising to find out that they are amenable to similar
techniques. We point out that the estimate (2) is implicitly contained
in the work of Deng and Levine [6] on quenching.

After this paper had been submitted for publication, H. Levine kindly
pointed out the work of Guo [8,9] to us. In terms of our notation, Guo
obtained the following results: In [8] Guo shows for n =1 and o > 3
and for fairly general initial data ug that

. - —
(%) tILH% u(t,z)(T —t) k

uniformly on the parabolic domains |z| < C/T — t. Herey = 1/(14a),
k = k(v,uo) and C' is any positive constant. Notice that (x) is stronger



ASYMPTOTIC ANALYSIS OF QUENCHING PROBLEMS 565

than our Theorem 1.2. In [9] Guo derives (*) for balls in R, n > 2,
of radius R? > 2y(y +n — 2) for ug = 1 and for a > 1. In contrast to
Guo’s result, we have weaker assumptions in Theorem 1.2 (convex 2
and more general ug) and we obtain a weaker statement than (x).

1. Time decay. In this section we establish the estimates (1) and
(2). By definition, a point € Q is called quenching point if there
exists a sequence (tm,, Tm,) € (0,T) x Q such that t,, = T, &, — T
and u(tp, Tm) — 0 as m — oo.

Lemma 1.1. Suppose that Q is convex. Then the set of quenching
points lies in a compact subset of 2.

We refer to [6] for a proof.

Theorem 1.2.
a) mingeq u(t,r) < [(1+a)(T — )]0+ for0 <t <T.

b) Suppose that Aug — ug® < 0 in Q and that Q is convexr. Then
there exists a positive constant C depending on ug such that

u(t,z) > C(T — )Y+ for 0 <t < T and z € Q.

Proof. Tt is easy to see that u(t) := mingeq u(t, ) is locally Lipschitz
and v’ > —u~“ for a.e. t € (0,7). Integrating the inequality (1/(1 +
a))(u™®) > —1 from t to T we obtain statement a) (cf. Theorem 4.5
in [7]).

To prove b) we observe that Lemma 1.1 implies the existence of a
constant n > 0 such that Q7 := {x € Q|dist (x,00Q) > n} contains all
quenching points. For § sufficiently small it can be shown that

Jt,x)i=u +0u”* <0 in (n,T) x Q7

as in the proofs [7, Lemma 4.1, Theorem 4.2]; see [6, proof of Theorem
3.1] for details. This completes the proof of Theorem 1.2. O
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Remark 1.3. Theorem 1.2a gives a simple lower bound for the
quenching time 7', namely

T> i Ita
2 T (@)

2. Spatial asymptotics at t = T. Let us introduce some notation.
We denote the spatial gradient (Ou/0z1, ... ,0u/dx,) of u by Vu and
its components by wu;, ¢ = 1,...,n. Correspondingly, u;; denotes
0?u/0x;0x ;. Furthermore, we introduce the functions

(2.1) flu) =—u~9, a>0,
—ulm if0<a<l,
(2.2) f(u) =< Inu ifa=1,
ﬁuk“ ifa>1,
and
1 5 z
(23) P(t2) = ¢Vl + f(ut, )

for (t,z) € (0,T) x Q. If & > 1, a straightforward calculation shows
that

(24) P, — AP =20u "' |Vul* = f2(u) = > uf in (0,T) x Q,

4,j=1

so that we cannot infer anything about P from the parabolic maximum
principle. If, however, a < 1, we calculate

n
(2.5) P — AP = f*(u) = > in(0,T) x Q
ij=1
and observe that

n n

(2.6) Z(Pz - f(u)ui)2 = Z (ujuij)2 < |VU\2 Z UZ

i=1 i,j=1 i,j=1
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A combination of (2.5) and (2.6) gives
P~ AP<b-VP,

where b = |Vu|"2(2f(u)Vu — VP) is locally bounded in ((0,T) x
D\{(t,x)|Vu(t,z) = 0}. Therefore, P can only attain a maximum
in a point where Vu = 0 or on the parabolic boundary of (0,7) x €.
But in points where Vu = 0 we have P < 0 so that a positive maximum
cannot occur in those points.

In summary, we have shown that for a < 1 any positive maximum of
P(t, z) will have to be attained on the parabolic boundary of (0,7") x Q2.

Remark 2.1. The usefulness of the P-function for semilinear (and
quasilinear) elliptic and parabolic problems is demonstrated in the book
of Sperb [15] in great detail.

We shall now restrict the set of points in which P attains a positive
maximum even further. We need the following definition: A domain
Q C R" is called pseudoconvez if 9Q € C3*7 for some v € (0,1) and if
the mean curvature H(x) of 09 is nonnegative.

Lemma 2.2. If a < 1 and if Q is pseudoconvez, then P(t,x)
attains any positive mazimum nitially. Thus, if P(0,z) < 0 in €,
then P(t,x) <0 in (0,T) x Q.

Proof. By contradiction, suppose that there is a positive time ¢y and
a point 2y € I such that P attains a positive maximum in (o, zg).
Then by Hopf’s second lemma,

oP
(27) W(thIO) > Oa

where v denotes the exterior normal to Q. But (2.7) can be rewritten
as

(2.8) Uty + fu)uy, = (upy + f(u))u, > 0.

If we write the differential equation for w in curvilinear coordinates on
the boundary, we obtain

(2.9) —tUyy — (n— 1)H (z0)u, = f(u).
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But (2.9) implies a contradiction to (2.8), i.e.,
(tyy + f(u))u, = —(n — 1) H (z0)u < 0. O

Remark 2.3. If P <01in (0,7) x Q, then
9 ez o 1t
ov T V21— a)

a statement which can be used to get upper bounds on u at the
quenching time. This will be done in the following theorem.

(2.10)

Theorem 2.4. Let Q = Br(0), 0 < a <1 and ug = 1. then

(211) u(T, 1) < Cor?/ 04,
where

(2.12) Co = (14 )Yt [2(1 — o)/ O+,
Moreover,

(2.13) un(T,0) = 0.

Proof. Since Aug —ug® < 0 in 2, the solution v is nonincreasing in
t; hence, there is a pointwise limit w(7,-). From Lemma 2.2 we have
P(t,z) < 0in (0,T) x Q. Now (2.11) follows from an integration of
(2.10) and from the fact that u quenches in (7T,0), because u, > 0 in
(0,T) x . Finally, (2.13) follows from (2.11) because

%{“(T, r) —u(T,0)} < Cpri—o/0+e) g

Remark 2.5. Theorem 2.4 holds also for slightly more general initial
data. We used the assumptions

(2.14) up = uo(r), %uo(r) >0 in Q,

2
-1
4 r 2uo—ua(’SO in

2.1 — _
(2.15) 8r2u0 r  Or

)



ASYMPTOTIC ANALYSIS OF QUENCHING PROBLEMS 569

and P(0,r) < 0. These assumptions are satisfied, e.g., for
uo(r) = 1 — SR? + 612
provided § > 0 is sufficiently small.

Remark 2.6. Theorem 2.4 makes no statement about the limiting case
a — 17, since C, tends to +oo as a — 17

It is the purpose of the following considerations to derive a lower
bound for u which complements the one given by (2.11). To this end,
we follow an idea of Friedman and McLeod [7]. We set w = r"~lu,
and J(t,7) = w+ ¢(r)F(u) with ¢ and F to be determined later. This

Ansatz leads to the differential equation

-1
(2.16) S+ g —Jw =B in(0,T) %9
with

2(n—1
B = f'(u)w+cF'f + (n—)cF'uT
(2.17) S "
+ dF —cF'"u? — 2¢ Flu, — 'F.
”

We use u, = wr'™™ and w = —cF + J to find out that

¢ prpey 26 pp

T2n—2 rn—l

B=0bJ—c(f'F—fF)—

1 1
B o SRR F _'F,
r’n"'L

+

where b is bounded for 0 < r < R.

We intend to show that B —bJ > 0, since then there is hope to derive
J > 0 via the maximum principle as well. This is the reason why we
pick now ¢(r) = —er™ and F(u) = v~ with v > 0. Then B —bJ >0
can be established, provided that

(2.18) (v —a)u’™ < —2eny

holds. Notice that the other terms in B — bJ remain nonnegative
because the signs of ¢, F' and their derivatives are under control.
Property (2.18) can be satisfied only if v < « and, since u < 1, if

Qa—7y
2.19 < .
( ) &= 2ny
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Under assumption (2.19), the function J can only attain a negative
minimum for t =0 or r =0 or r = R. But J(¢,0) =0 for ¢t € (0,T).
We also calculate

Jo(t,r) =" Huy — f(u)) —enr™ T deyrmum !

so that J,.(t, R) > 0 as long as

(2.20) e <

S|

So, under conditions (2.19) and (2.20), the function J can only attain
a negative minimum initially.

Theorem 2.7. Let 2 = Br(0), and suppose that the initial data ug
satisfy J(0,r) >0, i.e.,

0 _
(2.21) up =up(r) and ——ug>eruy’ in

or
where v < « and £ < min{(a —v)/2nv,1/n}. Then
(2.22) u(t,r) > Cy oI+ in (0,T) x Q,
and

(’)/ + 1)6} 1/(1+7)

(2.23) Cy.= [ 5

Proof. By the maximum principle J(¢,2) > 0in (0,7) x , i.e., u,
eru”7 in (0,T) x Q. A simple integration gives (1/(y+ 1))u?™1(¢,r)
e(r?/2) and the proof is complete. u]

IV IV

Remark 2.8. Assumption (2.21) can be verified for initial data of the
type

(2.24) ug(r) =1 — SR? + 612
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provided § > /2, cf. Remark 2.5.

Remark 2.9. Notice that in (2.22) the limit v — a~ does not give
any new information since ¢, and thus C, . — 0 as (o — ) — 0.

Remark 2.10. If o > 1 and if u € C([0,T] x ), then (2.22) implies
that w,(T,0) = +o0.

3. Integral estimates. In the present section we shall investigate
integrals like

/|Vu\2da: or /u_’\dx for A\ >0 ast—T".
Q Q

Theorem 3.1. Let u be a solution of (P) which quenches at time T,
and suppose that (1 —ug) € H}(Q).

a) If a <1, then there exists a constant M depending on ug and ||
such that

(3.1) [u(t, )|z < M fort e (0,T).
b) Ifa € (0,3) andn =1, orifn > 2 and a > 0, if @ = Bgr(0)

and if ug satisfies the assumptions of Theorem 2.7, then there exists a
constant M depending on ug, R and C, ., such that (3.1) holds.

c) Ifa>3,n=1(Q=(—R,R)) and if uy satisfies the assumptions
of Theorem 2.7, then [, [uz|® dx — oo ast — T~ .

Proof. We recall that the Liapunov functional

V(t) = %/Q|Vu|2dx—/ﬂ </1uf(w)dw> dx

is nonincreasing in time, since V'(t) = — [, u7 dz < 0. Therefore,

(3.2) i |Vul? de < 2V(0) + 2/Q (/j fw) dw) de.
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But if a # 1, we have

(3.3) /Q (/j Fw) dw) do = 1‘_1a /Q(ulfa ~1)da,

and for o < 1, this expression is always bounded by 1/(1 — «). This
proves statement a) for a < 1.

To prove part b) for a # 1, we use (2.22) to conclude that (3.3) is
bounded as long as 2(aw — 1) < n(1 +7), i.e., for n > 2 and a > 0 or
forn=1and 0 < a < 3.

For a = 1, one sees that

v 2
/ </ f(w)dw> d:c:/ —Inudr < —lIlC',W——/ln7‘d7’§]\/[7
o \J1 Q y+1Jg

which concludes the proof of b).

Finally, we prove c) by contradiction. Assume that there is a sequence
t, — T~ such that u(t,,-) is bounded in H!(Q). Then, after passing
to a subsequence, u(t,, ) converges weakly in H*(£2) to some function
v. By Theorem 2.7, v > C, .2?/(1+7) in (~R, R) for any v < a. This
is a contradiction, since v is in H'(Q2) which is embedded in C#(Q) if
8 <1/2. O

In the remainder of this section we shall consider
I(t) = / u Mt x) de.
Q

Under the assumptions of Theorem 2.7, we know that wu(t,z) >
C.,, ¥ (%7 5o that

(3.4) u Mt x) < C;;\r_2/\/(l+w.

But the right-hand side of (3.4) is integrable near zero as long as
n > 2X\/(1+7) or A < (n/2)(1 4 7). This proves (3.5) below while
(3.6) is a simple consequence of (2.11).

Corollary 3.2. Under the assumptions of Theorem 2.7,

3.5 lim I,(t) <
(3:5) Jim Ii(t) < oo
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for X < (n/2)(1+ ), and under the assumptions of Theorem 2.4,
(36) I)\ (T) =0

for A > (n/2)(1+ ).

Note that Corollary 3.2 does not apply to Kawarada’s original prob-
lem in which A = @ = n = 1. Moreover, Corollary 3.2 is based on
radial symmetry assumptions. In the following theorem we shall treat
more general, namely pseudoconvex domains (2. For this purpose, we
introduce the functions

(3.7) g(u) = / 2f(s) ds

(3.8) u(to) = I;leigu(to,x)-

Lemma 3.3. Let Q C R"™ be pseudoconvex. Suppose that for some
to € (0, T)

1
(3.9 ~gfu) > ~g(uo) + 3 [Vuol* in ©
holds. Then
1
(3.10) §|Vu|2 < —g(u) +g(u) in (0,t9) x Q.

Proof. For the proof, which is a modification of the proof of Theorem
3.1 in [7], we fix t¢ and treat u(to) as a fixed constant. Then the
function w = u — u satisfies

wy — Aw = f(w+u) =: h(w) 1in (0,%) x £,
w=u-—u on (0,tg) x 09,
w(0,2) = up(x) —u in Q.



574 M. FILA AND B. KAWOHL

We set H(w) = [, h(s)ds and introduce

P = %|Vw\2 + H(w).
Then, as in the proof of Lemma 2.1, we obtain
(3.11) P,—VP<b-VP in(0,t) x Q.
Here b is bounded where Vu is positive. So P takes a positive maximum

either where Vu = 0, but P < 0, or on the parabolic boundary of
(0,tp) x §. But initially, P < 0 by (3.9) since

(3.12) H(uo — u) = g(u) — g(uo)-
And, on the later boundary, we have, using curvilinear coordinates

2—5) = w,h(w) — (n — 1) H(z)w? < u,h(w) <0.

Thus, by the maximum principle, it follows that P < 0 in (0,%y) x €.
Replacing ug in (3.12) by u, one sees that

-1 1
P = S|Vl + Hu—w) = 1[Vul’ + gw) ~ g(u),
so that (3.10) follows and the proof is complete. O

What about assumption (3.9)?7 For o > 1 and to close to the
quenching time T, we can verify (3.9) because

i) for a =1, we have g(u) = Inu — —oo, and

ii) for a > 1, we have g(u) = 1/(a—1)(1 —u'~%) — —o0, as u — 0.
So we can establish (3.10) for o > 1 and proceed further from there.

In the sequel we distinguish the cases « = 1 and a > 1. If a = 1,
then (3.10) reads

1
(3.13) 5\Vu|2 < —lnu+Inwu,
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and by convexity of the function — Inu, we have
1 1 1
3.14 IVulP < —Z(u—u) = = (u—u).
(3.14) SVl <~ —u) = (u - w)
Let u = wu(tg,zp) = mingeq u(to, ) and introduce polar coordinates
(r,0) about xg. In any direction 6 there is a smallest value of r,

r = ro(f) say, such that u(r,d) = 2u. Because of (3.14) and the
definition of u, we know that u? < (2/u)(u — u) or

(3.15) Y < f
. -\
By integration, 2,/u — u < /(2/u)r, and taking r = ro (), we obtain

(3.16) ro(6) > \/2u.

Therefore,

/u*)‘(t,x) de/dse/ u M dr
Q 0 {r<ro(6)}

2/d59/ (2u) "L dr
0 {r<ro(6)}

1
= / d89(2g)7)‘ C—ry > 2(n/2)=A nfl/ dsg - u" ™,
0 n 0

and as u — 0, the last factor blows up provided A > n. But u — 0 as
t — T~ according to Theorem 1.2a. This settles the case o = 1.

If a > 1, then (3.13) is replaced by

1 1
(317) §|VU|2 S m(!lia - Ulia)

and by convexity of the function (1/(a — 1))u!™%, we have
1 2 —a

(3.18) §|Vu\ <y %(u—w).

Proceeding as in the case a = 1, we arrive at

(3.19) N k.

u—-u
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and after integration at 2/u — u < 2/2u~%/2r, so that analogously to
(3.16) we obtain

(3.20) ro(6) > V2u1+)/2,

Consequently,
/ u_’\(t,x) dr > 2—)\+n/2 .n—l/ dsg _Q—)\+n(1—|-0¢)/27
Q 0

and the last factor goes to +00 as u — 0 for A > (n/2)(1 + «). Again,
recall that u(t) — 0 as t — T~ (Theorem 1.2a). In summary, we have
shown the following

Theorem 3.4. Let  C R"™ be pseudoconver and o > 1. Then for
A > (n/2)(1+ «), we have

lim I,\(t) = +4-00.
t—T—
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