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ALMOST REGULAR INTEGER FIBONACCI PENTAGONS

JAMES H. JORDAN AND BLAKE E. PETERSON

Dedicated to the memory of Vern E. Hoggatt, Jr.

Introduction. An integer pentagon is a pentagon with integer sides
and diagonals. Small examples of integer pentagons are scarce but two
are shown in Figure 1. The one designated as A appears in Muller [2]
and in Harborth and Kemnitz [1] and is claimed in the latter article to
be the integer pentagon of smallest diameter (another at least as small
exists). The one designated as B may never before have appeared in
print. Both of these have the pleasing property of having four distances
the same, three other distances the same, and two of the remaining
three distances the same as well as having symmetry with respect to
the bisector of the base.

Let F,, represent the n-th Fibonacci number and L,, represent the n-
th Lucas number. Both of the pentagons of Figure 1 are generated by
F3 = 2 in the sense that 8 = 23; 7T=8— Fl; 6= F1F3F4; 4= F2F3F3;
3=8-— F5; 10 = F2F3F5 and 12 = F3F3F4.

It is the purpose of this paper to display for each F,, n > 3, two
integer pentagons generated by Fibonacci numbers (one, the type of A,
and, the other, the type of B).

The sequences. To generalize, consider Figure 2. The values of
n > 3 are:
an—2 = n—le

bpo=F,_oF,F,11
Cpn_o = FS

dn-2 = F +(=1)"Fp 2
hp_o = Fp1F?

kp—o=Fy 1F,Fi2
gn2=F}+ (=1)"Foya.
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FIGURE 1A. Full House sides, Four of a Kind diagonals.
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FIGURE 1B. Four of a Kind sides, Full House diagonals.
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FIGURE 2A. Full House sides, Four of a Kind diagonals.

FIGURE 2B. Four of a Kind sides, Full House diagonals.
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The verification of the distances requires only elementary concepts
and the recurrence definition of Fibonacci numbers. The details are
left to the reader.

Regular. As n gets large, the ratios a,,/b,, cn/dn, ¢n/gn, hn/kn
approach 1, and the ratios ¢,/an, hn/cn, dn/bn, kn/gn approach
(1 4+ v/5)/2. This indicates that both the sequences of pentagons
approach regular pentagons (percentage wise).

Circumscribable. Each of the pentagons has its vertices on a circle;
hence they are cyclic pentagons. The radii of those circles for type A
and type B are respectively:

F# F#

TAn—2 = —F——=—— —_——
An \Y Lnlen+2 \Y Ln+1Fn72

If these circles were centered at the origin then the coordinates of their
vertices would be:

(A) (B) TBn—2 =

(A)
(0 , ) ﬂ:am L \/ 4T124,m - a’?n ) idm L \/ 4T124,m - d72n )
yTAm )y 2 ) 2 ) 2 ) 92 )
(B)
:tgm \/ 4T2B,m o grzn :I:hm \Y; 4T23,m o h?n
(0,7B,m); ( 5 5 >; < 5 5 )

Generated. To generate the A sequence, begin with the Fibonacci
numbers F,, and F;,_; and form the triangle that is similar, by a factor
of F2, to the isosceles triangle with two sides of length F,, and one side
of length F,,_1, n > 3. From the apex of this triangle build the other
two symmetric vertices.

To generate the B sequence, begin with the Fibonacci numbers F;,
and F,;; and form two triangles that are similar, by a factor of F?
to the isosceles triangle with two sides of length F,, and one side of
length F, 11, n > 3. Attach these two triangles at a vertex and insert
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the “rafter” with length the same as the longest side to complete the
structure.
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