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ON GENERALIZED ABSOLUTE
CESARO SUMMABILITY FACTORS

HUSEYIN BOR

ABSTRACT. In this paper using J-quasi-monotone se-
quences a theorem on |C, alg, 0 < a < 1, summability factors
of infinite series, which generalizes a theorem of Mazhar [6]
on |C, 1| summability factors, has been proved.

1. Introduction. A sequence (b,) of positive numbers is said to
be quasi-monotone if nAb, > —(b, for some 8 and is said to be J-
quasi-monotone, if b, — 0, b, > 0 ultimately and Ab, > —§,, where
(0,) is a sequence of positive numbers (see [1]). Let Y a, be a given
infinite series with partial sums (s, ). We denote by u& and t& the n-th
Cesaro means of order a, & > —1, of the sequences (s,) and (nay),
respectively, i.e.,

1 n
(1.1) up = oo > AxTls,
=0
1 n
(1.2) = o > AT lva,,
n op=1
where

and A% =0 forn >0.

The series Y a,, is said to be summable |C, a|, k > 1, if (see [3])

oo

(1.4) > nF g —ud 4 [F < co.

n=1
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But since t& = n(u® —uf_,) (see [4]) condition (1.4) can also be written
as

o0

l (67
(1.5) > E|tn|’“ < o0

n=1

Mazhar [5] has proved the following theorem for |C, 1| summability
factors.

Theorem A. Let \,, — 0 as n — oo. Suppose that there exists
a sequence of numbers (B,) such that it is 0-quasi-monotone with
> ndylogn < oo, > Bplogn is convergent and |AMN,| < |By,]| for all
n.

If

"1
1.6 ZIEHE = 0 —
(1.6) ;nlnl (logm) as m — 0o,

where (t!) is the n-th (C, 1) mean of the sequence (na,,), then the series
>~ anAy, is summable |C, 1], k > 1.

Section 2. The aim of this paper is to generalize Theorem A for
|C, |, summability. Now, we shall prove the following theorem.

Theorem. Let0 < a <1 and A\, — 0 as n — co. Suppose that there
exists a sequence of numbers (B,,) such that it is §-quasi-monotone with
> néylogn < oo, > Bylogn is convergent and |AN,| < |By| for all
n. If the sequence (w?), defined by

tn a=1
(2.1) wy, = { | " |’ o
maxi<y<n [t&], 0<a<l,

satisfies the condition

m

(2.2) (w?)* = O(logm) as m — oo,

S|

n=1
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then the series Y anAn is summable |C, ok, k > 1.

It should be noted that, if we take @ = 1 in this theorem, then we
get Theorem A. In fact, in this case the condition (2.1) is reduced to
the condition (1.6).

Section 3. We need the following lemmas for the proof of our
theorem.

Lemma 1 ([2]). If0< o <1 and 1 <wv < n, then

§ : a—1
Anfpap

p=1

(3.1)

< max
1<m<wv

where A% is as in (1.3).

Lemma 2 ([5]). If (B,) is 0-quasi-monotone with Y nd,logn < co
and Y By logn is convergent, then

(3.2) mBy, logm = O(1) as m — 0o
(3.3) Z nlogn|AB,| < c.
n=1

Proof of the Theorem. Let (T%) be the n-th (C,a) mean of the
sequence (napA,), where 0 < A < 1. Then, by (1.2), we have

o 1 S a—1
T = A_% 1; A vayAy.

By Abel’s transformation, we have

n—1 v n
T = LS AN AL tpay + o Y A hva,
n =1 p=1 n

v=1
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so that, making use of Lemma 1, we get

1
T < —
T < g

a—1
An—ppap

n

E A% Lya,

v=1

< Ao ATwg | AN | + |An]wy
n oy=1

= Tr? Tn 2, Say.

To complete the proof of the theorem, by Minkowski’s inequality for

k > 1, it is sufficient to show that

X5

3|'—‘

,‘fmk < 00, for r = 1,2, by (1.5).

Now, when k > 1, applying Holder’s inequality with indices k¥ and &',
where 1/k + 1/k' = 1, we have

m+11 m-+1 1 n—1 k
ST <Yy ASwd|B
e -;W{; e

m+1

Zn ! “k{ZA“ )¥|B, |}

-{;4w@“1
1):21711“’“( {Zv“ )*| By, I}
-{fB@hl

m+1

1);71 {Zv B|}
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m m—+1
=0(1) Y v (wd)*|B,] Z
v=1 n= v+1
—om Y v wpinl [
v=1
S (wg)*
=0(1) Y (w))*|B,| = ()Zlevl ”
v=1 v=1
m—1 v 1 m 1
= 0(1) Y AGIB) Y (@)t +0(1)Y (s
v=1 r=1 v=1
m—1
=0(1) |A(v|By|) logv + O(1)m|B,,|log m
v=1
m—1
=0(1) v|AB,|logv
v=1
m—1
+0(1) |By+1]logv + O(1)m|B,,|logm
v=1

=0(1) as m — 0o,

by virtue of the hypotheses and Lemma 2. Again, we have that

Z I, = ZP\IIA I'“1 wpy)®

n:l
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by virtue of the hypotheses of the theorem. Therefore, we get that
m
n=1

This completes the proof of the theorem. a

|T7(11,r‘k =0(1) asm — oo, forr=1,2.

S

Remark. It is natural to ask whether our theorem is true with o > 1.
All that we can say with certainty is that our proof fails if o > 1, for
our estimate of 7}, depends upon Lemma 1, and Lemma 1 is known
to be false when o > 1 (see [2] for details).

Acknowledgment. The author is grateful to the referee for his kind
interest and valuable suggestions for the improvements of this paper.

REFERENCES

1. R.P. Boas, Quasi-positive sequences and trigonometric series, Proc. London

Math. Soc. Ser. A 14 (1965), 38—46.

2. L.S. Bosanquet, A mean value theorem, J. London Math. Soc. 16 (1941),
146-148.

3. T.M. Flett, On an extension of absolute summability and some theorems of
Littlewood and Paley, Proc. London Math. Soc. 7 (1957), 113-141.

4. E. Kogbetliantz, Sur les séries absolument sommables par la méthode des
moyennes arithmétiques, Bull. Sci. Math. 49 (1925), 234-256.

5. S.M. Mazhar, On a generalized quasi-convex sequence and its applications,
Indian J. Pure Appl. Math. 8 (1977), 784-790.

DEPARTMENT OF MATHEMATICS, ERCIYES UNIVERSITY, KAYSERI 38039,
TURKEY



