ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 28, Number 4, Winter 1998

COINCIDENCE PRINCIPLES AND
FIXED POINT THEORY FOR
MAPPINGS IN LOCALLY CONVEX SPACES

DONAL O'REGAN

ABSTRACT. We present a coincidence principle for con-
centrative maps. This leads to new fixed point theory for
nonlinear operators.

1. Introduction. A general coincidence theory is presented for
concentrative mappings between locally convex Hausdorff linear topo-
logical spaces in this paper. These general results are used to obtain
a variety of new fixed point theorems for the sum of two operators,
for example, an m-accretive plus a condensing operator, between Ba-
nach spaces (one could also obtain results for operators between locally
convex Hausdorfl linear topological spaces). The fixed point results
were motivated from a variety of sources, in particular we mention the
work of Browder [4], Dane§ [7], Furi and Pera [14], Gatica and Kirk
[15], Granas [16], Petryshyn [25], Precup [26], Reinermann [27] and
Schoneberg [28]. Some applications of our results are also presented in
this paper.

For the remainder of this section we gather together some definitions
and some known facts. Let (E,d) be a pseudometric space [18] and
M a subset of E. For € M, let B(x,e) denote the closed e-ball
with center z, i.e., B(z,e) = {y € E : d(z,y) < £}. The measure of
noncompactness of the set M is defined by

a(M) = inf Q(M); inf (&) = oo,
where

Q(M) ={e € R:e >0 and there is a finite e-net for M in E
i.e., M C B(A,¢) for some finite subset A of E}.

Note B(A,e) ={z € E: inf{d(z,y) :y € A} < e}.
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Recall [7, 8] that if (E,d) is a pseudo metric space and M, N are
subsets of E, then

(i) M is bounded if and only if a(M) < oo,
(if) M is precompact (totally bounded) if and only if a(M) = 0,
(iii) if M C N, then a(M) < a(N),
(iv) (M U N) = max{a(M),a(N)}.
In addition, if (E, || -]|) is a pseudo normed (semi-normed) space and
M is a subset of E, then a(co(M)) = a(M).

Now let E be a locally convex Hausdorff linear topological space, and
let P be a defining system [7, 8, 14, 29| of semi-norms on E. Let C
be a subset of E. A map f: C — FE is said to be a P-concentrative
mapping if f is continuous and if p € P and M is a bounded non-
p-precompact subset of C, i.e., if M is not precompact in the pseudo
normed space (E,p), then

ap(f(M)) < ap(M)

where a,(-) denotes the measure of noncompactness in the pseudo
normed space (E,p). A map f : C — E is called a 1-mcL mapping
[8] if f maps bounded sets into bounded sets and if p € P, we have
ap(f(M)) < a,(M) for any subset M of C.

We now state Danes fixed point theorem [7, 8].

Theorem 1.1. Let E be a locally convex Hausdorff linear topological
space and C a monempty complete conver subset of E. Let P be a
defining system of semi-norms and f : C — C a P-concentrative
mapping. In addition, assume f is bounded, i.e., f(C) is a subset
of a bounded set in C. Then f has a fived point.

Let us now restrict the above discussion to the case when F is a
Banach space. Let Qg be the bounded subsets of E. The Kuratowskii
measure of noncompactness is the map « : Qp — [0,00) defined by

a(X) —inf{€>0:X Cc UXZ" diam (X;) <5};
i=1

here X € Qg. Of course, if S,T € Qg, then
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a(S) = 0 if and only if S is compact.

S) = a(9).
(i) If S C T, then a(S) < a(T).
(iv) a(co (5)) = a(S).

(v) (T +S) < a(T) + «S).

Let By and By be two Banach spaces, and let F' : Y C By — By
be continuous and map bounded sets into bounded sets. We call F' an
a-Lipschitzian map if F' is continuous, bounded and there is a constant
k> 0 with a(F (X)) < ka(X) for all bounded sets X C Y. We call F' a
condensing map if F' is a-Lipschitzian with £ = 1 and a(F (X)) < a(X)
for all bounded sets X CY with a(X) # 0.

We now state Sadovskii fixed point theorem [1, 2, 23, 30].

(i)
ii)

—~
[
=

af

—
—

Theorem 1.2. Let C be a closed convex subset of a Banach space B
and F : C — C a condensing map. Then F has a fixed point.

Next we recall some results [21] about the measure of noncompactness
of subsets in C([0,1], B) and C'([0, 1], B); here B is a Banach space.

Theorem 1.3. If H C C([0,1], B) is a bounded and equicontinuous
set, then a(H) = a(H(I)) = sup,c; a(H(t)); here I =10, 1].

]}%emark. Here H(t) = {¢(t) : ¢ € H} and H(I) = Uer{o(t) : ¢ €
H}.

Theorem 1.4. Let A be a bounded subset of C*([0,1], B). Suppose
A ={¢' : ¢ € A} is an equicontinuous set. Then

a(A) = max { sup a(A(t)), sup a(A’(t))}.

tel tel

Remark. Here A'(t) = {¢'(¢) : ¢ € A}

Theorem 1.5. Let A C C'([0,1], B) be bounded. Then a(A) >
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a(A(I)).

Let B be a real Banach space, and let B* denote the dual of B.
Notice from the Hahn-Banach theorem that

{z* € B* 1 2™ (2) = |||, l="[| = |l=[I} # @
for every x € B. The mapping F : B — 28" defined by
F(z) = {z* € B" : 2*(x) = ||z[|* = |2*||*}

is called the duality map [4, 10, 21] of B. By means of F', the semi-
inner product (.,.)4 : B x B — R, is defined by

(z,y)4 = sup{y"(z) : y* € F(y)}.

Let Q C B. A mapping T : 2 — B is said to be

(i) strongly accretive if, for some ¢ > 0,

(1.1) (T(z) = T(y),x —y) > cllz—y||* forall z,ycQ;

(ii) accretive if

(T(x) —T(y),z—y)+ >0 forallz,yeQ

(iil) m-accretive if T is accretive and I + pT is onto B for some
(equivalently for all) p > 0.

Recall [1, 11] that, if T : Q@ — b is m-accretive, then the mapping
(I +pT)~!: B — Q is nonexpansive for each p > 0.

Theorem 1.6 [1, 21]. Let B be a real Banach space and T a
continuous, everywhere defined, accretive map. Then T is m-accretive.

Theorem 1.7 [10]. Let B be a real Banach space and T : B — B a
continuous and strongly accretive map, i.e., (1.1) holds for some ¢ > 0.
Then T is a homeomorphism from B onto B. Also T™': B — B is a
Lipschitz map with Lipschitz constant 1/c.
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Finally we state three standard results in functional analysis which
will be used in Sections 2 and 3.

Theorem 1.8 [20]. FEwvery topological Hausdorff linear space is
Tychonoff (T3y).

Theorem 1.9 [13]. If A is a compact subset of a Tychonoff space X,
then, for every closed set D disjoint from A, there exists a continuous
function p: X — [0,1] such that p(x) =1 for x € A and p(z) =0 for
zeD.

Theorem 1.10 [3]. Let B be a uniformly conver Banach space whose
dual B* is also uniformly convex and T : B — B. Suppose I — T is
a continuous accretive mapping defined on all of B. Then I — T is
demi-closed on X.

Remark. A mapping T : Q C B — B is called demi-closed on € if,
for every sequence {z,} € Q with z,, = = and T'(z,,) — y as n — oo,
we have x € Q and T'(z) = y; here — denotes weak convergence.

2. General coincidence theory. We formulate a coincidence
theorem when F is a locally convex Hausdorff linear topological space.
Let C be a complete convex subset of £, X C C' and A C X with
A closed in X and X closed in C. As in Section 1, let P be the
defining system of semi-norms on E. Also L : X — C is a continuous
operator. In the literature coincidence theory of the type formulated
here, Granas, see [17], presented the case when F is a Banach space
and the operator F': X — C is compact.

K°(X,C) will denote the set of all continuous, compact mappings
F: X — C. Associated with K°(X, C) we will assume that L satisfies
the following condition:

(2.1) L™Y(9) is precompact in E for every compact subset Q of C.

Remark. Here L1 denotes the inverse image.
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K'(X,C) will denote the set of all (continuous) P-concentrative
mappings F' : X — C with F(X) a subset of a bounded set in C.
Associated with K1(X, C') we will assume that L satisfies the following
condition:

L~ takes bounded sets into bounded sets, and
(2.2) if W is a bounded non-p-precompact subset of X,
then a,(L(W)) > a,(W).

Remark. If L is one-to-one and L~! is a 1-mcL mapping, then (2.2)
is satisfied since a, (W) = a,(L™HL(W))) < ap(L(W)).

Definition 2.1. We let KY(X,C; L), respectively K% (X,C;L),
denote the set of all mappings F € K°(X,C), respectively F €
K'(X,C), such that L — F is zero free on A.

We call N : X x[0,1] — C a compact mapping if N is continuous and
N(X x [0,1]) is relatively compact. We call N : X x [0,1] — C a P-
concentrative mapping if N is continuous, N (X x [0,1]) is a subset of a
bounded set in C, and if p € P and W is a bounded non-p-precompact
subset of X x [0,1], i.e., a,(7WW) # 0, then

ap(N(W)) < ap(7W)
where 7 : X x [0,1] — X is the natural projection.

Remark. If W is a non-p-precompact subset (product topology
(E,p) x real) of X x [0,1], then 7V is a non-p-precompact subset
of X so (W) # 0.

Definition 2.2. A map F € KY(X,C;L), respectively F €
K} (X,C; L), is L-essential if, for every G € K9 (X, C; L), respectively
G € K4(X,C;L), which agrees with F on A, we have that L — G
has a zero in X. Otherwise, F' is L-inessential, i.e., there exists a
G € K4(X,C; L), respectively G € K4(X,C; L), which agrees with F
on A and L — G is zero free on X.
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Definition 2.3. Two mappings F,G € KQ(X,C;L), respec-
tively F,G € K4(X,C; L), are homotopic in K(X,C; L), respectively
K4 (X,C; L), written F 2 G in KY(X,C; L), respectively K} (X,C; L)
if there is a continuous, compact mapping, respectively a bounded P-
concentrative mapping, N : X x [0,1] — C with N¢(u) = N(u,t) :
X — C belonging to K9 (X, C; L), respectively K1 (X,C; L), for each
t e [0,1} and No = F, Ny =G.

Remark. Notice & is an equivalence relation in K4 (X, C; L), respec-
tively K4 (X,C; L).

Theorem 2.1. Let C, X, A and E be as above.

(a) Assume L : X — C is continuous and satisfies (2.1) and that
F e KY(X,C;L). Then the following are equivalent:

(i) F is L-inessential.

(ii) There is a G € KQ(X,C;L) with F =2 G in K4(X,C;L) and
with L — G zero free on X.

(b) Assume L : X — C is continuous and satisfies (2.2) and that
F e KY{(X,C;L). Then the following are equivalent:

(i) F is L-inessential.

(ii) There is a G € K4{(X,C;L) with F =2 G in K}(X,C;L) and
with L — G zero free on X.

Proof. We first show (i) implies (ii), in both case (a) and (b). Let
G € KY(X,C; L), respectively G € K4(X,C;L), with G = F on A
and L — G zero free on X. Define N : X x [0,1] — C by

N(z,t) =tG(z) + (1 —t)F(z).
Clearly N is continuous.

Case (a). Suppose F,G € KY(X,C; L).

Then clearly N : X x[0,1] — C' is a compact map. Also, since F = G
on A and L — G is zero free on X, we have for z € A that

L(z) — Ny(z) = Lz — (tG(z) + (1 = t)F(z)) = L(z) — G(x) # 0,
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so L — Ny is zero free on A for each t € [0,1]. Also, clearly, N; €
KY%(X,C; L) for each t € [0,1]. Finally, No=F and Ny = Gso F 2 G
in K(X,C; L),

Case (b). Suppose F,G € K}(X,C;L).

We claim that N : X x [0,1] — C is a bounded P-concentrative
mapping. To see this, let p € P and let W be a bounded non-p-
precompact subset of X x [0,1]. Notice if (z,t) € W, then N(x,t) =
tG(z) + (1 —t)F(x) C co(G(nW)U F(xWW)). Consequently,

N(W) Cco(G(xW)U F(xW))

and so
ap(N(W)) < ap(co(G(xW) U F(xW)))

= ap(G(xW) U F(7W))

= max{o, (G(xTV), 0y (F(xW))}
max{a, (7W), a, (W)}
ap(mW).

A

Thus, N is a P-concentrative mapping. Essentially the same reasoning
as in case (a) implies L — Ny is zero free on A for each ¢ € [0,1]. It
remains to show N; € K4(X,C; L) for each t € [0,1]. Fix t € [0,1]
and let Q be a bounded non-p-precompact subset, i.e., a,() # 0, of
X. Then

ap(Nt(Q)) = ap(N(Q x {t})) < ap(m(2 x {t})) = ap ()

since w(Q2 x {t}) = Q.

Thus for each ¢ € [0, 1], we have N; € K} (X,C;L) and so F & G in
KLY (X,C;L).

We now show (ii) implies (i), in both case (a) and (b). Let
N : X x [0,1] — C be a continuous, compact map, respectively
bounded P-concentrative map, from G € K4 (X,C; L), respectively
G € KY{(X,C;L), to F with Ny = G and N; = F. In particular,
L — N; is zero free on A for each t € [0,1]. Let

B={r € X :L(z) = N(x,t) for some ¢t € [0,1]}.
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If B = @ then, in particular, L — Ny = L — F' is zero free and so F' is
L-inessential. So it remains to consider the case when B # &. First
note BN A =@. Also B is closed. To see this, let (x,) € B be a net
of points of B, i.e., L(xzy) = N(zq4,ta)) converging to x. Without loss
of generality, assume t, converges to t € [0,1]. By the continuity of
N and L, we have L(z) = N(z,t) so € B and B is closed. Next we
claim that B is compact.

Case (a). Suppose F,G € KY(X,C; L).
Then, since
L(B) C N(B x[0,1])

we have that L(B) is relatively compact. In addition
B c L7Y(L(B)) € L7(L(B))

together with (2.1) implies that B is precompact in E. Now since B
is a closed precompact subset of X C C and C' is complete, then B is
compact [18].

Case (b). Suppose F,G € K}(X,C;L).
If B is a non-p-precompact subset, i.e., a,(B) # 0, of X, then

(23)  ap(L(B)) < ap(N(B x [0, 1])) < ap(m(B x [0, 1])) = a,(B)

since (B x [0,1]) = B.

Now (2.3) together with (2.2) yields a contradiction and so, for each
p € P, we have that B is precompact in the semi-normed space (EF,p).
Hence, B is precompact in . Now, since B is a closed precompact
subset of X C C and C is complete, then B is compact [18].

So in both cases B is compact. Now Theorem 1.8 implies that F,
and hence X, with subspace topology, is Tychonoff. In addition, since
AN B = @, then Theorem 1.9 implies that there is a continuous
(Urysohn) function g : X — [0,1] with u(A) = 1 and p(B) = 0.
Define

J: X —=C by J(x)=N(z,pux).

Clearly J is continuous. We claim that J : X — C is a compact,
respectively bounded P-concentrative, map with J = F on A and
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L—J zero free on X. If this is true, then J € K9 (X, C; L), respectively
KY(X,C; L), with L—J zero free on X and J = F on A. Consequently,
F'is L-inessential and we are finished.

It remains to prove the claim. L —.J is zero free since L(z) —J(z) =0
means L(z) = N(x,pu(x)) which means € B and so p(z) = 0, ie.,
L(z) = N(z,0), a contradiction since L(z) — N(z,0) = L(z) — G(z) is
zero free. To see that J = F on A, notice if x € A, then u(z) = 1 and so
J(x) = N(x,u(x)) = N(z,1) = F(z). It remains to show J : X — C
is a compact, respectively bounded P-concentrative, map.

Case (a). Suppose F,G € K§(X,C; L).

Clearly J is a compact map.

Case (b). Suppose F,G € K}(X,C;L).

Let 2 be a bounded non-p-precompact subset of X, and let Q* =
{(z,p(x)) : z € O} C X x [0,1]. Then, since J(2) = N(Q*) and
m(Q*) = Q, we have

ap(J(2) = ap(N (7)) < ap(m(27)) = ap(Q).

Remark. In the above inequality we used the fact that, if €2 is a
non-p-precompact subset of X, then Q* is a non-p-precompact subset
of X x [0,1].

Thus J is a bounded P-concentrative mapping. ]

Theorem 2.2. Let C, X, A and E be as above.

(a) Assume L : X — C is continuous and satisfies (2.1). Suppose F
and G are two maps in K4 (X, C; L) such that F = G in K4(X,C; L).
Then F is L-essential if and only if G is L-essential.

(b) Assume L : X — C is continuous and satisfies (2.2). Suppose F
and G are two maps in K} (X, C; L) such that F = G in K}(X,C; L).
Then F is L-essential if and only if G is L-essential.

Proof. If F is L-inessential, then Theorem 2.1 guarantees a map
T € K%(X,C; L), respectively K} (X,C; L), with L — T zero free on
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X and F 2T in KQ(X,C; L), respectively K}(X,C;L). Thus G =T
in K9(X,C; L), respectively K}(X,C; L), and so G is L-inessential by
Theorem 2.1. Symmetry will now imply that F' is L-inessential if and
only if G is L-inessential. ]

Remark. If E is metrizable, then we can remove assumption (2.1)
and (2.2) in Theorems 2.1 and 2.2. This is due to the fact that metric
spaces are normal spaces so as to guarantee the existence of the Urysohn
function in Theorem 2.1 we need only B to be closed.

The remainder of the paper concerns the case where E is a Banach
space. For convenience, we will restate Theorem 2.2 in this setting. Let
FE be a Banach space and C' a closed convex subset of £, X C C and
A C X with A closed in X and X closed in C. Also, let L : X — C
be a continuous operator. K(X,C; L) denotes the set of all (bounded,
continuous) condensing maps F' : X — C, and K4(X,C; L) denotes
the set of all mappings FF € K(X,C;L) such that L — F is zero
free on A. We call N : X x [0,1] — C a condensing map if N is
continuous, bounded, a(N(W)) < a(xW) for all bounded sets W of
X x[0,1] and a(N(Q)) < a(7f) for all bounded nonprecompact subsets
Qof X x[0,1]. A map F € Ku4(X,C;L) is L-essential if, for every
G € K4(X,C; L) which agrees with F' on A we have that L — G has
a zero in X. Two mappings F,G € K4(X,C;L) are homotopic in
KA(X,C; L), written F = G in K4(X,C; L) if there is a condensing
map N : X x [0,1] — C with Ny(u) = N(u,t) : X — C belonging to
K4(X,C; L) for each t € [0,1] and Ng = F, N; = G.

Theorem 2.3. Let E be a Banach space with C', X and A as above.
Also assume L : X — C is continuous. Suppose F and G are two
maps in Ka(X,C;L) such that F =2 G in Ka(X,C;L). Then F is
L-essential if and only if G is L-essential.

Theorem 2.3 immediately yields the following nonlinear alternative
of Leray-Schauder type.

Theorem 2.4. Let U be an open subset of a closed convez set C in a
Banach space E and L : U — C a continuous map. In addition, assume
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the mapping G € Kou(U,C; L) is L-essential. Then every condensing
map F : U — C has at least one of the following properties:

(A1) L(x) = F(x) for some xz € U or
(A2) there exists an x € OU and X € (0,1) with

L(z) = AF(z) + (1 — N)G(x).

Remark. U and OU denote the closure of U and the boundary of U
in C.

Proof. We can assume L — Flgy is zero free for otherwise (Al) is
satisfied. Consider the homotopy N : U x [0,1] — C joining G and F
given by

N(u,t) =tF(u) + (1 —t)G(u).

Now N is a condensing map since, if W is a nonprecompact subset of
U x [0,1], then

a(N(W)) < a(eo (F(xW) U G(7W)))
< max{a(F(7W)),a(G(xW))}
< a(rW).

Now either L — Ny is zero free on OU for each ¢ € [0, 1] or it is not. If
L — N, is zero free on QU for each ¢ € [0, 1], then Theorem 2.3 implies
that L — F' has a zero in U so (Al) occurs. If L — N; is not zero
free on QU for each ¢ € [0, 1], then there exists x € OU and A € [0, 1]
with L(z) — [AF(z) + (1 = \)G(z)] = 0. Now X # 1 since L — Flau
was assumed to be zero free and A # 0 since G € Kpy(U,C; L), in
particular, L — G is zero free on OU. Hence (A2) occurs. O

Remark. There is an analogue of Theorem 2.4 for the case when FE is
a locally convex Hausdorff linear topological space.

3. Fixed point theorems. In this section a variety of fixed point
results are established. The fixed point results, Theorems 3.7-3.10,
are all new. Also nonlinear alternatives of Leray-Schauder type are
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established in this section; our main results are Theorems 3.4-3.6 (plus
remarks). Applications of these results will be given in Section 4. Our
first results were motivated by work of Browder [4] and Precup [26].

Theorem 3.1. Let U be an open set in a closed convex set C' of

a real Banach space E and @ O U a subset of E. Assume p € U,

F5(U) bounded and F : U — E is given by F = Fy + F» where
—F : Q — E (single valued) is m-accretive and Fy : U — E
is a (bounded, continuous) condensing map. In addition, suppose
(I = AF)"YMF() + (1 = Np) : U — C for each A € [0,1]. Then,
either

(A1) F has a fized point in U, or
(A2) there exist u € OU and X € (0,1) with uw = AF(u) + (1 — A)p.

Proof. Let N —1 = (I — F1)"'Fy. Recall [2, 11], since —F} is m-
accretive, then (I — pufFy)~! : E — € is nonexpansive for each p > 0.
We can assume that I — Ny |sy is zero free for otherwise (A1) occurs.
Let G(z) = p for z € U. Consider the homotopy N : U x [0,1] — C
joining G and Ny = (I — Fy)~'F, given by

N(u,A) = (I = AF) T (AR (u) + (1= A)p)-
We claim
(3.1) N :U x [0,1] — C'is a condensing map.

To see this, we first show N(-,\) : U — C is a condensing map for each
A €0,1]. Fix A € [0,1] and let W be a bounded subset of U. Then

NA(W) C (I = AF1)""co (Fo(W)U{p})

and since (_I— puF1)~1 1 E — Q is nonexpansive for each p > 0, we have
that Ny : U — C is a condensing map for each A € [0, 1].

Next we claim that
(3.2) {N(u,-);u € U} is equicontinuous for each t € [0, 1].

Suppose for the moment that (3.2) is true. We will now show that (3.1)
is true. Let W be a bounded nonprecompact subset of U x [0, 1]. Let
e(t) > 0 be such that

(3.3) a(Ne (W) < a(rW) — 2e(t),
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and let V(¢) be a neighborhood of ¢ such that

(3.4) IN:(u) — Ng(u)|| < e(t) forall seV(t) and u € 7.

Remark. In (3.3) we used the fact that, if W is a nonprecompact
subset of U x [0,1], then 7W is a nonprecompact subset of U.

Also,if 5,81 € V(t) and u,u; € 7W, we have

N(u,s) = N(u1,s1) = [N(u, 8) = N(u, )] + [N (u1, 1) = N(uy, 51)]
+ [Ni(w) = Ni(ur)]

and so (3.3) and (3.4) imply
(3.5) a(N(mW x V(1)) < afmW).

Now {V(t),t € [0,1]} is an open cover of [0,1] and, since [0,1] is
compact, we suppose

{V(ti),i=1,...,n} is a finite covering of [0, 1].
Now (3.5) together with the properties of o imply

a(NW)) < a(N(nW x [0,1]))
<max{a(N(@W x V(t;))),i=1,...,n}
< a(rW)

so (3.1) is true. It remains to prove (3.2). Let ¢ = 0 to begin with.
Since (I — pF1)~' : E — Q is nonexpansive, we have for A € [0,1] and
u € U that

[N (u, A) = pl| < (I =AF) " (AFa(u) + (1 = A)p) — (I = AF1) ()
+ (I = XF) " (p) — 1|
< M Fy(u) = pll + 1( = AFy) " (p) = pll-

Now, since F»(U) is bounded and (I — A\Fy)7'(p) — pas A — 0
(note since (I — AF;)~! is nonexpansive |(I — AFy)"1(p) — p|| <
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lp — (I = AF1)pll = A|F1(p)]), then (3.2) holds when ¢ = 0. Next
fix t € (0,1]. For A € (0,1] and u € U, we have

IN(u, A) = N(u, )| < [[(1 = A1) " (AR (u) + (1= A)p)
— (I = tF) " Y(\Fay(u) + (1= Mp)|l
/(I = tF) T (AFa(u) + (1= N)p)
— (I —tFy) 7 (tFa(u) + (1 = t)p)||
< (I = AF) T (AFa(u) + (1 — A)p)
— (I —tF) ' AFay(u) + (1= Np)|l
+ X =t Fa(u) = pl.

Let y € co (Fa(U)U{p}). We claim that, if A € (0,1] and ¢ is as above,

then

At
t

(3.6) (1 =AF) " (y) —(I—tF) " (y)ll < ly— (I =tF) = ()]-
If this is true, then (3.6), together with the second last inequality,
implies, since F»(U) and (I — tFy)~*(co (F2(U) U {p})) are bounded,
that {N(u,-) : u € U} is equicontinuous at ¢, and we are finished. It
remains to prove (3.6). To see this, notice

(T (1= AFR)™) = (T = AR = 1)(T = AF) ™)

>| =

=—[(I -\~

Now, since —F} is accretive, we have for y € co (Fy(T) U {p}) that
05 (§0- =3 0) - - (- tF) )
(1= AR ) = (1= 7))
~((G-1)w- =)
- U= AR ) - (= tR) 7 W),

(- AFR) ™ (y) — (I - tF1)‘1(y))

+

+
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~((5-1)w-a-m o).
(1= AR ) = (1= 7))
+
I = AF) T ) — (= ) ()P

since (21 + az, 22)4 = (21,22)4 + af|z[* for all @ € R. Now (3.6)
follows immediately. Thus (3.1) is true. Also, N : U x [0,1] — C is
continuous. To see this, suppose (un, An) — (u, A). Then

IN (s An) =N (u, V|| = (I = A Fr) ™ A Fa(un) + (I = An)p)
— (I = AF1) " (AP (u) + (1= N)p)||
< ”(I_ /\nFl)_l(/\nFQ(un) (1 /\n) )
— (I = A F) " (O Fa(u) + (1= X)p)|
+[[(I = X F1) ™ (AnFa(u) + (1 = An)p)
— (I = AF1) " (AP (u) + (1= N)p)||
< Al F2(un) = Fo(u) [ +[[N (u, An) = N(u, A)||.

Next G € Koy (U, C; 1) since p € U and we claim G is I-essential. To
see this, take any H € Koy (U,C;I) with H(x) = p for x € 0U. We
must show I — H has a zero in U. Consider

_[H(z) z€U,
J(I)_{p reC/U.

It is easy to see that J : C — C'is continuous and J is a (bounded,
continuous) condensing map. Sadovskii’s fixed point theorem, Theorem
1.2, implies that J has a fixed point v € C. In addition, since
J(x) =p € U for v € C/U we have u € U. Thus u = J(u) = H(u) and
since H(z) = p for © € OU we have u € U. Hence H has a fixed point
in U, i.e., I — H has a zero in U so G is I-essential.

Now either I — N, is zero free on 9U for each t € [0, 1] or it is not. If
I — Ny is zero free on QU for each ¢ € [0, 1], then Theorem 2.3 implies
that T — Ny has a zero in U so (A1) follows. If I — Ny is not zero free
on QU for each ¢ € [0, 1], then there exist x € OU and A € [0, 1] with
x=(I—\F)"*(AFy(x) + (1 = A)p). Now X # 1 since I — Ny|oy was
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assumed to be zero free and A # 0 since p € U. Hence, (A2) occurs.
]

Remark. There is an analogue of Theorem 3.1 if E is a locally convex
Hausdorff linear topological space. In this situation let F; = 0 and F5 :
U — E be a bounded P-concentrative map. The reasoning is essentially
the same (since N : U x[0,1] — C, given by N (u, \) = A, (u)+(1-))p,
is easily seen to be a bounded P-concentrative mapping, the only
difference is that Danes’s fixed point theorem replaces Sadovskii’s fixed
point theorem.

Theorem 3.2. Let U be an open set in a closed convex set C' of a
real Banach space E. Assume p € U, Fy(U) bounded and F : U — E is
given by F = Fy + Fy where —Fy : E — E (single valued) is continuous
and accretive and Fy : U — E is a (bounded, continuous) condensing
map. In addition, suppose (I — A\Fy)"*(AFo(-) + (1 —=\)p) : U — C for
each A € [0,1]. Then either

(A1) F has a fized point in U or
(A2) There exists u € OU and A € (0,1) with u = AF (u) + (1 — \)p.

Proof. The result follows immediately from Theorem 3.1 since —F;
is m~accretive [2, p. 159], [21, p. 124]. O

Remark. See [4, p. 139] for other examples of m-accretive maps.

Theorem 3.3. Let U be an open set in a real Banach space E and
Q DU a subset of E. Assume 0 € U with F5(U) and F(U) bounded
and F : U — E is given by F = F\ + Fy where —F; := Q — E is
m-accretive and Fy : U — E is a bounded a-Lipschitzian map with

k=1. Also suppose (I — F)(U) is closed. Then either
(A1) F has a fized point in U or
(A2) there exist u € OU and X € (0,1) with u = AF(u).

Proof. Assume that (A2) does not hold. Consider, for each n €
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{2,3,...} the mapping
1 —
(3.7) Sn—<1—ﬁ>F:U—>E.

Notice (1 —1/n)Fy : U — E is condensing and —(1 — 1/n)F; : Q — E
is accretive since, for z,y € €2, we have

(— (1 - %)Fl(x) + (1 - %)Fl(y)afv —y)+
(1= 4)r@ -+ AwLe-y)

— (1= 2)-R@) + A - )+ 20

since (az1,f22)+ = afB(z1,22)4 for z1,20 € E and o, € R with
af > 0. Also, since I — pFy is onto E for all u > 0, we have in
particular that I — (I —1/n)F; is onto E. Thus, —(I—1/n)F; : Q — E
is m-accretive. Apply Theorem 3.1 to S,,. If there exists A € (0, 1) and
u € OU with u = ASy,(u), then

u—)\(l—l)F(u)—nF(u) where 0<77—)\<1—l) <1,
n

n

which is a contradiction since (A2) was assumed not to hold. Conse-
quently, for each n € {2,3,...} we have that S, has a fixed point
u, € U. Notice also, since u, = (1 — 1/n)F(u,), we have that
U — F(u,) = —(1/n)F(uy) and so u, — F(u,) — 0 as n — oo (since
F(U) is bounded). Consequently 0 € (I — F)(U) since (I — F)(U) is
closed. Thus there exists u € U with 0 = (I — F)(u). o

Theorem 3.4. Let U be an open set in a closed convex set C' of a
real Banach space E. Assume p € U, Fy(U) bounded and F : U — E is
given by F = Fy+Fs where I—Fy : E — E (single valued) is continuous
and strongly accretive and Fy : U — E is a continuous, completely
continuous, i.e., a-Lipschitzian with k = 0, map. In addition, suppose

(I =AF) Y AF(:)+(1=N)p) : U — C for each X € [0,1]. Then either
(A1) F has a fized point in U or
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(A2) there exist u € OU and X € (0,1) with uw = AF(u) + (1 — A)p.

Proof. Now there exists ¢ > 0 with
(3.8) (I=F)(x)—(I=F1)(y),x—y)+ > cllz—y||* forall =z,yeE.
Also, from Theorem 1.7, I — F; is a homeomorphism from F onto E
with (I — F;)~!': E — E a Lipschitz map with Lipschitz constant 1/c.

Let Ny = (I — F1)"'F,. We can assume I — Ny|gy is zero free for
otherwise (A1) occurs. Let G(x) = p for z € U. As in Theorem 3.1,
we have that G € Koy (U,C;1) and G is I-essential. We first claim
that I — A\F} : E — E is strongly accretive; here 0 < A < 1. This is
immediate since, for z,y € F, we have

(I = AF)(2) = (I = AF)(y), 2 — y)+

A = F)(x) = (I = F))]+ (1 =Nz —y),z—y)s
NI =Pz — (= F)y.e—y)+ + 1= Az -yl

> A+ (1 =Nz —yl?

since (21 + azz, 22)+ = (21,22)+ + a|2a]? for 21,22 € F and « a scalar.
Thus, Theorem 1.7 implies that (I — AFy)~! : E — E a Lipschitz map
with Lipschitz constant 1/cy; here, ¢y = [Ac+ (1 — A)].

Remark. Notice 1/¢y < 1/min{1,c}.

Consider the homotopy N : U x [0,1] — C joining G and N, given
by
N(u,\) = (I = X)) T A (u) + (1= A)p).

We now check that N : U x [0,1] — C is a completely continuous map.
Fix A € [0,1] and let W be a bounded subset of U. As in Theorem 3.1,

A(NAV)) < a((T = AF2) <o (R (W) U {p}) < —-a(Ra(W) =0

soNy,:U — Cisa completely continuous map for each A € [0, 1]. Next
we claim that {N(u,-);u € U} is equicontinuous for each ¢ € [0,1]. Fix
t=0. For A € [0,1] and u € U, we have

[N (u, ) = pll < 1F2(u) = pll + I(1 = AF2) " (p) — pll.

A
min{1, ¢}
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Notice (I — AFy)~Y(p) — p as A — 0 since ||(I — A\Fy)"L(p) — p|| <
(A/min{1, c})[|F1(p)l|. Next fix t € (0,1]. Also, for A € (0,1] and
u € U, we have, as in Theorem 3.1, that

IN(u, A) = N(u, )| < (1= AFL) ™ (AFa(uw) + (1 = A)p)
— (I = tF) " (\Ba(w) + (1 - A)p)|

A — ]

and so {N(u,-);u € U} is equicontinuous for each ¢ € (0,1] if we show

that, for A € (0,1] and y € co (F2(U) U {p}) we have

2|\ — ¢
ct?

(I = XF)~Hy) = (I = tF) " (y)ll < ly — (I —tF) " (y)l]

t
fi A> —.
or > 5

To see this, notice

%I + (1 - %) (I—\F) ' =T - X\F) 1t + %(I —(I=XF)™Y
=(I-F)I-\F)""

Now since I — F} is strongly accretive we have, for y € co (Fo(U)U{p}),
that

(T = M) () — (I — tFy) ()|
< (§y+ (1 - %)(I— AF)L(y)

+

~((5-1)w- - o).

(- AFR) " (y) — (I — um-l(y))+
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_ G _ 1>||<1_ ) Hy) — (T~ tF) 7 (w)?

< (G - %)(y (= tF) " (),

(- AR) " (y) — (I - tF1)1(y)>
X

so the above inequality holds. Let W be a bounded subset of U x [0, 1].
Let € > 0 be given and let V() be a neighborhood of ¢ such that

IN:(u) — Ng(u)|| <e forall seV(t) and u € nW.

Also
a(Ny(nW)) =0,

and, as in Theorem 3.1,
a(N(mW x V(t))) <2 and «o(N(W)) < 2e.

Consequently, N : U x [0,1] — C' is completely continuous. Essentially
the same reasoning as in the last paragraph of Theorem 3.1 establishes
the result. O

Remark. If, for example, ¢ > 1 in (3.8), then we could take Fy : U —
E to be a condensing map in the statement of Theorem 3.4. More
generally, there is an analogue of Theorem 3.4 if [ —F : E — F satisfies
(3.8) and I, : U — FE is an a-Lipschitzian map with k& = min{1, ¢} and
a(F(W)) < min{1, c}a(W) for all bounded nonprecompact subsets W
of U.

Theorem 3.5. Let U be an open set in a real Banach space, E.
Assume 0 € U with Fo(U) and F(U) bounded and F : U — E is given
by F = Fy + Fy where I — Fy : E — E is continuous and (3.8) holds
with ¢ > 1 and Fy : U — E is a bounded a-Lipschitzian map with

k=1. Also, suppose (I — F)(U) is closed. Then either
(A1) F has a fived point in U or
(A2) there exist u € OU and A € (0,1) with u = AF (u).



1428 D. O'REGAN

Proof. Assume (A2) does not hold. Consider, for each n € {2,3,...}
the mapping S,, given by (3.7). Now (1—1/n)Fy : U — E is condensing
and I — (1 —1/n)Fy : E — E is strongly accretive since, for z,y € E
we have

(- (-3 (- (- B))ona-s),

_ ((1 _ %) (1= Fy)(@) — (I - F1)(y)]

+ (%)(ﬂc—y%ﬂc—y)+
> ((1=2) + 2 )l -ul?

= culle — Il

Remark. Notice ¢, =¢(1 —1/n)+1/n> 1.

Essentially the same reasoning as in Theorem 3.3 (except we use
Theorem 3.4 and its remark) implies that S,, has a fixed point u,, € U.
Also, as in Theorem 3.3, we have 0 € (I — F)(U) so there exists u € U
with 0 = (I — F)(u). o

Remarks. (i) There is an analogue of Theorem 3.5if I — F1 : E — E

satisfies (3.8) and F5 : U — F is an «-Lipschitzian map with k£ =
min{1, c}.

(ii) There is also an analogue of Theorem 3.5 if I — Fy : £ — E is
accretive and Fy : U — FE is completely continuous.

Theorem 3.6. Let U be a bounded open convex set in a uniformly
convex Banach space E. Also assume E* is a uniformly convexr Banach
space, 0 € U, F(U) bounded and F : U — E is given by F = F| + F
where [ — Fy : E — E is continuous and accretive and Fy : U — E is a
continuous compact map. In addition, suppose Fy : U — E is strongly
continuous. Then either

(A1) F has a fived point in U or
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(A2) there exist u € OU and X € (0,1) with uw = AF(u).

Remark. F, : U — E is said to be strongly continuous [27, 30] if
x, — x implies Fa(x,) — Fa(x); here z,,,x € U.

Proof. Assume (A2) does not hold. Consider for each n € {2,3,...},
the mapping S,, given by (3.7). Now (1 — 1/n)Fy : U — E is compact
and I — (1 —1/n)Fy : E — E is strongly accretive since, for z,y € E,
we have

(0= (-3,

Essentially the same reasoning as in Theorem 3.3, except we use
Theorem 3.4, implies that .S,, has a fixed point u,, € U.

A standard result in functional analysis (if £ is a reflexive Banach
space, then any norm bounded sequence in F has a weakly convergent
subsequence) implies, since U is bounded, that there exists a subse-
quence S of integers and a u € U (notice U is strongly closed and
convex so weakly closed) with

U, U asn— 00 inS.

Notice, since u, = (1 — 1/n)Fy(uy) + (1 — 1/n)Fa(uy,), then

11 = F1)(un) = Fa(u)

i (-

IN

%HF(Un)H + | Fa(un) — Fa(u)||

so since Fy is strongly continuous and F(U) is bounded, we have
(I — Fy)(up) — Fa(u). Theorem 1.10, i.e., I — F; is demi-closed on
E, now implies that (I — F1)(u) — Fa(u). o

Theorem 3.7. Let QQ be a closed, conver subset of a Banach
space E with 0 € int (Q). Also let Q D Q be a subset of E with
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U ={x € E:dzQ) < 1/i} C Q for i sufficiently large; here d
denotes the metric induced by the norm. Assume F»(Q) is bounded,
and F : Q — E is given by F = Fy + F5 where —Fy : E — E is m-
accretive and Fy : Q — E is a bounded condensing map. In addition,
suppose

if {(w5,A1)}521 is a sequence in 0Q x [0,1]

converging to (x,\) with x = AF(z) and 0 < A < 1, and
(3.9) < if {z;} is a sequence in U,,, m sufficiently large,

with z; € OU; for j =m+1,m+2,... and z; — x, then

Ni[Fi(z5) + Fa(x;)] € Q for j sufficiently large,

holds. Then F has a fized point.

Remark. Theorem 3.7 was proved by Furi and Pera [14] by a different
method when Fy = 0 and F5 is a compact map. We also remark that
0 € int (Q)) may be replaced by 0 € @ if F is a Hilbert space (in the
Proof take r to be the nearest point projection on Q).

Proof. Let r : E — @ be the continuous retraction given by

r(x)zm forze B

where p is the Minkowski functional [9] on @, i.e., u(z) = inf{a >
0;z € a@Q}. Consider

B={zr€E:z=(I-F)"'Fr)}.
We claim B # @. To see this, we look at r(I — Fy)"'F,. Notice
r(I — F)"'Fy: Q — Q. Also r(I — F;)~'F; is a bounded condensing
map. To see this, let W be a bounded nonprecompact subset of E.
First notice that

(3.10) r(W) C co(W U{0}).

To show (3.10), fix z € A. If z € @, then r(x) = x so (3.10) is true
whereas if ¢ Q then r(z) = Az + (1 — A\)0 where A = 1/p(z) < 1
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so (3.10) is again true. Consequently, since (I — Fy)™1 : E — Q is
nonexpansive, we have

a(r(I = F1) ™ (W) < afco (I = F1) ™ (W) U{0}))

<«
< a(F(W)) < a(W).

Thus 7(I — Fy)"'Fy, : Q@ — Q is a condensing map. Sadovskii’s
fixed point theorem, Theorem 1.2, implies that there exists a y € @
with y = 7(I — F1)"'Fy(y). Hence z = (I — F1) " 'Fyr(z) with
2z = (I — 1) 'F(y) so B # @. In addition, the continuity of
(I — F1)"'Fyr implies that B is closed. We next claim that B is
compact. To see this, first notice

(3.11) BC(I- F) 'Fr(B).

Remark. Notice that B is bounded since F5(Q) is bounded and
(I — F1)~': E — Q is nonexpansive.

If »(B) is a nonprecompact subset of E, then

a(B) < a((I — Fy) ' Foyr(B)) < a(Fyr(B))
< a(r(B)) < afco (BU{0})) < a(B),

a contradiction. Thus, a(r(B)) = 0 and so
a(B) < a((I — Fy)""Fpr(B)) < a(For(B)) < a(r(B)) =0.

Hence B is compact.

We now show BN Q # @. To do this, we argue by contradiction.
Suppose BN Q = @. Then, since B is compact and @ is closed, there
exists § > 0 with dist (B, Q) > . Define

Ui_{:peE;d(:p’Q)<l} fOriE{N,N-Fl,...}.
(3

Here N € {1,2,...} is chosen so that 1 < §N and U; C  for i > N.
Fix i € {N,N +1,...}. Notice U; is open, and since dist (B, Q) > 9,
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then BNU,; = @. Also For : U; — E is a E)unded condensing map
since, if W is a bounded nonprecompact of U;, then if a(r(W)) > 0,
we have

a(Fy(r(W))) < a(r(W)) < afco (W U{0})) = (W)
whereas if a(r(W)) = 0, then
a(Fa(r(W))) < a(r(W)) =0 < a(W).
AlsoQDU;and —F; : Q — E is m-accretive. Now Theorem 3.1 (with
Fy + Fyr) implies (since BNU; = @) that there exists (y;, A;) € 9U; %

(0,1) with y; = X;[Fi (yi) + Far(ys)], Le., y = (I = XiF1) = H(NiFor (y:).-
Consequently, for each j € {N,N +1,...}, there exists (y;, ;) €

0U; x (0,1) with y; = X;[Fi(y;) + Far(y;)]. Notice, in particular, since

Yj S 6Uj, that

(312) )\][Fl(yj)+F2T(yj)] ¢Q fOI‘_] € {N,N+1,}

We now claim that

D={xcE:x=(I—-\F) *(\Fyr(z)) for some X € [0, 1]}

is compact, so sequentially compact. Clearly D is closed. Now
D C N(r(D) x [0,1]) where N is defined in Theorem 3.1, with p = 0.

Remark. Notice D is bounded since F»(Q) is bounded, (I — X\Fy)~!:
E — Q is nonexpansive and |[(I —AFy)~*(0)| = ||[(I = XFy)~1(0)— (I —
AF)THI = AF)(0)] < [AFL(0)]] < [[F1 (0)]].

Suppose a(D) > 0. If a(r(D)) > 0, then
a(D) < a(N(r(D) x [0,1])) < a(r(D)) < afco (D U{0})) = a(D),
a contradiction. Thus, a(r(D)) = 0 and
a(D) < a(N(r(D) x [0,1])) < a(r(D)) =0,

a contradiction. Thus a(D) =0 so D is compact.
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This together with d(y;, Q) = 1/4, |\;| <1, for j € {N,N+1,...},
implies that we may assume without loss of generality that A\; — A\*
and y; — y* € 0Q); also

yi == NF) T (N Fr(yy) — (L= A F) T (A Fr(y")

syt = (1= XF) (N Ear(y), e, v = N[Fi(y*) + Far(y")] =
MNFi(y*) + Fo(y®)] = XNF(y*). If A* = 1, then y* = (I —
F1)~Y(Fer(y*)) which contradicts BN Q = @. If \* = 0, then y* =0
which contradicts y* € 0Q. Hence we may assume 0 < \* < 1.
But in this case (3.9) with z; = r(y;) € 0Q, z = y* = r(y*) and
zj = y;, implies \;[F1(y;) + For(y;)] € @ for j sufficiently large. This
contradicts (3.12). Thus BN Q # &, so there exists z € @ with
r=I—F) 'For(z), ie., r = F(x). O

Theorem 3.8. Let QQ be a closed, conver subset of a Banach
space E with 0 € int (Q). Also let @ D Q be a subset of E with
U ={zx € F:dzQ) <1/i} C QO fori sufficiently large. Assume
F5(Q) and F(Q) are bounded and F : Q — E is given by F' = Fy + F»
where —F) : Q — E is m-accretive and Fy : Q — E is a bounded
a-Lipschitzian map with k = 1. Also suppose (I — F)(Q) is closed and
(3.9) holds. Then F has a fixed point.

Remark. 0 € int (Q) may be replaced by 0 € @ if F is a Hilbert space.

Proof. Consider, for each n € {2,3,...}, the mapping
1
(3.13) Sp = (1——)F:Q—>E.
n

As in Theorem 3.3, (1 —1/n)F; : Q — E is condensing and —(1 —
1/n)Fy : Q — E is m-accretive. We will apply Theorem 3.7. Let
{(zj,Aj)}32, be a sequence in 9Q x [0,1] converging to (z,\) with
z = ASp(zr) and 0 < A < 1. Also let {z;} be a sequence in U,,, m
sufficiently large, with z; € U, for j =m+1,m+2,... and z; — =.
Then

Y (1 - %)Fl(zj) ey (1 _ %)Fg(xj)

= w; F1(z;) + pjFa(z;) € Q@ for j sufficiently large
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since (3.9) is satisfied (note p1; = A;(1—1/n) is a sequence in [0, 1] with
pi —A1—=1/n)=p, 0<p<land z=AS,(z) =A1—-1/n)F(z) =
wF(x)). Apply Theorem 3.7 to S,, to deduce that S,, has a fixed point
un € Q. Now since u, —F(u,) = —(1/n)F(u,), we have 0 € (I —F)(Q)
since (I — F)(Q) is closed. Thus there exists u € @ with 0 = (I — F)(u).
o

Theorem 3.9. Let Q be a closed, convex subset of a real Banach
space E with 0 € int (Q). Assume Fy(Q) is bounded and F : Q — FE
is given by FF = Fy + F, where [ — Fy : E — FE is continuous
and strongly accretive, i.e., (3.8) is satisfied, and Fy : Q — FE is a
continuous and completely continuous map. In addition, suppose (3.9)
(here U; = {x € E : d(z,Q) < 1/i}) holds. Then F has a fized point.

Remark. 0 € int (Q) may be replaced by 0 € @Q if E is a Hilbert space.

Proof. Essentially the same reasoning as in Theorem 3.7, except we
use Theorem 3.4, establishes the result. a

Remark. There is an analogue of Theorem 3.9 if [ — F} : E — F satis-
fies (3.8) and Fy : Q — FE is an a-Lipschitzian map with k¥ = min{1, ¢}
and a(F>(W)) < min{l, c}a(W) for all bounded nonprecompact sub-
sets W of Q.

Theorem 3.10. Let QQ be a closed, convex subset of a real Banach
space E with 0 € int (Q). Assume F»(Q) and F(Q) are bounded and
F:Q — E is given by F = Fy+ Fy where I — Fy : E — E is continuous
and (3.8) holds with ¢ > 1 and F» : Q — E is a bounded a-Lipschitzian
map with k = 1. Also suppose (I — F)(Q) is closed and (3.9) holds.
Then F has a fixed point.

Remark. 0 € int (Q) may be replaced by 0 € @ if F is a Hilbert space.

Proof. Consider for each n € {2,3,...} the mapping S,, given in
(3.13). As in Theorem 3.5, I — (1 — 1/n)F} : E — E is strongly
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accretive with

(- (=)o -,
> (c(l - %) + %)IIx —yll”

for z,y € EFand (1—-1/n)F;: Q — E is a condensing map. Essentially
the same reasoning as in Theorem 3.8, except we use Theorem 3.9
and its remark, implies that S,, has a fixed point u, € Q. Also
0 € (I - F)(Q) since u, — F(uy) = —(1/n)F(uy,). o

Remarks. (i) There is an analogue of Theorem 3.10if I —F; : E — E
satisfies (3.8) and Fy : Q@ — F is an «-Lipschitzian map with & =
min{1, c}.

(ii) There is an analogue of Theorem 3.10 if I — F} : E — FE is
accretive and Fb : Q — F is a continuous and completely continuous
map.

4. Application. The fixed point theory in this paper can be used
to establish existence principles for the second order boundary value
problems in abstract spaces. In particular, we examine

y'+ fty,y') =0, 0<t<1
(1) {y<o> ) =0

where f :[0,1] x H x H — H is continuous; here H = (H,|-|) is a
real Hilbert space. Problems of the above form have been discussed
extensively in the literature. By a solution to (4.1) we mean a function
y € C%([0,1], H) with y satisfying the differential equation on [0, 1] and
the stated boundary conditions.

Consider the problem

{ W' () + f(t, [y w(z) de,w(t) =0, 0<t<1

4.2
(42) fol w(z)dz = 0.

By a solution to (4.2) we mean a function w € C([0,1], H) with
w' = —f(t, fgwdx,w) on [0,1] and fol w(z)dz = 0. Notice y is a
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solution of (4.1) if and only if w = %’ is a solution of (4.2). For
notational purposes, let

Li([0,1],H) = {u € L?([0,1], H) : /01 u(z) dr = 0}.

Notice L3([0,1],H) is a closed subspace of L?([0,1], H) and, conse-
quently, L2([0,1], H) is a Hilbert space.

Before we prove our two existence results, we gather together some
information on the Sturm Liouville problem

{y”—l-/\q(t)y:O, 0<t<1
y(0) =y(1) =0,

where y : [0,1] — R and ¢ € C[0, 1] with ¢ > 0 on (0,1). Let Ay be the
first eigenvalue of (4.3). It is well known, Rayleigh-Riez minimization

theorem, that
1 1
/\1/ quzdtg/ [u']? dt
0 0

for all functions u : [0,1] — R with «’ absolutely continuous and
u(0) = u(1) = 0. This result together with the ideas used to prove
Theorem 1.4 in [22] immediately yields

(4.3)

Theorem 4.1. Let H be a real Hilbert space, ¢ € C]0,1], with
g >0 on (0,1) and u : [0,1] — H with v’ absolutely continuous and
u(0) = u(1) =0. Then

1 1
(4.4) A1 / qu? dt < / [u')? dt.
0 0

Remark. If ¢ = 1, then \; = w2 and (4.4) is Wirtinger’s inequality.

Theorem 4.2. Suppose f :[0,1] x H x H — H is continuous. Also
assume the following conditions are satisfied:

for each v > 0 there exists h, € L'[0,1]
(4.5) with | f(t,u,v)| < h.(t) for all
tel0,1],lu|<randveR



MAPPINGS IN LOCALLY CONVEX SPACES 1437

and

there exists ag > 0 with ag < A1 such that
(f(x,up,v0) — flx,u1,v1),up — u1) < agq(x)|up — uy
for all t € [0,1] and (ug,vo), (u1,v1) € R?;

here g € C[0,1] with ¢ > 0 on (0,1).

(4.6) i

Then (4.2) has a solution.

Proof. Let E = C = L([0,1], H). Define Fy : E — E by

Fuu(t // (/ )dxw())dsdz
- [ [ wtwr s as

Notice that F; is well defined because of assumption (4.5). Also F; :
E — E is continuous. This follows from (4.5), the Lebesgue dominated
convergence theorem (version where convergence almost everywhere is
replaced by convergence in measure), and a result of Nemytskii, if a
sequence of functions wy,(s), s € [0, 1] converges in mean (so therefore
in measure), then the sequence of functions f(s, [; wn(z)dz,wn(s))
also converges in measure.

We will show I — F} : E — F is strongly accretive if 0 < ag < Aq,
here ag is as in (4.6), in fact, if ag = 0, —F; : E — E is accretive. Let
u,v € E. Then
(4.8)

-t = [ ([ [ [ vanao)
—f( /fvd:cv ﬂdsu() v(t)>dt

since fol [u(t) — v(t)] dt = 0 implies

UL Lo o) (e )i

u(t) — v(t)> dt = 0.
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Interchange the order of integration in (4.8) to obtain

(Fiu — Fio,u —v)

L)oo )
/S lut) — o(0)] dt> ds
L)oo )
/OS u(t) dt — /Osv(t) dt> ds,

since fol [u(t) — v(t)]dt = 0. This, together with condition (4.7) and

Theorem 4.1 will give
/ w(t) dt — / o(t) dt
0 0

a
< A—jnu—vlliz-

2

1
(Fiu — Flo,u —v) < ao/ q(s) ds
0

Consequently, for u,v € U, we have

(4.9) (I —F)u—(I—F)v,u—v)> (1— i—?)|u—v||2L2,

so I — Fy : E — FE is strongly accretive.

Let Fy, = 0 so F = F; + F, and notice (I — AFy) " Y(AFy(+)) =
(I = A\F1)"%0) : E — FE for any A € [0,1]. To apply Theorem 3.4
we construct an open set U such that (A2) does not occur. Let w be a
solution to

(4.10), { w'(£) + Af(t, [y w(z) do,w(t) =0, 0<t<1

fol w(z)dr =0,

for any A € (0,1). Then

(4.11) —w'(t) = At(t, /Otw(z) dx,w(t)>, 0<t<1.



MAPPINGS IN LOCALLY CONVEX SPACES 1439

Take the inner product of (4.11) with fg wds and integrate from 0 to 1
using integration by parts, (4.6), Theorem 4.1 and Holder’s inequality,
to obtain

Jul: = 1 (s(e [ () de.w0). [ () da ) at
_ A/()qu(t,/otw(x) dx,w(t)) —f(t,0,0)}

0
< ao ‘/ z) dx

e

1 1/2
ag 2 1
<= ) 2 — t) dt t,0,0)]).
_anHL il (5 [ atar)  omax 70,0

dt

|£(t,0,0)| dt

Thus, since ag < A1, there exists a constant My, independent of A, with
lwl|r2 < My, for any solution w to (4.10)x. Let

U={ueL[0,1],H) : ||ul|L> < My}.

Now all the conditions of Theorem 3.4 are satisfied. Finally notice that
condition (A2) cannot occur since, if there exist A\g € (0,1) and u € OU
with v = AoFy(u), then |uljp2 = My and w is a solution of (4.10),,,
which is a contradiction. Thus, F} has a fixed point in U. u]

Theorem 4.3. Suppose that f :[0,1] x H x H — H is continuous.
Also assume the following conditions are satisfied:

for each v > 0 there exists h, € L'[0,1] with
(4.12) |f(t, u,v)| < h(t) for allt € 0,1], |u| <r

and |v| <7,
and

a(f(I x Ax B)) < kmax{a(A),«(B)}
(4.13) for all bounded subsets A, B of H;

here I =10,1] and 0 < k < 1.
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In addition, suppose there is a constant My, independent of A, with

|w|; = max{sup |w(t)|,[su1? |w' ()|} # Mo

) )

for any solution w to (4.10)x. Then (4.2) has a solution.

Proof. Let E = C = C'([0,1], H) and
U={uecC[0,1],H) : |ul; < Mp}.

Define Fy : U — E by

Fowl(t) :/01 /Ozf(s,/osw(x)dm,w(s)> ds dz
—/Otf<s,/osw(x) d:c,w(s)) ds.

Let F; = 0. We claim that F = F}, + F» = F; has a fixed point w € U.
If the claim is true, then w is a solution of (4.2) and we are finished.

To show F = F; has a fixed point in U we will apply Theorem 3.2.
Notice first (I — AFy) ' (AFa())) = AF>(-) : U — C = E for any
A € [0,1]. We next show that Fy : U — C([0,1], H) is a condensing

map. Let G:U — E and H : U — E be defined by

Gu(t) _/Otf(s, /Osw(:l:) d:c,w(s)) ds

and

Hw(t)_/ol/oz <s,/osw(z) d:c,w(s)) ds dz

so F, = H— G. Now let Q C C1([0,1], H) be bounded. Then G(f)
is clearly bounded and equicontinuous because of assumption (4.12).
Notice as well that, for w € 2, we have

é /OS w(zx) dz C o (rangew(x)) C co (1))
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SO

/O () do € 555 (D) C (@ (@) U {0}).

Remark. Here I = [0,1] and Q(I) = Uer{¢(t) : ¢ € Q}.

Also, for w € Q and ¢ € [0, 1], we have

%/Otf<s,/osw(x) dx,w(s)) ds

C o (co(f(I xTo(co(I))U{0}) x (1)) U {0}).

This together with the properties of « and (4.13) implies for w € Q
and t € [0,1] that

a(G(w(t)) < afco(f(I x o (co (1)) U{0}) x Q(1))))
= a(f(I xco(co (1)) U {0}) x Q(I)))
< kmax{a(co (1)) U{0}), o(Q2(1))}
= ka(Q(I)).

Thus for w € Q, we have

(4.14) a(G(w(t)) < ka(Q(I)).

Also since  is bounded in C1([0, 1], H) then Theorem 1.5 implies that
a() > (1)) and this, together with (4.14), implies for w € Q and

t € [0,1] that
a(G(w(t)) < ka().
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Consequently,

(4.15) sup a(GQ(t)) < ka(Q).
teo,1]

Remark. Recall GQ(t) = {¢(t) : ¢ € GQ}.
Also notice if w € Q@ and ¢ € [0, 1], them

(4.16) Gy =1t [ () de, )

so this, together with (4.12), implies that there exists h € L'[0, 1] with
(4.17) |(Gw)'(t)] < h(t) forae. te[0,1] andall weQ.

Consequently, since f : [0,1] x H x H — H is continuous, we have that
G is a bounded subset of C*([0,1], H) and, from (4.17), we have that
(G = {¢' : ¢ € GO} is an equicontinuous set. Now Theorem 1.4
implies that

(4.18) a(G(Q)) = max{stlel? a(GQ(1)), sttel? a((GQ)' (1)}

From above, for w € Q and ¢ € [0, 1], we have that
(Gw)'(t) € f(I x o (e (1)) U {0}) x Q(I))
and so

a((Gw)'(t)) < a(f(I x o (e (1)) U {0}) x (1))
< kmax{a(co (1)) U{0}), «(Q2(1))}
= ka(Q(I)).

This, together with Theorem 1.5, implies for w € Q and ¢ € [0, 1] that
a((Gu) (1)) < ka(®)
and so

(4.19) sup a((GQ)'(t)) < ka().
t€[0,1]
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Now (4.15), (4.18) and (4.19) yields
(4.20) a(GN) < ka(Q).

1], H) and (HQ)' is an equicon-

Also HQ is a bounded subset of C1([0, 1],
[0, 1], we have

tinuous set. Also, for w € Q and t €

Huw(t) = /01 /OZ f(s, /OS w(x) dw,w(s)) dsdz

a(H(w(t)) = 0.

and so

Consequently, sup,c; a(HQ(t)) = 0. Similarly sup,c; a((HQ)'(t)) =0
and so

(4.21) a(HQ) = 0.
Now Fy = H — G so (4.20) and (4.21) imply
a(F2Q)) = a(G) < ka()

so I3 is a condensing map.

Hence, all the conditions of Theorem 3.2 are satisfied. Finally, notice
that condition (A2) cannot occur since if there exists a A\g € (0,1) and
u € OU with v = AgFa(u), then |u|l; = M; and u is a solution of
(4.10)5,, which is a contradiction. Thus, F' = Fj has a fixed point in

U, ie.,
u—/ol/ozf<s,/osu(x)dx,u(s)> ds dz
—/Otf<s, /0 u(z) d:c,u(s)) ds

and so fol w(x)de=0. O
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