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1. The frequency analysis problem. The frequency analysis
problem is to determine the unknown frequencies and amplitudes in a
trigonometric signal when the signal values are known. A method for
solving this problem by using the asymptotic properties of the zeros
of certain orthogonal polynomials, has been established in [2, 7]. The
method has its root back to Wiener-Levinson [14, 4|. The method
starts with measured signal values from a sample of observations of the
signal. In discrete form the signal is

(1) x (m) :j;Iajeimwj

for m=0,1,... ,N—1, ay=0, 0 otherwise.

Here || are the amplitudes, w; are the unknown normalized frequen-
cies and N denotes the number of observed values in {z (m)}.

From the observations is constructed an absolutely continuous mea-
sure ¢y (6) defined by

dyn (0) 1 2
(1.2) %()Zﬂ , @e[-mm].

N—-1
Z T (m) e*lme
m=0

For any fixed N the measure gives rise to a sequence of moments { p,(qiv )}.
For practical purpose we use

(N)
1. gV Hm
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since we are interested in the asymptotic behavior.

The measure also gives rise to a sequence of monic orthogonal polyno-
mials; the Szegd polynomials {p,, (¥n; 2)} . All the zeros of {p,, (V¥n;2)}
are located in the open unit disc.

The number of frequencies is denoted ng := 21. Since ng is unknown,
we choose a number n which we believe is such that n > ng. In this
situation there are two important properties:

(i) If we go to certain subsequence {Nj} of {N}, we obtain conver-
gence of the limit polynomial when & — oco. In each convergence case
the limit polynomial is

I
i {pn (bni2)) = [ (2 — ) (2 - e 9)

Jj=1

ﬁ (2 - ZI()’“’")) .

p=no+1

(1.4)

Thus ng of the zeros in the limit polynomial tend to the frequency points
et™i. In addition we have (n — ng) “uninteresting” zeros. Those zeros
depend upon the degree n of the polynomial and the subsequence { Ny}
2, 7].

(ii) For a given n > ng there exists a number K, < 1 such that
(1.5) |zl(,n)|§Kn<l forp=ng+1,...,n

Hence the “uninterested” zeros can be separated from the frequency
points [7].

The method briefly described above is called the N-process.

2. Modifications. Several modifications of the N-process are
established during the last ten years. There are two main approaches.
One way is to construct new modified measures which can be used to
find the frequency points, another is to modify the moments in different
ways. In this paper we deal with the second approach.

In this situation the moments

(N)
~ Hm
I %V) =

N
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from the N—process or
I
(2.1) M, = A}im N = Z |04j\2(zosmwj
—00 =

are multiplied by certain factors.

The first modification of that type is called the R-process [3]. In the
R-process we multiply (2.1) by R!™ where R € (0,1). Then we have a
new sequence

I
(22) W = i R = (Z oI cos mM)Rm'-

Jj=1

We know that the sequence (2.2) is a moment-sequence and that the
properties (1.4)—(1.5) hold [3, 5].

3. Notation. Before the next sections we introduce some determi-
nant formulas for the N-process: The Szego polynomials

T AR
~(N)  ~(N ~(N
LA w el
(3.1) pn (UN;2) = A | : . :
n=l 1 —(N) ~(N) = ~(N)
n—1 n—2 Hq
1 z PR zn
where A,(ﬁ)l is the Toeplitz determinant of order n.
The Toeplitz determinant of order n
~(N)  ~(N) ~(N ~(N
N S
(3.2) Aﬁﬂ _ ,U1' Ho H_y™ o /’L—Tz+2
V)~ o) (N
O A A
The reflection coeflicients
T
n | ~(N) ~(N) ~(N (N
(N) _ (=1) NE) : M(_l) /J’(—Q) M(—n)-',-l
(3.3) oY) = —— .
n A . ) )
n—1

W) ) - (v
I TSR T
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The identities

(3.4) cosmw; = 2cosw; cos (m — 1)w; — cos (M — 2) w;.
and
(3.5) cos (m — 2)w; — 2 cos mw; +cos (m + 2) w; = —4sin® w; cos mw,

will play an important role in the following section. For the sake of
simplicity we will use the notation cosmw; = T}, (z;) =: T),. Hence
we may write

(36) Tm - Z.I‘ij_l + Tm_g =0
and
(3.7) Tz = 2T + Tuyo = —4(1 — 23) T

4. Modifications of the moments. A new type of modification of
the moments was inspired from the R-process. The idea was to multiply
the sequence (2.1)

Ly, = Z |04j|2 COS MW;
j=1

by R™ where R € (0,1). Then we have a new sequence

I
(4.1) plV) = R = (Z |aj|2005mwj)Rm2

j=1
In this situation we can pick up the frequency points (1.4) but the
property (1.5) does not hold [9].

A more general idea, introduced in [13], was to multiply the sequence
(2.1) by RI™" where R € (0,1) and o > 0. Then we have a new
sequence

I
(4.2) e = p, RM" = < Z |ozj|2cosmwj)Rm|a.
j=—I
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In [13] we find the following result

Proposition 1. For any w € [0,7] and R € (0,1) and o > 2, the
function

(o]
Fr(z)=1+2 Z R™ cos(mw)z™
m=1
is not always a Carathéodory-function, or equivalently
{RI™" cos(mw)}>,,
is mot always positive definite.

For the reflection coefficients we have the lemma

Lemma 2. For the reflections coefficients 5£LN) the following holds:

(1) Nlim ‘6§LN)‘:1 for n = ng

(i) Jim 5§LN>\ £1 forn>ng

The first part of the lemma means that the product of the zeros in
the limit polynomial p,, (¢¥n,; #) equals one if n = ng. In this situation
we get the ng frequency points.

The second part means that the product of the zeros in the limit
polynomial is different from one if n > ng. In this situation we get
the ng frequency points, and in addition the (n — ng) zeros which are
located inside the unit circle.

4.1 The reflection coefficients for n = 2. In this section we
consider the reflection coefficients. It is known that the following
property holds:

A sequence {pm,}>, of complex numbers, p, = f_,, is positive
definite, if and only if, §op > 0 and |6,| < 1 for every n > 1, where the
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{6, } are the corresponding reflection coefficients, (see Theorem 3.2 in
[1]).

This property is the reason why we study the reflection coefficients
for a given signal and a given n > ng, and the results obtained are the
reason to state a later conjecture.

We use the simple signal (1.1):

1 1 .
(4.1.1) z(m) = — ™ 4 — 7™ = /2 cos mw.

V2 V2

In our situation the “moments” are

ple) = u(j?l = cosmwR™".

An important property regarding the reflection coefficients [1] is that

for n # ng we have
2

‘57(5\’)‘ <1
Let x := cosw, and consider Jéa’R). We know that z? € [0,1] and

R € (0,1). From (3.3) we have

TR (2x2 — 1) R

1 R
550 = (-1 ;
1 zR
(4.1.2) R 1
R —2R(2)32? 4 22 R2
N 1—22R?

We want to find out when the product of the zeros is less than one, so
we look at 5£a’R) <1

R2™ —2R?" 32 4 42 R2
1 — 22R?
R —2R*" 22 + 22R? <1 — 22R?
9222 R (1 _ R2“—2) <1-R>".

<1
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The “worst” case is for 22 = 1

R* —2R*’+1>0
a <2

Hence for a < 2, the product of the zeros is less than one. This means
that the zeros tend to the frequency points from the inside of the unit
circle.

For a > 2 the product of the zeros is greater than one for any fixed
R in this interval and sufficiently small (1 — 3:2). This means that the
zeros may tend to the frequency points from the outside of the unit
circle for special values of z € [—1, 1].

An alternative way is to consider the situation where R is replaced
by R = 1—d. We use the power series expansion, and look at the
influence of the terms O (d?). Here 2? € [0,1] and R € (0,1). From
(4.1.2) we get

sy _ 1= 20 )22 422 (1 - d)?
2 1—22(1—d)’

We look at the case 5§a’d) <1

1-d)®) —201—-d)®) 22 +22(1—d)?

(4.1.3) AT

<1

The power series expansion in d of (4.1.3) is

(4 _ 2a+1) IQ + Lt

1—
1— 22

d+ 0 (d%).

Thus we consider

(4 —20FY) 2% 4 2

1— d<1
1—22 <
4.1.4 4 —90tl) g2 4 2o
( ) —( )3: d<0
1— 22
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The “worst” case is for 22 = 1

(2071 —1) <2272
a <2

Hence for o < 2 the product of the zeros is less than one. This means
that the zeros tend to the frequency points from the inside of the unit
circle.

For a > 2 the product of the zeros is greater than one for any fixed
R in this interval and (1 — .’1,‘2) sufficiently small. This means that the
zeros may tend to the frequency points from the outside of the unit
circle for special values of z € [—1, 1].

For ae = 2 we observe from (4.1.4) that the zeros tend to the frequency
points from the inside of the unit circle for all z € [—1,1].

The value o = 2 is such a border case.

4.2 The reflection coefficients for n = 3. The next step is to
look at the absolute value of the “uninteresting” zero where ng = 2
and n = 3. The reflection coefficients are

1y 0= (2a2-1)(1-27d) (4 - 32)(1-3"d)

NG 1 z(1—d) (22— 1)(1-2°d) |+0(d)
Ay | z(1—d) 1 z(1—d)
e(1—d) (222—1)(1-2°d (42°— 32)(1—3°d)
1 z(1—d) (222 —1)(1—-2%d)
B z(1—d) 1 z(1—d)
T 1 2(1—d) @a2—D(-2d)| 0.
z(1—d) 1 z(1—d)
(202—1)(1—-2%d) z(1—d) 1

The expression leads to

(4.2.1)

(403Y—29%3 L 4)1° — (Te3%4 302072 4 1)p3 4 (30FL 202 _ 3y,
(202 — 8)zt — (3@ 20F1 — B)x2 + 20+1

+0(d)
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FIGURE 1. 0 < a < 1.99.
Neglecting the O-terms, rewriting (4.2.1) and cancelling the factor
(1 —2?%), we may write

(8027 —403% —4)2? — (402% — 3! 4 3)
(2041 — 4) 22 — 20

T

2

4.2.2) li =
(42.2) lim |6

We consider (4.2.2) for different a-values.

In Figure 1 we observe that the absolute value of the “uninteresting”
zero is less than one for all z € [—1,1].

In Figure 2 we observe that the absolute value of the “uninteresting”
zero can be greater than one for some z € [—1,1].

FIGURE 2. 2.01 < o < 2.10.
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FIGURE 3. 2.1 < a < 4.0.

In Figure 3 we observe that the absolute value of the “uninteresting”
zero can be much greater than one for some z € [—1, 1].

Conjecture 3. For a € (0,2] the sequence {cosmwRI™" 1o s
positive definite.

—0o0

We consider some known results:

(i) The R-process (o = 1) with moments
i = i R = (1= @)™

In the R-processes ng of the zeros tend to the frequency points et

[3]. The remaining zeros are such that ’zl()n) <K, <1]I5]

For ng = 2 we have the special result limg .o |6§R)| = z:(,,R) = |x/2|
(3]
(ii) The V-process (o = 2) with moments
2

2 m
P = e R = g (1= d)™

Let n = fBng + 7. Then fny of the zeros in the V-process tend
to the frequency points e*™i. The remaining zeros are such that

25| < K, <19].
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For ng = 2 we have the special result limg_,o |5:(3V)\ = zév) = |z|.

Hence we know that the conjecture holds for a = 1, 2.

4.3 How important is the power of d in the Toeplitz determi-
nant? The power of d tells us at which rate the Toeplitz determinants
tend to zero. Let n = Bng + 7.

In the R-process (o = 1) the power of d is [8]
(4.3.1) d"mo = Aoty
In the V-processes (a = 2) the power of d is [9]

(4.3.2) d3BB—1)no+py
The power of d is closely related to o and hence to the power of m.

Proposition 4. For a € (0,2) and n = Bng + v, the rate at which
the Toeplitz determinant tends to zero is

qn—mo — d(B—l)no-i-'y.

Outline of proof. We use the simple signal (4.1.1) and consider the
Toeplitz determinant of degree ng = 2 and n =5, i.e.,n =202+1 =15.

TR B TA ST A

T T T
(4.3.3) A =l ) )

/.L:()’a) éoc) ’U/ga) u(()a) M(_al)
MELQ) ,U/z(),a) uéa) uga) M(()a)

We first simplify the determinant (4.3.3) by using row operations.
Notice that the indices of the “moments” are increasing in the columns.
Replace row k by

row (k)-2x row (k+1) +row (k+2).
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We notice that all the terms without m vanish because of (3.6). The
remaining terms are:

(4.3.4)

(T (1=|m|* d) —22T 11 (1— |m + 1|* d)+Tppo (1— |m + 2|* d)+0 (d?)
=d((|m+1|" = |m|*) Ty = (Im +2|" = [m +1|*) Tyus2) + O (d°)
= d(fm,m+2) -

Then we have

fo2 f-11 fo20 fos—1 foa-2
fiz fo2  foin fo20  foza
(4.3.5) Af;a) —|f2a 1z Jo2  faan fe20 [ p3io (d*)

T T T T

Mfla) /.L:()’a) Mga) Mga) u(()a)

We make a second simplification of the determinant. This time we
make column operations. From the left to the right we use the following
column-numbers: ¢ = {1,2,--- ,n+ 1}. Notice that the indices of the
“moments” are decreasing in the rows.

Replace column ¢ by
column (¢)-2x column (¢ + 1) +column (¢ + 2) .

In our situation we obtain

(4.3.5)  fom+2 = 2T frm—1m41 + frm—2.m
= ((Im+ 1" = [m|*) T, = (Im + 2" = |m + 1|%) Tint2)
=2z ((Im|* = [m = 1|*) Ty = (Im + 1% = [m|") Tn41)
+ ((Im =1 = |m = 2|%) Tz — (Im|" — [m = 1|%) Ton)

We rewrite the expression

== (Im|" =2|m = 1" +|m = 2|%) T2
(4.3.6) +2(m+ 1% =2|m|* + |m — 1) T,
—(m+21" = 2/m + 1" + [m|*) Tos2
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For the determinant in question we have three expressions. The first
one P is for m = 0:

foe—2xfoa1+ fooo=—02%=-2)T o +4Tp — (2% —2) T
=Ty — (2T —4)Tn) = P

The second one @ is for m = —1:

J-11—2xf 20+ f-3-1
=— (120" 43" Ty + (—4+2°") T, - (1+1)Ty
=20 —6)T1 — (3 —2°T' + 1) Ty = Q
and the third one R is for m = —2:
foo—2xfs 1+ fa2=—(2"-2)Tp+2((3%)—2*"+1) Tp
—(4%=2(3%)+2%) Ty =: R.
The determinant (4.3.5) now looks like
P Q R f3-1 foa-2
Q P Q f—20 [-3-1
437 AW=| R Q P fa1 foo|d+0(d")

dfsq dfs0  fi,-1 M(()a) Mga)
dfs2 dfsa  dfap uﬁ“) M(()a)

Now we have the cases:

(i)

P Q R
(4.3.8) Q P Q=0
R Q P
(i)
P Q R
(4.3.9) Q P Q|40
R Q P
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Let us consider the “border” case @ = 2 We have

P=A4T, — 4T, =8 (1 —2%) =8 (1 —2*) Ty
Q=271 —2T3 =8z (1—2%) =8 (1—2*) Ty
R=—2Ty + 4T, — 2Ty = 8 (1 — 2*) Tp.

Let C =8 (1 —2?). From (4.3.7) we find

CTy CTv CTy f3-1 foa-2
CTh CTy, CTv fao0 f-3-1
4310) AP =|CT CTy CTy faa  f20|d®+0(d)
dfs1  dfao  fi1,-1 ué” pi?
dfso  dfs1  dfap u§2) M(()Q)

A second row operation leads (in a similar way as the first one) to

d(x) d(x) d(x) CTy CT;
CTy CTy CTi foo0 f-3-1
4311) AP =|CTy CTy CTy fax fo0 |d®+0(d*)
dfsq  dfao  fi,—1 u((f) M§2)
dfso  dfsy  dfap u§2) N(()Q)

where (*) is an expression in z, d.

A second column operation leads, in a similar way as the first one, to

#) d(x) dx CT, CTy

(x) CTy CTv fo20 f-3-1

(x) €T CTo fan  fa0 |d® +0(d)
dly  dfso  f1,-1 ﬂgQ) Ngm

dIy  dfsi  dfayo u§2) M((Jz)

d
d
(4.3.12) AP =|d

where (%) and (#) are expressions in z, d.

The important fact is that we can pull out d from the first column in
(4.3.12), and hence the power of d is d* (4.3.2). For more details, see
[10]. The value oo = 2 is the only value where we can pull out more d’s
from the determinant.
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If & # 2 we have no possibility to pull out more d’s in the determinant,
so we have the situation (4.3.9). In that situation the determinant
(4.3.7) may be written

P Q R
AP =g P ||, "lla+o0(@d).
R Q P

For all a € (0,2) we thus have the situation stated in Proposition 4.

Proposition 4 holds for a signal with an arbitrary number of frequen-
cies and an arbitrary degree n > ng. For more details, see [11]. If,
in addition, Conjecture 3 holds, a result of type (1.4) holds, but not
necessarily (1.5).
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