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A CHANGE OF SCALE FORMULA FOR WIENER
INTEGRALS OF UNBOUNDED FUNCTIONS

I. YOO, T.S. SONG, B.S. KIM AND K.S. CHANG

ABSTRACT. Cameron and Storvick discovered change of
scale formulas for Wiener integrals of bounded functions in
a Banach algebra S on classical Wiener space. Yoo and
Skoug extended these results to abstract Wiener space for a
more generalized Fresnel class F4,, 4, than the Fresnel class
F(B) which corresponds to the Banach algebra S on classical
Wiener space. In this paper we present a change of scale
formula for Wiener integrals of functions on abstract Wiener
space which need not be bounded or continuous.

1. Introduction. It has long been known that Wiener measure
and Wiener measurability behave badly under the change of scale
transformation [3] and under translations [2]. Cameron and Storvick
[5] expressed the analytic Feynman integral for a rather large class of
functionals as a limit of Wiener integrals. In doing so, they discovered
nice change of scale formulas for Wiener integrals on classical Wiener
space (Cy[0, 1], m,,) [6]. In [20, 21, 22], Yoo, Yoon and Skoug extended
these results to classical Yeh-Wiener space and to an abstract Wiener
space (H, B,v). In particular, Yoo and Skoug [20] established a change
of scale formula for Wiener integrals of functions in the Fresnel class
F(B) on abstract Wiener space, and then they [21] developed this
formula for a more generalized Fresnel class F4, 4, than the Fresnel
class F(B). But functions in F(B) and Fa4, 4, are bounded.

In this paper we establish a change of scale formula for Wiener
integrals of functions of the form

F(z) = G(x)¥((e1,z)™, ..., (en,x)~)
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for G € F(B) and ¥ = v + ¢ where ¢ € L,(R"), 1 <p < 00, and ¢ is
a Fourier transform of a measure of bounded variation over R™. Note
that F'(z) need not be bounded or continuous.

2. Definitions and preliminaries. Let H be a real separable
infinite dimensional Hilbert space with inner product (-,-) and norm

I-1]. Let |||-]|| be a measurable norm on H with respect to the Gaussian
cylinder set measure o on H. Let B denote the completion of H with
respect to ||| - |||. Let ¢ denote the natural injection from H to B. The

adjoint operator ¢* of ¢ is one-to-one and maps B* continuously onto
a dense subset of H* where B* and H* are the topological dual of B
and H respectively. By identifying H with H* and B* with /*B*, we
have a triple B* ¢ H* = H C B and (h,z) = (h,z) for all h in H
and z in B* where (-,-) denotes the natural dual pairing between B
and B*. By a well-known result of Gross [14] ¢ o t~! has a unique
countably additive extension v to the Borel o-algebra B(B) of B. The
triple (H, B,v) is called an abstract Wiener space. For more details,
see [13, 16, 17, 18].

Let C,C, and C7 denote the complex numbers, the complex num-
bers with positive real part and the nonzero complex numbers with
nonnegative real part, respectively.

Definition 2.1. Let F be a functional on B such that the integral
(2.1) Jr(\) = / FOY25) du(a)
B

exists for all A > 0. If there exists an analytic function J}(z) on C4
such that J5(X) = Jp(A) for all A > 0, then we call J5(z) the analytic
Wiener integral of F' over B with parameter z, and for z € C we write

(2.2) LIFC)] = Jr(2).

Let g be a nonzero real number. If the following limit (2.3) exists,
we define it to be the analytic Feynman integral of F' over B with
parameter ¢ and we write

(2.3) LIFO)] = lim IZ[F()]

a :
z——1q
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where z approaches —ig through values in C.

Let {e,} denote a complete orthonormal (CON) system in H such
that the e,’s are in B*. For each h € H and = € B, we introduce a
stochastic inner product (-,-)~ on H x B defined by

limy, 0o D5 (hyej) (2, ;)  if the limit exists

0 otherwise.

24)  (ha)~ = {

Then, for every h € H, (h,z)~ exists for v-almost everywhere = €
B and it is a Borel measurable function on B having a Gaussian
distribution with mean 0 and variance |h|%?. Also if both h and z
are in H, then (h,2)~ = (h,z).

Let M(H) denote the space of finite complex Borel measures p on
H. Then M(H) is a Banach algebra over the complex numbers under
convolution as multiplication with the norm ||u|| where ||u|| is the total
variation of p.

Given two C-valued functions F' and G on B, we say that F = G,
s-almost everywhere if F(az) = G(azx) for v-almost everywhere x € B
for all a > 0. For a function F' on B we denote by [F] the s equivalence
class of functions which equal F' s-almost everywhere.

Definition 2.2. The Fresnel class F(B) is defined as the space of
all functions G on B which have the form

(2.5) Gla) = [ explilh.a)} dun)

for p € M(H).

In fact, F(B) is the space of all s-equivalence classes of functions
of the form (2.5) since we identify functions which coincide s-almost
everywhere on B. It is well known [10, 16] that F(B) is a Banach
algebra and the mapping y — G is a Banach algebra isomorphism
where p and G are related by (2.5).

Theorem 2.3 [16]. Let G € F(B) be given by (2.5). Then the
analytic Feynman integral of F' over B ezists for all real ¢ # 0 and

(2.6) 12601 = [ exo{ = o 10? b aut
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In particular, for each z € Cy,

(2.7 1601 = [ e { = LInE ) duio),

3. Change of scale formulas. We begin this section by giving some
existence theorems of the analytic Wiener integral and the analytic
Feynman integral of functions on abstract Wiener space which need
not be bounded or continuous.

Theorem 3.1. Let F(x) = G(x)y((er,z)™, ..., (en,x)™) where
G € FB), v € L,(R"), 1 < p < oo and {e1,...,ey} is an
orthonormal set in H. Then for each z € Cy, F is analytic Wiener
integrable; and if G is given by (2.5), then

(3.1)

IZF()] = <%>"/2/H/ exp{i{é(izvk + (ex, h))? — ||h||2H

X (v1,... ,0,)dvy...dv, du(h).

Proof. Let A be a positive real number. We begin by evaluating the
Wiener integral

/B FO\Y22) du(x)
:/B/Hexp{ix%(h,x)~}¢(x%(el,x)~,... X

=

(ens2)™)du(h) dv(x).

Using the Fubini theorem, we change the order of integration in the
above equation. In fact, since ¢ € L,(R™) and p € M(H), we have

/H/B|¢(x1/2(el,x)~,...,xl/Q(e,L,x)N)|dy(a;)du(h)

:(%) /H/n|1/1(v1,...,vn)exp{—%;v%}dvl.”dvndu(h)<oo.
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For a given h € H, using the Gram-Schmidt process, we obtain

ent1 € H such that {e1,...,en,eny1} forms an orthonormal set in
Hand h = ZZS crer, where
(32) (ex, h) kE=1,... ,n,
3.2 Cr = n 1/2
(‘|h|‘2_2j:1<ej>h>2) k=n+1

Hence by the Wiener integration formula, we have
(3.3) / FONY22) dy(z)
B
n+1
= exp ixT? cxlex, T N}
Jo oo e

X YAV (e, )™, ATV 2 (e, 2)™) du(z) dp(h)

A (n+1)/2 n+1 2 n+1
Z Z 2
-_— € 2 CrUEL — — v

k=1
X (v, .. ,0,)dvy - dvpiy du(h)

<%)n/2 /H/ exp {ﬁ {é(i)\vk + (ex, b))% — ||h||2} }

1
X WP(v1,... ,0n)dvy - dog, du(h).

The third equality in (3.3) is obtained by applying the following
integration formula

2\ 172 2
(3.4) /Rexp{—au2 +ibu} du = (5) exp { - }7

for any a € C and real number b.

Now we will show that the righthand side of the third equality in
(3.3) is an analytic function of A € C4. Let A\, — A in C,. Then there
exists a > 0 such that Re \; > « for sufficiently large ! and, by using
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the Bessel inequality, we have

n

‘exp{zi\ [ZWW« + (ex, B))? — ||h|2} }w(vl, o)

Re A - ReA "
= exp{— 2|)\l‘é [|h||2 - Z(ek, ] - vz}h/) Viyeno s Un)]

k=1 k=1

n
< exp{— %Zvi}hﬂ(vl,... ,Un )|
k=1
Since ¢ € L,(R"™) and p € M(H), the righthand side of the above
inequality is integrable on H x R™. Hence, by the dominated conver-
gence theorem, the last expression in (3.3) is a continuous function of
A € C,. Moreover, by using the Morera theorem, we can easily show
that it is an analytic function of A throughout C,, and this completes
the proof. a

If we restrict our attention to the case p = 1, we obtain the following
existence theorem of the analytic Feynman integral. But, if p > 1, we
are not able to justify the application of the dominated convergence
theorem in the proof of Corollary 3.2 below. Thus, in this case we
could not claim the existence of the analytic Feynman integral.

Corollary 3.2. Let F(z) = G(x)y((e1,z)™,...,(en,x)~) where
G € T'(B), ¥ € L1(R") and {e1,... ,e,} is an orthonormal set in
H. Then for each real q # 0, F is analytic Feynman integrable; and if
G is given by (2.5), then

(3.5)

ire) = (- %)/ || eo{s [gmk fens? = o]

X Y(v1, ... Uy)dvy - - doy, du(h).

Let M(R") be the set of functions ¢ defined on R” by

(36)  O(r1,... 1) = /exp{ Zrktk}dptl,...,n)
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where p is a complex Borel measure of bounded variation on R™.

Theorem 3.3. Let F(z) = G(z)p((er, )™, ..., (en,x)™) where
G € F(B), ¢ € M(R") and {ei,... ey} is an orthonormal set in
H. Then for each z € C4, F is analytic Wiener integrable; and if G
and ¢ are given by (2.5) and (3.6), respectively, then

(3.7)

IR ()] :/H/Rn exp{— %[Hm%éztk@k,hwitz}}

k=1

X dp(ty,... tn)du(h).

Moreover, the righthand side of (3.7) is a continuous function of z on
C7.
+

Proof. By the same method as in the proof of Theorem 3.1, we have
for a positive real number A,

/ FOY22) dy(z)
B

n+1 n
:// /exp{i)\1/220k(ek,w)w+i)\UQZtk(ek,w)N}
H " JB k=1 k=1

x dv(z)dp(ti, ... tn) du(h)

n

_ntl _1
= (2m)” 2 // / exp {i)\ 2
H n Rn+1 _

—+1 n
_1
E CrpUg+iN 2 E trug
k=1 k=1

n+1
ui}dul < dung1 dp(ty, ... tn) du(h)
k=1

|:C%+1 + Z(ck + tk)2:| }dp(t17' iRy tn)du(h’)
k=1

2

>~|"‘

S fomds

1 n n
=/H/R exp{—5[|h|2+;jztk<ek7h>+;ti}}dpah...,tn)du(h).

Using the Bessel inequality in the last expression above, we know that
the exponential in the expression is bounded in absolute value by unity
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for A € C7. Since p is a complex Borel measure of bounded variation
on R™ it follows that the righthand side of the last equality above is
analytic in A for A € C and is continuous in A for A € C7, and hence
this completes the proof. a

The following corollary follows immediately from Theorem 3.3.

Corollary 3.4. Let F(x) = G(z)o((e1,z)™, ..., (en,x)~) where
G € F(B), ¢ € M(R") and {ei,... ,en} is an orthonormal set in
H. Then for each real ¢ # 0, F is analytic Feynman integrable; and if
G and ¢ are given by (2.5) and (3.6), respectively, then

(3.8) IG[F(-)]

n

:/H/Rnexp {—2%[|h||2+g2tk<ek,h>+2ti”dp(t1,... s o) du(h).

k=1

From the above results and the linearity of the analytic Wiener
integral and the analytic Feynman integral on abstract Wiener space,
we have the following corollary.

Corollary 3.5. Let F(z) = G(x)¥((e1,z)™,...,(en,x)~) where
G e F(B), U = ¢ +¢ e L(R") + M(R"), 1 < p < oo, and
{e1,...,en} is an orthonormal set in H. Then for each z € Cy, F is
analytic Wiener integrable. Moreover, if G and ¢ were given by (2.5)
and (3.6), respectively, and ¢ € L,(R"), then

(3.9)

IZIF()] = (%)”/Q/H/ exp{%[;(izvk + (e, h))? — |h||2]}

X w(vla v ,’Un) dvl o 'dvn d,LL(h)
1 n n
+ exp{——|:h2+ 2ty er, h) + tQH
/H/R o 10+ 32t ) + 3

xdp(ty, ... t,) du(h).
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In case p =1 for each real ¢ # 0, F is analytic Feynman integrable and

(3.10) 2
mroi= (-2 neXp{Qiq[;(qwek,h»Q_||h|2H

X ¢(’Ul, cee ,'Un) dvl e d’U’n d:u‘(h’)

+/H/Rnexp{_%[”hH?Jriztk(ek,m+kz::1ti“

k=1

X dp(t,... ,tn)du(h).

Next we introduce two lemmas which play a key role in the rest of
this section.

Lemma 3.6. Let v € L,(R"), 1 < p < o0, and z € C4 and let
{e1,... ,en} be an orthonormal set in H with n > r. Let h € H and
let

K= /Bexp {1_72 [(er,x)~]? + i(h,x)w}
x((er,z)~, ..., (ep,2)Y) dv(z).

Then

r/2 n
_ (= —n/2 z—1 o Lo
K= (27r> z exp{ 5 EZ (er, h) 5 12| }

k=1

X / ) exp{% Z(@zuk + {ek, h))z}z/}(ul, o) duy - dity

k=1
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Proof. Using (3.2) and the integration formula (3.4), we have

K= /Bexp {1;—Z kz:[(ek,x)NP + Z'ni:lck(ekvx)w}

k=1

x Y((er,x)~, ..., (e, x)”)dv(z)

1 nTH 1—» n n+1 1 n+1
_ — 2 . 2
= (%> /R,LHeXP{TZuk+chkuk_§Zuk}
k=1 k=1 k=1
X 1/)(“1, v 7u7‘) dul co dun-’rl
r/2 n
z n 1 1
_(%> z /QGXP{_Q Z Ci_§ci+1}
k=r+1

- T ) ) T
X exps —— uL+ 1 CrU Uty ., Up) dUug -+ - dy.
/RT P{ 2; k ;kk}ﬂ}(l ) duy

By (3.2) we have the desired result. O

By the same method as in the proof of Lemma 3.6, we have the

following lemma.

Lemma 3.7. Let z,h,{e1,... ,e,} be given as in Lemma 3.6. Let

K:/Bexp{l_z é[(ek,xrﬁ+i(h,z)~+¢itk(ek,x)~}dy(l«).

2
k=1

Then

n

-1 1 — 1 « 1
K = 5~ /2 e 2_ - - 2_ - 20
z exp{ P g (ek, h) zk§:1tk<ek,h> 2 ngtk 2||h||

k=1

Now we give a relationship between Wiener integral and analytic
Wiener integral on abstract Wiener space.

Theorem 3.8. Let {e,} be a complete orthonormal set in H.
Let F(z) = G(x)¥((e1,x)™, ..., (er,x)~) where G € F(B) and ¢ €
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L,(R"), 1 <p<oo. Then for each z € C,, we have

n— 00 2
k=1

(3.11) IZ[F(-)] = lim z"/z/ exp{B Z[(ek,z)N]z}F(aj) dv(z).
B =
Proof. Let n be a natural number with n > r, and let

n

I‘(n):/Bexp{1;ZZ[(ek,x)N]2}F(a:)dV(a:).

k=1

By the Fubini theorem, (3.2), (3.4) and Lemma 3.6,

to)= [ [ en {155 Sltenar+ inn
k=1

x ((e1, )™, ..., (e, z)~) dv(z) du(h)

- (§>/(E)//H/XP{2;1;<@_ 31017}

T

X exp {% Z(zzvk + {eg, h>)2}1/)(111, ooy vp) dvy - - - doy du(h).

k=1

Note that, by the Bessel inequality, we have

7—1 — 1 1,
‘GXP {y > ferh)?— 5Hh|\2+ % Z(kar(@k,h))z}W’Ul, ey Ur)
k=1 k=1
i
<o { = BE ST oo o)

k=1

and the righthand side of the inequality above is integrable on H X
R" since ¢ € L,(R") and p € M(H). Hence, by the dominated
convergence theorem and Parseval’s relation, we obtain

Jim 25T (n) —(%)W/H/Texp{%{Z(izukﬂek,h))?—|h|2”

X Y(v1,...,0.)dvy - - dvo. du(h).
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By equation (3.1) in Theorem 3.1, the proof is completed. mi

Moreover, if p = 1, we obtain the following relationship between the
Wiener integral and the analytic Feynman integral on abstract Wiener
space.

Theorem 3.9. Let {e,} be a complete orthonormal set in H.
Let F(z) = G(x)¥((e1,x)™, ..., (er,x)~) where G € F(B) and ¢ €
L1(R"). Let {z,} be a sequence of complex numbers in C such that
Zn — —iq. Then

n

(3.12) II[F()] = lim ZZ/2~/B exp{l_zzn Z[(ek,x)N]Q}F(:E) dv(z).

n—00
k=1

Proof. The proof of this theorem is similar to the proof of Theo-
rem 3.8. Let n be a natural number with n > r, and let

Pz = [ o {152 S lewn) | ) doto),

k=1

By the same method as in the proof of Theorem 3.8, we have

r/2 n/2 n
[z 1 zn—1 9 1 9
roni=(2) "(2)”" oo S )

k=

X exp {% Z(iznvk—l—(ek, h))z}w(vl,. o Up) dvy - -duy dp(h).

" g=1

Using the Bessel inequality in the first exponent above, we have that
the absolute value of the exponentials above is bounded by unity.
And also |[¢(v1,...,v,.)| is integrable on H x R” since ¢ € Li;(R")
and p € M(H). Hence by the dominated convergence theorem and
Parseval’s relation, we obtain

s =tz =(<2) [ [ ool L [t ]

X Y(v1,...,v.)dvy - dvo. du(h).
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By equation (3.5) in Theorem 3.2, the proof is completed. o

Theorem 3.10. Let {e,} be a complete orthonormal set in H.
Let F(z) = G(z)¢((e1, )™, ..., (er,z)~) where G € F(B) and ¢ €
M(R"). Then equation (3.11) holds.

Proof. Let n be a natural number with n > r and let

F(n)—/BeXp{lgz Zn:[(ek,x)N]z}F(x)dy(x).

k=1

By the Fubini theorem, (3.2), (3.4) and Lemma 3.7, we have

L(n) = /H/T/BGXP{I;Z i[(ek,z)N]z—l—i(h,x)N
k=1

+i Z tr(ex, ac)”} dv(z)dp(ty,--- ,t.) du(h)
k=1

1n/2 Z—ln 17"
= - expl —— ek,h2—— trleg, h
() Lol e Enten

1 — 2 1 5
22 ’; 1: k 2“ H } ( 15 ’ 7") ( )

Using the Bessel inequality, we have that the exponential of the last
expression above is bounded in absolute value by unity. Hence by the
dominated convergence theorem and Parseval’s relation, we obtain

1 T ks
lim 2"/?D(n) = / / exp { - — {||h|2 + Z 2t {ex, h) + Zti} }
e HJR" 22 k=1 k=1
X dp(ty ... t.)du(h).
By equation (3.7) in Theorem 3.3, the proof is completed. mi

W

Modifying the proof of Theorem 3.10, by replacing “z” by “z,
whenever it occurs, we have the following corollary.

7
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Corollary 3.11. Let {e,} and {z,} be given as in Theorem 3.9 and
let F' be given as in Theorem 3.10. Then equation (3.12) holds.

From Theorem 3.8 and Theorem 3.10 and the linearity of the analytic
Wiener integral on abstract Wiener space, we obtain

Corollary 3.12. Let {e,} be given as in Theorem 3.9. Let F(x) =
G(x) Y((e1,z)™, ..., (er,x)~) where G € F(B) and ¥ = ¢ + ¢ €
L,(R")+ M(R"), 1 <p < oo. Then equation (3.11) holds.

Similarly, from Theorem 3.9, Corollary 3.11 and the linearity of the
analytic Feynman integral on abstract Wiener space, we have

Corollary 3.13. Let {e,} and {z,} be given as in Theorem 3.9.
Let F(z) = G(x)¥((e1,2)~, ..., (er,z)~) where G € F(B) and ¥ =
Y+ ¢ e Li(R")+ M(R"). Then equation (3.12) holds.

Our main result, namely a change of scale formula for Wiener inte-
grals on abstract Wiener space, now follows from Corollary 3.12.

Theorem 3.14. Let {e,} be given as in Theorem 3.9. Let F(x) =
G(x)¥((e1,2)~, ..., (er,z)™) where G € F(B) and ¥ = 1 + ¢ €
L,(R")+M(R"), 1 <p < oo. Then, for any p >0,

(3.13)
2 n
[ Py dvta) = i o [ oo {2t Slen,a) P b dvfa).
B B P

n— 00
k=1

Proof. By letting z = p~2 in (3.11), we have equation (3.13). i

Obviously the constant, function ¢ = 1 is a member of M(R"). Hence
we have the following corollary which is a change of scale formula for
Wiener integrals on an abstract Wiener space given in [20].

Corollary 3.15. Let {e,} be given as in Theorem 3.9. Let F €
F(B). Then, for any p > 0, equation (3.13) holds.
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4. Corollaries. In this section we apply our results to the classical
Wiener space.

Let Hy = Hpla,b] be the space of real-valued functions f on [a,b]
which are absolutely continuous and whose derivative D f is in Lo[a, b].
The inner product on Hy is given by

(fg) = / (Df)(s)(Dg)(s) ds.

Then Hy is a real separable infinite dimensional Hilbert space. Let
By = Byla,b] be the space Cyla,b] of all continuous functions x on
[a, b] with 2:(0) = 0 and equip By with the sup norm. Let v be classical
Wiener measure. Then (Hy, By, ) is an example of an abstract Wiener
space. Note that if {e,} is a complete orthonormal set in Hy, then
{De,} is also a complete orthonormal set in La[a, b] and (e, )™ equals

the Paley-Wiener-Zygmund stochastic integral ff(De,L)(s)dx(s) for s-
almost everywhere z € By.

In [5], Cameron and Storvick introduced a Banach algebra S of
functionals on Cy[a, b] which are expressible in the form

(4.1) F(z) = /L2[a,b] exp {i/abv(s) Jx(s)} do(v)

for s-almost everywhere = € Cy[a, b], where o € M (Ls[a,b]). Then we
know that F' € F(By) if and only if F' € S.

Corollary 4.1 ([7, Theorem 1]). Let F(x) = G(x)(x(b)) where
GeS, peL,(R),1<p<oc. Then, for each z € C*, F is analytic
Wiener integrable, and if G is given by (4.1), then

(4.2)

100 oo o f 00
b

~ (-0 [ (w(o) 5] fut g doe).
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In case p = 1, for each real ¢ # 0, F is analytic Feynman integrable
and

(4.3)

-0 (o(s))? ds] }w@) dé do (o).

Proof. Let ¢(t) = 1/v/b—a and e(t fa+tqb ds. Then {e(t)} is

an orthonormal set in Hy and
b
z(b) = Vb — a/ o(t) dz(t) = Vb — ale, ).

Thus by (3.1) in Theorem 3.1, we have

1/2 1 b 2
IZ[F(- d
0=(52) [ feool e i o

- / (o(s)2 s | bu(vi=ag) s dote)

~(370-0 a)l/Z/Lzab/ o{z0-0 )K”“/ab”(s)“f

~ (b-a) / (o502 s | bue) dedoo),

as desired. Equation (4.3) can be proved similarly. O

The following corollary is obtained easily from Theorem 3.3 and
Corollary 3.4.

Corollary 4.2 ([7, Theorem 2|). Let F(x) = G(x)¢(x(b)) where
G eS8, ¢ € M(R). Then for each z € C4, F is analytic Wiener
integrable. Moreover if G is given by (4.1) and ¢ is given by

(1.4) o) = [ expirt}dp(t)
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then,

(4.5) I7] /L2[ab / exp{——/( (s)+t)2ds} dp(t) do(v).

Moreover, for each real ¢ # 0, F is analytic Feynman integrable and
b
(4.6) II[F / / exp {——/ (v (s)+t)2ds} dp(t) do(v).
Lz[a b]

From the above results and the linearity of the analytic Wiener
integral, we can obtain the formula for the analytic Wiener integral
of functions of the form F(z) = G(x)¥(z(b)) where G € S, ¥ =
Y+ ¢ e L,(R)+ M(R), 1 < p < co. Similarly we can also have
the formula for the analytic Feynman integral of functions of the form
F(z) = G(z)¥(x(b)) where G € S, U = + ¢ € L1 (R) + M(R).

The following corollary is a relationship between the Wiener integral
and the analytic Wiener (Feynman) integral on classical Wiener space.

Corollary 4.3. Let F(z) = G(z)¥(z(b)) where G € S, ¥ =1+ ¢ €
L,(R)+ M(R), 1 <p < oo. Let {¢,} be a complete orthonormal set
in Lala, b] with ¢1(t) = 1/v/b— a. Then, for each z € C4, we have

(4.7)
I[P ()]

= lim_ 2"/? /CDM exp {1_7:2”:1 (/abqﬁk(t) dx(t)>2}F(x) dvy(z).

In case p =1, if we let {z,} be a sequence of complex numbers in C,
such that z, — —iq, then

(4.8)
IZ[F ()]

= 1im 2}/ exp 1_Z”an et dn(t)) V() duoe).
~/Co[a,b] { 2 a

k=1
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From the above equation we obtain a change of scale formula for the
Wiener integral on classical Wiener space.

Corollary 4.4. Let F and {¢,} be given as in Corollary 4.3. Then
for any p >0,

(4.9)
/ Flpz) dvo(x)
Cola,b]

~ lim p" /Co[a?b] exp{ 21 Y (/ bu(?) ) }F(:E) dvo ().

k=1

Corollary 4.5 ([6, Theorem 2]|). Let p and {¢,} be given as in
Corollary 4.3. Then if F' € S, equation (4.9) holds.
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