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OSCILLATIONS OF SECOND-ORDER
NONLINEAR PARTIAL DIFFERENCE EQUATIONS

SHU TANG LIU AND GUANRONG CHEN

ABSTRACT. Oscillations of the second-order nonlinear
partial difference equation

T (�1,�2) [cmnT (�1,�2)(ymn)]

+ pmn(ym+1,n + ym,n+1)
ν = 0

is investigated. Some sufficient conditions for oscillations
of solutions of the above equation with ν > 1 and ν < 1
are obtained, where ν is a fraction of odd positive integers,
m, n ∈ Ni = {i, i + 1, . . . , }, i is a nonnegative integer,
T (�1,�2) = �1+�2+I, �1ymn = ym+1,n−ymn, �2ymn =
ym,n+1 − ymn, Imnymn = ymn.

1. Introduction. Partial difference equations are popular and
important in many applications such as those involving population
dynamics with spatial migrations, chemical reactions, etc., and also
in computation and analysis of finite difference equations [2, 3, 9, 10].
In the past several years, the qualitative theory of partial difference
equations have been extensively investigated, see [1, 5 8, 11 17] and
references therein. In particular, oscillations of all solutions of the
second order nonlinear partial difference equation

T (�1,�2)[cmn �1 (ymn)] +
s∑

i=1

ai(m, n)fi(ym+1,n,�1(ymn)) = 0

have been studied [4], where T (�1,�2) = �1 + �2 + I, �1ymn =
ym+1,n − ymn, �2ymn = ym,n+1 − ymn and I(ymn) = ymn. Let Ni =
{i, i+1, . . . , }, where i is a nonnegative integer, {ai(m, n)}(m,n)∈N2

0
are

real double sequences, i = 1, 2, . . . , s, and s is a positive integer, the
double sequence {cmn}(m,n)∈N2

0
is assumed to be positive.
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In this paper, we consider the oscillatory behaviors of all solutions of
the second-order nonlinear partial difference equation of the form

(1)

T (�1,�2) [cmnT (�1,�2)(ymn)] + p(m, n)(ym+1,n + ym,n+1)ν = 0,

where ν is a quotient of odd positive integers, m, n ∈ Ni. Some
sufficient conditions for oscillation of all solutions of the above equation
with ν > 1 and ν < 1 are obtained.

By a solution of Equation (1), we mean a real double sequence
{ymn} satisfying (1) for m, n ∈ N0. We consider only such solutions
that are nontrivial for all large m, n. A solution {ymn} of (1) is
called nonoscillatory if it is eventually positive or eventually negative;
otherwise, it is called oscillatory.

2. Main results. The following elementary identity for double
sequences will be needed later.

Lemma 1 [13, 17].
m∑

i=m−k

n∑
j=n−l

(Ai+1,j + Ai,j+1 − Aij)

=
m+1∑

i=m+1−k

n∑
j=n+1−l

Aij +
m∑

i=m−k

Ai,n+1 − Am−k,n−l + Am+1,n−l.

We consider the case where cij > 0 for all i ≥ 0, j ≥ 0 and

(2)
∞∑

i=0

∞∑
j=0

1/cij < ∞.

Theorem 1. Assume that cij > 0 for all i ≥ 0, j ≥ 0 and (2) holds.
Further, assume that ν > 1 and pij > 0 for all i ≥ 0, j ≥ 0, and

(3)
∞∑

i=M

∞∑
j=N

(
1
2

)i+j

pijρ
ν
i+1,j = ∞,
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where

(4) ρmn =
∞∑

i=m

∞∑
j=n

1/cij .

Then all solutions of Equation (1) are oscillatory.

Proof . Assume the contrary, namely, that there exists a nonoscilla-
tory solution {ymn}. Without loss of generality, assume that ymn > 0
for m ≥ M, n ≥ N . Then

(5) T (�1,�2)[cmnT (�1,�2)(ymn)] ≤ 0 for m ≥ M, n ≥ N.

In view of (5), we have

cm+1,nT (�1,�2)(ym+1,n) ≤ cmnT (�1,�2)(ymn),
cm,n+1T (�1,�2)(ym,n+1) ≤ cmnT (�1,�2)(ymn),

that is, {cmnT (�1,�2)(ymn)} is nonincreasing, thus

(6)

cmnT (�1,�2)(ymn) ≤ cMNT (�1,�2)(yMN ) for m ≥ M, n ≥ N,

or

T (�1,�2)(ymn) ≤ cMNT (�1,�2)(yMN )/cmn for m ≥ M, n ≥ N.

Applying Lemma 1 and summing the above inequality from M, N to
m, n, we obtain

ymn − yMN ≤ ymn +
( m−1∑

i=M+1

n∑
j=N+1

yij +
n−1∑

j=N+1

ymj + . . .
)
− yMN

=
m+1∑

i=M+1

n∑
j=N+1

yij +
m∑

i=M

yi,n+1 + ym+1,N − yMN

≤ [cMNT (�1,�2)(yMN )]
m∑

i=M

n∑
j=N

1/cij ,
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that is,

(7)
ymn − yMN ≤ [cMNT (�1,�2)(yMN )]

m∑
i=M

n∑
j=N

1/cij

for m ≥ M, n ≥ N.

Hence, ymn is bounded above. From (7), we have

(8)

yMN ≥ −[cMNT (�1,�2)(yMN )]
m∑

i=M

n∑
j=N

1/cij for m ≥ M, n ≥ N.

Letting m, n → ∞ gives

(9) yMN ≥ −[cMNT (�1,�2)(yMN )]ρMN ,

where ρMN is defined by (4) and M, N are two sufficiently large
numbers.

It follows from (5) that there are two possible cases of T (�1,�2)(ymn).
First, we consider the case where T (�1,�2)(ymn) ≥ 0 for m ≥ M ,
n ≥ N . Summing (1) from M , N to m, n, we obtain

(10)
m∑

i=M

n∑
j=N

T (�1,�2) [cijT (�1,�2)(yij)]

+
m∑

i=M

n∑
j=N

pij(ym+1,n + ym,n+1)ν = 0.

Applying Lemma 1 again, we obtain

cmnT (�1,�2)( ymn) − cMNT (�1,�2)(yMN )

+
m∑

i=M

n∑
j=N

pij(ym+1,n + ym,n+1)ν ≤ 0,

or
m∑

i=M

n∑
j=N

pij(ym+1,n + ym,n+1)ν ≤ cMNT (�1,�2)(yMN ).
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Letting m, n → ∞ yields

(11)
∞∑

i=M

∞∑
j=N

pij(ym+1,n + ym,n+1)ν < ∞.

Since cmnT (�1,�2)(ymn) ≥ 0 for m ≥ M , n ≥ N , that is,

ym+1,n + ym,n+1 ≥ ymn,

there exists a positive number, c, such that ymn > c > 0 for m >
M, n ≥ N . Thus, there exist M1 ≥ M , N1 ≥ N , such that

(12) ym+1,n + ym,n+1 ≥ ym+1,n ≥ ρm+1,n for m ≥ M1, n ≥ N1,

since ρmn → 0 as m, n → ∞. Combining (11) and (12), we have

(13)
∞∑

i=M

∞∑
j=N

pijρ
ν
i+1,j < ∞,

that is,

(14)
∞∑

i=M

∞∑
j=N

(
1
2

)i+j

pijρ
ν
i+1,j < ∞,

which contradicts (3).

Next, we consider the other case where

cmnT (�1,�2)(ymn) < 0, for m ≥ M, n ≥ N.
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We have

T (�1,�2)
[(

1
2

)m+n−1

(cmnT (�1,�2)(ymn))−ν+1

]

=
(

1
2

)m+n

(cm+1,nT (�1,�2)(ym+1,n))−ν+1

+
(

1
2

)m+n

(cm,n+1T (�1,�2)(ym,n+1))
−ν+1

−
(

1
2

)m+n−1

(cmnT (�1,�2)(ymn))−ν+1

=
(

1
2

)m+n {
(cm+1,nT (�1,�2)(ym+1,n))−ν+1+(cm,n+1T (�1,�2)(ym,n+1))−ν+1

−2(cmnT (�1,�2)(ymn))−ν+1

}

=
(

1
2

)m+n {
(cm+1,nT (�1,�2)(ym+1,n))−ν+1−(cmnT (�1,�2)(ymn))−ν+1

+(cm,n+1T (�1,�2)(ym,n+1))−ν+1−(cmnT (�1,�2)(ymn))−ν+1

}

= (−ν + 1)
(

1
2

)m+n {
ξ−ν(cm+1,nT (�1,�2)(ym+1,n)−cmnT (�1,�2)(ymn))

+η−ν(cm,n+1T (�1,�2)(ym,n+1)−cmnT (�1,�2)(ymn))

}

≤ (−ν + 1)ξ−ν

(
1
2

)m+n (
cm+1,nT (�1,�2)(ym+1,n)+cm,n+1T (�1,�2)(ym,n+1)

−2cmnT (�1,�2)(ymn)

)

≤ (−ν + 1)ξ−ν

(
1
2

)m+n (
cm+1,nT (�1,�2)(ym+1,n)+cm,n+1T (�1,�2)(ym,n+1)

−cmnT (�1,�2)(ymn)

)

= (−ν + 1)ξ−ν

(
1
2

)m+n {
T (�1,�2)

[
cmnT (�1,�2)(ymn)

]}

= (−ν + 1)ξ−ν

(
1
2

)m+n [
− pmn(ym+1,n + ym,n+1)ν

]

where

cm+1,nT (�1,�2)(ym+1,n) < ξ < cmnT (�1,�2)(ymn),
cm,n+1T (�1,�2)(ym,n+1) ≤ η ≤ cmnT (�1,�2)(ymn),

and, without loss of generality, let ξ−ν = min(ξ−ν , η−ν).

We note that ymn ≥ −[cmnT (�1,�2)(ymn)]ρmn, for m ≥ M, n ≥ N
by (9). Hence, we also have

ym+1,n ≥ −[cm+1,nT (�1,�2)(ym+1,n)]ρm+1,n,
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so that
(15)

ym,n+1 + ym+1,n ≥ ym+1,n ≥ −[cm+1,nT (�1,�2)(ym+1,n)]ρm+1,n.

Equation (15) implies that

T (�1,�2)
[(

1
2

)m+n−1

(cmnT (�1,�2)(ymn))−ν+1

]

≤
(

1
2

)m+n

(−ν + 1)ξ−ν [− pmn(ym+1,n + ym,n+1)ν ]

≤
(

1
2

)m+n

(−ν + 1)ξ−ν { pmn [(cm+1,nT (�1,�2)(ym+1,n)) ρm+1,n]ν}

≤
(

1
2

)m+n

(−ν + 1) { pmn [(cm+1,nT (�1,�2)(ym+1,n)) ρm+1,n]ν}

· [cm+1,nT (�1,�2)(ym+1,n)]−ν .

= −(ν − 1)
(

1
2

)m+n

pmnρν
m+1,n.

Hence,

(16) T (�1,�2)
[(

1
2

)m+n−1

(cmnT (�1,�2)(ymn))−ν+1

]

≤ −(ν − 1)
(

1
2

)m+n

pmnρν
m+1,n.

Using Lemma 1 and summing (16) from M , N to m, n, we obtain

(
1
2

)M+n

(cM,n+1T (�1,�2)(yM,n+1))
−ν+1

−
(

1
2

)M+N−1

(cMNT (�1,�2)(yMN ))−ν+1

≤
m∑

i=M+1

n∑
j=N

[(
1
2

)i+j

(ci,j+1T (�1,�2)(yi,j+1))
−ν+1

]
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+
n∑

j=N

[(
1
2

)m+j

(cm+1,jT (�1,�2)(ym+1,j))
−ν+1

]

+
(

1
2

)M+n

(cM,n+1T (�1,�2)(yM,n+1))
−ν+1

−
(

1
2

)M+N−1

(cMNT (�1,�2)(yMN ))−ν+1

=
m∑

i=M

n∑
j=N

T (�1,�2)
[(

1
2

)i+j−1

(cijT (�1,�2)(yij))
−ν+1

]

≤ −(ν − 1)
m∑

i=M

n∑
j=N

(
1
2

)i+j

pijρ
ν
i+1,j ,

that is,

−
(

1
2

)M+N−1

(cMNT (�1,�2)(yMN ))−ν+1

≥ (ν − 1)
m∑

i=M

n∑
j=N

(
1
2

)i+j

pijρ
ν
i+1,j

−
(

1
2

)M+N−1

(cMNT (�1,�2)(yMN ))−ν+1 .

So, letting m, n → ∞, we have

m∑
i=M

n∑
j=N

(
1
2

)i+j

pijρ
ν
i+1,j < ∞,

which contradicts (3). This completes the proof of the theorem.

Example 1. Consider the partial difference equation

(E1) T (∆1, ∆2)
(
2m+nT (∆1, ∆2)(ymn)

)
+ 3 × 23m+n+1(ym+1,n + ym,n+1)3 = 0,

where cmn = 2m+n, pmn = 3 × 23m+n+1, and ν = 3. It is easy to
see that all assumptions of Theorem 1 hold. So, Equation (E1) has
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an oscillatory solution {ymn}. In fact, {ymn} = {(−1)n/2m} is such a
solution.

Now, we consider the sublinear case, i.e., 0 < ν < 1.

Theorem 2. Assume that cij > 0 for all i ≥ 0, j ≥ 0 , and (2)
holds. Further, assume that 0 < ν < 1 and pij > 0 for all i ≥ 0, j ≥ 0,
and

(17)
∞∑

i=M

∞∑
j=N

(
1
2

)i+j

pijρi+1,j = ∞.

Then, all solutions of Equation (1) oscillate.

Proof . Assume the contrary, namely, that there exists a nonoscilla-
tory solution, {ymn}. Without loss of generality, assume that ymn > 0
for m ≥ M , n ≥ N . Then

T (�1,�2)[cmnT (�1,�2)(ymn)] ≤ 0 for m ≥ M, n ≥ N.

If cmnT (�1,�2)(ymn) ≥ 0 for m ≥ M , n ≥ N , we have (11) and (13).
For large m, n, we have ρmn ≤ 1 and ρν

mn ≥ ρmn. Therefore, from (13),
we have

(18)
∞∑

i=M

∞∑
j=N

(
1
2

)i+j

pijρi+1,j < ∞,

which contradicts (17).

For the case where cmnT (�1,�2)(ymn) < 0 for m ≥ M , n ≥ N ,
using Lemma 1 and summing (1) from M, N to m, n, we obtain

m∑
i=M

n∑
j=N

T (�1,�2) [cijT (�1,�2)(yij)]+
m∑

i=M

n∑
j=N

pij(yi+1,j+yi,j+1)ν = 0,

that is,
m+1∑

i=M+1

n∑
j=N+1

[cijT (�1,�2)(yij)] +
m∑

i=M

[ci,n+1T (�1,�2)(yi,n+1)]

+ [cm+1,NT (�1,�2)(ym+1,N )] − [cMNT (�1,�2)(yMN )]

+
m∑

i=M

n∑
j=N

pij(yi+1,j + yi,j+1)ν = 0.
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Hence,

− [cm+1,nT (�1,�2)(ym+1,n)]

≥ −

⎧⎪⎪⎨
⎪⎪⎩
∑m+1

i=M+1

∑n
j=N+1 [cijT (�1,�2)(yij)]

+
∑m

i=M [ci,n+1T (�1,�2)(yi,n+1)]

+ [cm+1,NT (�1,�2)(ym+1,N )]

≥
m∑

i=M

n∑
j=N

pij(yi+1,j + yi,j+1)ν for m ≥ M, n ≥ N,

that is,

(19)
− [T (�1,�2)(ym+1,n)] ≥ 1

cm+1,n

m∑
i=M

n∑
j=N

pij(yi+1,j + yi,j+1)ν

for m ≥ M, n ≥ N.

We consider the partial difference T (�1,�2)
[
(1/2)m+n−1y2ε

m+1,n

]
,

where ε > 0, such that 2ε < 1 − ν. Note that ymn is nonincreasing.
Thus,

(20) − T (�1,�2)
[(

1
2

)m+n−1

y2ε
m+1,n

]

= −
(

1
2

)m+n [
y2ε

m+2,n + y2ε
m+1,n+1 − 2y2ε

m+1,n

]

= −
(

1
2

)m+n [(
y2ε

m+2,n − y2ε
m+1,n

)
+
(
y2ε

m+1,n+1 − y2ε
m+1,n

)]

= −2 ε

(
1
2

)m+n
[
λ2ε−1 (ym+2,n − ym+1,n)

+ µ2ε−1 (ym+1,n+1 − ym+1,n)

]

≥ −2 ε

(
1
2

)m+n

λ2ε−1 (ym+2,n + ym+1,n+1 − 2ym+1,n)

≥ −2 ε

(
1
2

)m+n

λ2ε−1 (ym+2,n + ym+1,n+1 − ym+1,n)

= 2 ε

(
1
2

)m+n

λ2ε−1 [−T (�1,�2)(ym+1,n)] ,
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where ym+2,n ≤ λ ≤ ym+1,n, ym+1,n+1 ≤ η ≤ ym+1,n, and without loss
of generality, λ2ε−1 = min(λ2ε−1, µ2ε−1). Substituting (19) into (20)
gives

− T (�1,�2)
[(

1
2

)m+n−1

y2ε
m+1,n

]

≥ 2 ε

(
1
2

)m+n

λ2ε−1 1
cm+1,n

m∑
i=M

n∑
j=N

pij(yi+1,j + yi,j+1)ν

≥ 2 ε

(
1
2

)m+n

y2ε−1
m+1,n

1
cm+1,n

m∑
i=M

n∑
j=N

pij(yi+1,j + yi,j+1)ν

≥ 2 ε

(
1
2

)m+n (ym+1,n + ym,n+1)2ε−1

cm+1,n

m∑
i=M

n∑
j=N

pij(yi+1,j + yi,j+1)ν

≥
(

1
2

)m+n 2 ε

cm+1,n

m∑
i=M

n∑
j=N

pij(yi+1,j + yi,j+1)ν+2ε−1.

Since H ≥ ymn > 0 for m ≥ M , n ≥ N , where H > 0 is a constant,
there exists a positive number K such that

−T (�1,�2)
[(

1
2

)m+n−1

y2ε
m+1,n

]
≥ K

cm+1,n

(
1
2

)m+n m∑
i=M

n∑
j=N

pij ,

Summing both sides of this inequality gives

−
(

m∑
i=M+1

n∑
j=N

(
1
2

)i+j

y2ε
i,j+1 +

n∑
j=N

(
1
2

)m+j

y2ε
m+1,j

+
(

1
2

)M+n

y2ε
M,n+1 −

(
1
2

)M+N−1

y2ε
MN

)

= −
m∑

i=M

n∑
j=N

T (�1,�2)
[(

1
2

)i+j−1

y2ε
i+1,j

]

≥ K

m∑
i=M

n∑
j=N

1
ci+1,j

(
1
2

)i+j i∑
u=M

j∑
v=N

puv.
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Hence,

(
1
2

)M+N−1

y2ε
MN −

(
1
2

)m+n

y2ε
m+1,n

≥ K
m∑

i=M

n∑
j=N

1
ci+1,j

(
1
2

)i+j i∑
u=M

j∑
v=N

puv.

By rearranging the double sum, we have

(
1
2

)M+N−1

y2ε
MN −

(
1
2

)m+n

y2ε
m+1,n

≥ K
m∑

u=M

n∑
v=N

(
1
2

)u+v

puv

m∑
i=u

n∑
j=v

1
ci+1,j

,

and so letting m, n → ∞ yields

∞∑
u=M

∞∑
v=N

(
1
2

)u+v

puvρu+1,v < ∞,

which is a contradiction.

Example 2. Consider the partial difference equation

(E2) T (∆1, ∆2)
(
em+nT (∆1, ∆2)(ymn)

)
+
(

3e

4
− 1
)

4−m+1/3em+n(ym+1,n + ym,n+1)1/3 = 0,

where cmn = em+n, pmn = ((3e/4) − 1) 4−(m+1/3)em+n and ν = 1/3.
It is easy to see that all assumptions of Theorem 2 hold. So, Equation
(E2) has a oscillatory solution {ymn}. In fact, {ymn} = {(−1)m/2m}
is such a solution.
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