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DEPTH FORMULAS, RESTRICTED
TOR-DIMENSION UNDER BASE CHANGE

TIRDAD SHARIF AND SIAMAK YASSEMI

ABSTRACT. Let R be a commutative Noetherian ring, and
let M and N be R-modules. It is shown that

sup{i | Tor (M, N)#0} = sup{depthR, —depthp, My
—depthp, Np | p€Supp MNSupp N}
provided that M has finite flat dimension. Assume that R is

a complete local ring, M a finitely generated R-module, and
N an R-module of finite flat dimension. It is then proved that

sup{i | Ext 5 (N, M) # 0} = depthR — depthN.
Set

TdrM = sup{i € Ng | Tor B(T, M) # 0 for some
T of finite flat dimension}.

In addition, some results concerning T'd g M under base change
are given.

1. Introduction. Throughout this paper all rings are assumed to
be commutative and Noetherian. It is well known that flat dimension
of an R-module M can be computed by the following formula

fdr M = sup{i € Ny | Tor (T, M) # 0 for some R-module T'}.

If flat dimension of M is finite, then it can be computed by
Chouinard’s formula [5, Corollary 1.2]; fdgM = sup{depthR, —
depthp My|p € SpecR}. Foxby has studied the restricted Tor-
dimension: TdgpM = sup{i € N | Tor (T, M) # 0 for some T with
fdpT < oco}. Over a ring of finite Krull dimension it is easy to see
that TdgM < dim R < oo for any R-module M. In this case TdgM
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1132 T. SHARIF AND S. YASSEMI

is equal to sup{depthR, — depthr, M, | p € Spec R}, cf. [6, Theorem
5.3.6]. The restricted Tor-dimension is a refinement of the flat dimen-
sion, i.e., TdgM < fdgM, and equality holds if f{dgz M is finite.

In [11, Theorem 2.2], Jorgensen has given a generalization of the
Auslander-Buchsbaum formula by proving the following result:

sup{i € Ny | Tor B(M, N) # 0}
= sup{depthR, —depthp My —depthp N, | p€Supp M N Supp N}

while M and N are finitely generated modules over a local ring R and
pdrM < oco. In Section 2 we prove this equality for any R-modules M
and N while fdg M < oo without assuming that M and N are finitely
generated and R is local. In this section the following result is also given
(Theorem 2.5). Let R be a complete local ring, M a finitely generated
R-module and N an R-module of finite flat dimension. Then

sup{i | Ext % (N, M) # 0} = depthR — depthyN.

In Section 3, we study the behavior of restricted Tor-dimension under
change of rings. One of the main results in this section is the following
statement (Proposition 3.4). Let ¢ : R — S be a ring homomorphism.
For any S-module M, TdgM < TdrS+TdgsM. The equality holds for
arbitrary S-module if it holds for any S-module M with TdsM < 1.

Assume that (R, m) is a Cohen-Macaulay local ring, x1,xa,...,z,
€ m an R-regular sequence. Set S = R/(x1,x9,...,x,). Further-
more assume that M is an R-module of finite flat dimension and
(z1,22,... ,2,)M =0, such that any S-regular sequence y1,ya,... ,Ys
€ m is a weak M-regular. Then Ischebeck has proved that fdgM < r.
The following statement, Theorem 3.6 (a), generalizes this result for
restricted Tor-dimension. Let ¢ : R — S be a local homomorphism
with cmd S := dimS — depthS < 1, and let M be an R-module and let
n > 0 be an integer. Suppose that any R-regular sequence of length
less than or equal to n is also M-regular. Then, for any R-module N,
Tdr(M ®@% N) < fdg N + depthS + TdgS — n.

In Section 4 we study the restricted covariant Ext-dimension that is
a dual notion of the restricted Tor-dimension. The restricted covariant
Ext-dimension of R-module M is denoted by Edg M and is defined by

EdrM = sup{i € Ny | Ext %(T, M) # 0 for some T with pdgT < oo}.
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From the definition it is easy to see that EdgM < dim R < oc.

In this paper definitions and results are formulated within the frame-
work of the derived category of the category of modules. Thus, we
outline some definitions on complexes that we use in the rest of the
paper. The reader is referred to [8] for details of the following brief
summary of the homological theory of complexes of modules.

An R-compler X is a sequence of R-modules X; and R-linear maps
0%, 1€,

aX 3X
1+1 i
X—..—)Xl_i_l—)xl_)xl_l%

such that 5‘1)(81)5_1 =0 foralll € Z. We call X; and GZX the module
in degree [ and the [th differential of X, respectively. We identify any
module M with a complex of R-modules, which has M in degree zero
and is trivial elsewhere.

A homology isomorphism is a morphism « : X — Y such that H(«)
is an isomorphism; homology isomorphisms are marked by the sign ~~,
while 2 is used for isomorphisms. The equivalence relation generated
by the homology isomorphisms is also denoted by ~.

The supremum and infimum of X are defined by

sup X =sup{l € Z | H(X) # 0}
inf X = inf{l € Z | H(X) # 0}.

The symbol D(R) denotes the category of R-complexes and mor-
phisms of R-complexes.

The full subcategories D_(R), D4+ (R), Dp(R) and Dy(R) of D(R)
consist of complexes X with X; = 0, for respectively [ > 0, | < 0,
I > 0 and [ # 0. By Df(R) we denote the full subcategory consisting
of complexes X with all homology modules H;(X) finitely generated
over R.

The right derived functor of the homomorphism functor of
R-complexes and the left derived functor of the tensor product of
R-complexes are denoted by RHom g(—, —) and — ®% —, respectively.

The following results hold, cf. [9, Lemma 2.1].
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Theorem 1.1. Let X € Dy(R) and Y € D_(R). Then
RHom r(X,Y) € D_(R) and there is an inequality:

sup(RHom p(X,Y)) <supY —inf X.
With i =inf X and s =sup Y, we have
H,_i(RHom p(X,Y)) = Hom g (H;(X), Hs(Y)).
In particular,

sup(RHom r(X,Y)) =supY — inf X <= Hom r(H;(X), Hs(Y)) # 0.

Theorem 1.2. Let X,Y € D, (R). Then X %Y € D, (R) and
there is an inequality

inf(X ®%Y) > inf X + inf Y.
With i = inf X and j = inf Y we have
Hiyj(X @ Y) = Hi(X) @ H;(Y).
In particular,

inf(X @5 V) = inf X +infV <= H;(X) ®g H;(Y) # 0.

The injective R-module E is called faithfully injective if the functor
Hom p(—, E) is faithful. Every ring R admits a faithfully injective
module FE, e.g.,

E= ][] E®R/m),

meMax R
where E(R/m) is the injective hull of R/m. For any faithful injective
module F we use the notation —¥ for RHom r(—, E). If E is a faith-
fully injective R-module, then for any X € D(R) we have
sup(XV) = —inf(X) and inf(X") = —sup(X).
A complex X € Dy(R) is said to be of finite projective (injective
or flat, respectively) dimension if X ~ U, where U is a complex
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of projective (injective or flat, respectively) modules and U; = 0 for
7] > 0.

The full subcategories of D,(R) consisting of complexes of finite
projective, injective or flat dimension are denoted by P(R), Z(R) and
F(R), respectively.

Theorem 1.3. Let ¢ : R — S be a ring homomorphism. Then the
following identities hold, cf. [6, pp. 179-180].

(a) For allY € Dy(R) and X, Z € Dy(S)
RHom z(Z ®% X,Y) ~ RHom (Z, RHom z(X,Y)).

(b) Let X,Y € Dy(S) and Z € D{(S). IfY € Z(R) or Z € P(S),
then

Z ®% RHom r(X,Y) ~ RHom r(RHom 5(Z, X),Y).

The support of the complex X, Supp X, consists of all p € Spec R
with the localization X, not homologically trivial. Thus Supp X =
{p € SpecR | X, # 0}.

The (Krull) dimension of a complex X € D (R) is defined in terms
of the (Krull) dimensions of its homology modules by the formula
dimpX = sup{dimpH;(X) —1 | | € Z}, with the convention that
the dimension of the zero module is equal to —oo.

Over a local ring (R, m, k) the depth of a complex X € D_(R) is
defined as
depthg X = —sup(RHom g(k, X)).

The following result is immediate by Theorem 1.1.

Theorem 1.4. For X € D_(R),
depthg, X, > —sup X, > —sup X,
and for X not homologically isomorphic to 0;

p € Assp(Hgup x (X)) <= depthg, X, = —sup X.
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For the homological dimensions of the complexes of modules the
following results hold, cf. [6, pp. 181-182].

Theorem 1.5. For any X € Dy(R),

(a) pdrX =sup{inf W —inf(RHom (X, W)) | W € Dy(R)ANH(W) #
0};

(b) idg X = sup{—sup U—inf(RHom r(U, X)) | U € Dy(R)AH(U) #
0}; and

(c) fdrX = sup{sup(U @% X) —supU | U € Dy(R) A H(U) # 0}.

2. The Auslander-Buchsbaum formula. In this section a
generalization of the Auslander-Buchsbaum formula is given. First we
bring the general version of the Auslander-Buchsbaum formula [10,
Theorem 4.1].

Theorem 2.1. Let R be local. If X € F(R) andY € Dy(R), then

depthz(X @% V) = depthp X + depthgY — depthR.

Theorem 2.2. Let X, Y € Dy(R) with fdX < co. Then

sup(X ®%Y)
= sup{depthR, —depthp, X, —depthg,Y, | p € Supp (X)NSupp (Y)}.

Proof. For p € Spec R, using Theorems 1.4 and 2.1, we have

sup(X @3 Y) > —depthg, (X ®F Y),
= —depthg, (X, @, V)
= depthR), — depthg, X, — depthpg, Y.
The equality holds if p € AsspH,s(X ®% V) where s = sup(X @% V).
]

The following corollary is a generalization of Jorgensen’s result, cf.
[11, Theorem 2.2].
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Corollary 2.3. Let M and N be R-modules and fdgM < oco. Then

sup{i[Tor(M, N) # 0}
= sup{depthR, —depthg, M, —depthr, N, | p € Supp M NSupp N}.

Proof. Put X = M and Y = N in Theorem 2.2. o

Corollary 2.4. If R is a ring (not necessarily local) and X € F(R),
then

fdr X = sup{depthR, — depthg, X, | p € Supp (X)}.

Proof.  The assertion follows from [2, Proposition 2.2] and
Theorem 2.2. O

Theorem 2.5. Let (R, m) be a complete local ring, X € D,{(R) and
Y € F(R). Then

—inf(RHom (Y, X)) = depthR — inf X — depth,Y.

In particular, for any finitely generated R-module M and any R-module
N with fd N < oo,

sup{i | Ext %(N, M) # 0} = depthR — depthyN.

Proof. Let E = E(R/m) be the injective hull of R/m. Using [12,
Theorem 18.6] and Theorem 1.3(b), we have

RHom p(RHom (X, E), F) = X % RHom z(E, E) = X,
and hence,

— inf(RHom (Y, X))
= —inf(RHom (Y, RHom r(RHom r(X, E), E)))
= —inf(RHom z(Y ®% RHom r(X, E), E)) (by using 1.3(a))
= sup(Y @% RHom (X, E)).
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Now the assertion follows from Theorem 2.2. O

3. Restricted Tor-dimension under base change. In this
section we assume that ¢ : R — S is a ring homomorphism of
commutative Noetherian rings. For X € D4 (R) the restricted Tor-
dimension of X is defined as

TdrX = sup{sup(T ®% X) | for some R-module T

of finite flat dimension}.

The following results will also be used.

Theorem 3.1 [6, Theorem 5.3.8]. If X € Dy(R), then
TdrX = sup{sup(U @% X) —supU | U € F(R) A H{U) # 0}.

Theorem 3.2 [6, Theorem 5.3.10]. If R is a Cohen-Macaulay local
ring, and X € D,{(R), then

TdrX = depthR — depthr X.

Proposition 3.3. The following hold:
(a) If X € Dy(S) and Y € F(R), then

Tdr(X @%Y) < TdsX + TdgS + fdRY.
(b) If Y € Dy(R), X € F(S), and fdp < oo, then
Tds(X ®FY) < fds X + TdrY-

(¢) If X € Dp(S) and Y € F(S), then
Tdr(X ®§Y) < TdgX + fdsY.

Proof. (a) Choose the R-module T with finite flat dimension such
that
Tdr(X ®5Y) = sup(T ®F (X @F (V).
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Since T ®@% Y € F(R) we have that (T @& V) @k S € F(S) and thus

Tdr(X @5 V) =sup((T @% V) ok 5) ok X)
< TdsX +sup((T @ Y) @F S)
< TdgX + TdgS + sup(T ®%Y)

where the last two inequalities follow from Theorem 3.1. Now the
assertion follows from Theorem 1.5(c).

(b) Choose the S-module T' of finite flat dimension such that
Tdg(X @5 V) = sup(T @% (X % Y)).
Therefore, Tdg(X ®@% Y) = sup((T ®@% X) ®% V). Since T ®% X €

F(S) C F(R), we have that Tds(X ®}Y) < sup((T ®% X)) + TdrY
by Theorem 3.1. Now the assertion follows from Theorem 1.5(c).

(¢) Choose the R-module T of finite flat dimension such that
Tdp(X @%Y) = sup(T @% (X @5 Y)).
Then we have

Tdr(X @%Y) = sup((T @% X) oL v)
< sup(T @% X) + fdsY

where the last inequality follows from Theorem 1.5(c). Now the
assertion holds. O

Corollary 3.4. If X € Dy(S5), then TdgX < TdgX + TdgS.
Proof. Set Y = R in Theorem 3.3(a). o

Proposition 3.5. For any S-module M,
TdgM < TdgrS + TdsM.

The equality holds for arbitrary S-module if it holds for any S-module
M with TdgM < 1.



1140 T. SHARIF AND S. YASSEMI

Proof. The first inequality follows from Corollary 3.4. Now assume
that the equality holds for all S-modules M with TdsM < 1. Let
TdsM = n > 2 and set TdrS = s. Consider the exact sequence
0—- K —F — M — 0 of S-modules and S-homomorphisms where
F' is free. Clearly we have TdrF = s and TdsK = n — 1. By the
induction hypothesis Tdg K = TdgK + TdgrS = s +n — 1. For any
R-module T of finite flat dimension the following long exact sequence
is induced

<o = Tor(T, F) — Tor®(T, M) — Tor? | (T, K) — Tor® (T, F)—--- .

Since TdgK = s + n — 1, there exists L € Fy(R) such that
Torf,  (L,K) # 0. If i > s+ n, then Torf(L,M) = 0. Since
Torf, ,,_1(L,F) = 0, we have Tor®, (L, M) # 0 and, hence, TdgM =
s+ n. 0

Let a be an R-regular element, S = R/aR and M an S-module with
fdsM < oco. Then it is a well-known result that fdgM = fdgM + 1.
In the following theorem we generalize this result for restricted Tor-
dimension.

Theorem 3.6. Let x = z1,29,...,2, be an R-regular sequence,
S =R/(z) and X € Dy(S). Then TdrX = TdsX + r.

Proof. It is sufficient to prove the equality for r = 1. Assume that
TdsX = n. There exists an S-module T" with finite flat dimension such
that H,(T®%X) # 0. Let F be a flat resolution of S-complex X. Then
H,(T®s F)#0. Since T ®% X =T % (Sok X) = (T 2% 9) ek X,
the complex T ®% X is represented by (T ®r K(z)) ®s F, where
K(z) is the koszul complex for . Set L = T®p K(z) : 0 — T 5
T — 0 which is a complex concentrated in degrees 0 and 1. We have
(L ®s F) = (T ®s F1) ® (T ®s Fi—1). Since H,(T ®g F) # 0 we
have H,11(L ®s F) # 0 and hence H,11(T ®% X) # 0. Therefore,
TdgX > n+1 = TdsX + 1. Now the assertion follows from
Corollary 3.3. o

For an R-module M and an integer n > 0, we say that M is (a,) R-
module if any R-regular sequence of length at most n is also M-regular
(for n = 1 this simply means that M is torsion free).
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Assume that (R,m) is a Cohen-Macaulay ring x1,x2,...,z, € m
an R-regular sequence. Set S = R/(z1,22,...,2,). Furthermore,
assume that M is an R-module with (z1,29,...,2,)M = 0 and
fdgM < oo such that any S-regular sequence y1,ys2,...,Yys € m is
weak M-regular. Then Ischebeck has proved that fdgM < r. In the
proof of this result the assumption “R is a Cohen-Macaulay ring” is
not necessary and we only need that “for all p,q € SpecR if p C q
then depthg, Ry, < depthg, Ry.” With this remark, Foxby noted that
if cmd R (Cohen-Macaulay defect of R) is at most 1, fdgM is finite,
and any R-regular sequence is weak M-regular, then M is flat. In the
following theorem we generalize this result for restricted Tor-dimension.

Theorem 3.7. Let ¢ : R — S be a local homomorphism. Then the
following hold.

(a) If ecmdS < 1 and M is (an) as an S-module, then for any
R-module N,

Tdr(M ®% N) < fdgN + depthS + TdrS — n.

(b) If cndR < 1 and M is (an) as an R-module, then for any
S-module N,

Tdr(M @% N) < depthR + fdsN — n.

(c) Let ¢ be a flat homomorphism, i.e., S is a flat R-module such
that the closed fiber of v, S/mS, is (an) as an R-module, and let M
be (an) as an S-module. If cmdS < 1, then for any R-module N,
Tdr(M ®% N) < depthR + fdsN — n.

Proof. First we show that for any local ring @) with cmd @ < 1 and
any @Q-module M with (a,) property we have TdgM < depth@ — n.
There exists p € Supp M such that TdgM = depth@, — deptth M,.
Since cmd @ < 1 we have depth @, = grade (p,Q) (the length of
maximal @Q-sequence in p), cf., [7, Theorem 5.1]. Set grade (p, Q) = t.
If t < n, then it is an M-regular sequence and hence an Mjp-regular.
Therefore, depthg, M, > t. Thus, TdgM = 0.

If t > n then there exists a Q-regular sequence of length n in p.
Therefore we have depthg, M, > n and thus TdgM < depth@, — n.
Therefore, TdgM < depth@ — n.
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(a) Suppose that fdgN < oo. Since cmdS < 1 and M is (ay)
S-module, the assertion follows from Proposition 3.3(a).

(b) Suppose that fdg N < co. Since cmd R < 1; the assertion follows
from Proposition 3.3(c).

(c) Let r1,79,...,7, € m be an R-sequence. Set ¢(r;) = s; for any
1 < i < n. Since S/mS is (a,) R-module, thus for any 1 < i < n,
s; is S/mS-regular and hence S-regular, cf. [12, p. 177]. Therefore, S
is (a,) R-module and hence M is (a,,) R-module. Now the assertion
follows from [4, Proposition 1.2.16]. O

Corollary 3.8. Let (R, m) be a Cohen-Macaulay ring. If 1,24, ..,
x. € m is an R-regular sequence, (x1,Za,...,x.)M = 0, and any
R/(x1,x2,... ,x.)-reqular sequence is also M -regular, then TdgM < r.

Proof. Put N = R and n = depthyp/(z1,22,...,2,)R in Theo-
rem 3.7(a) and use 3.6. o

Theorem 3.9. Let ¢ : R — S be a local homomorphism, S a
finite R-module. Let R be a Cohen-Macaulay ring. Then S is Cohen-
Macaulay if and only if TdgX = TdgX + TdgS for all X € ’Df:(S).

Proof. Assume that S is a Cohen-Macaulay ring. Then from
Theorem 3.2 we have the following equalities:

(a) TdsX + depthsX = depthsS;

(b) TdgX + depthg X = depthR; and

(¢) TdgS + depthgS = depthR.

Thus the “only if” part follows from the equality depthpX =
depthg X, cf. [1, Corollary 2].

Now assume that TdgX = TdsX + TdgS for all X € DZ’:(S). Using
Theorem 3.2 we have Tdr.S = depthR —depthrS. Therefore, Tdr X =
TdsX +depthR —depthgS and, hence, Tdg X = TdgX + (depthr X +
TdgX)—depthS, since R is Cohen-Macaulay. Thus, TdgX = depthS—
depthg X. Now the assertion holds from Theorem 3.2. a



DEPTH FORMULAS 1143

The small Tor-dimension of X € D, (R), tdgX, is defined as follows,
cf. [7, Definition 4.1]:

tdrX = sup { sup (T ®I§ X ) | for some finitely generated
R-module T with pd T < oo}.
From the definition it is easy to see that sup X < tdgX < TdrX <
sup X + dimR.

Corollary 3.10. The following hold:
(a) If X € Dp(S) and Y € F(R), then
tdr(X @5 Y) < TdgX + TdgrS + fdrY.

(b) If X € Dy(S), Y € F(R), fdp < oo and cmd S < 1, then

tdp (X ?% Y) < tdgX + tdpS + fdRY.

(¢) If Y € Dy(R), X € F(S) and fdp < 0o, then
tdg(X @2 V) < fdgX + TdgrY.

(d) If Y € Dy(R), X € F(S), fdyp < 00 and cnd S < 1, then

tds (X oL Y) < fdg X + tdpY.

Proof. Since tdrZ < TdgrZ for any Z € Dy (R), the statements (a)
and (c) hold by Theorem 3.3.

If fdp < oo, then ecmd R < emd S < 1, cf. [3, Corollary 4.3]. Now
the assertions (b) and (d) follow from [7, Corollary 5.3] and Theorem
3.3. o

4. Covariant Ext-dimension. The restricted covariant FExt-
dimension, that is, a dual notion of the restricted Tor-dimension of
X € D_(R) is denoted by EdrX and is defined by

EdrX = sup{—inf (RHompg(7, X)) | for some R-module T of

finite projective dimension}.



1144 T. SHARIF AND S. YASSEMI

From the definition it is easy to see that —infX < EdgpX
dimR — inf X.

IA

Remark 4.1. Let X € D_(R), and let E be a faithfully injective
R-module. Choose the R-module T" with finite projective dimension
such that tdpX" = sup(RHompg(X, E) ®% T). Using Theorem 1.3(b)
and the property of faithfully injective modules we have

tdr X" = sup(RHompg(RHom (T, X), E))
= —inf (RHom (T, X)) < EdrX.
Now if X € DZ(R) and T'= R/(x1,xa,... ,x,)R where z1,zo,... 2,
€ m is a maximal R-regular sequence, then tdr X" > sup(T ®% XV)

and hence, using Theorem 2.2, we have tdg XV > depthR — depthT —
depthX" = depthR — inf X. Therefore, for any X € D] (R);

depthR —inf X < tdgX "V < EdgX.

Proposition 4.2. Let ¢ : R — S be a ring homomorphism and let
X € Dy(S). Then the following hold:

(a) If X € Z(S) and Y € Dy(S), then

Edp(RHom 5(Y, X)) <idsX + TdgrY.

(b) If S admits a dualizing complex, then
EdrX < TdgrS + dimS — inf X.

In particular, if X € Dl{(S) and S is a local ring with a dualizing
module, then EdrX < TdrS + EdgX.

Proof. (a) Choose the R-module T' with finite projective dimension
such that

Edr(RHom 5(Y, X)) = —inf (RHom (7, RHom g (Y, X))).
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Then

Edg(RHom 5(Y, X)) = —inf (RHom (T ®% Y, X)) (by Theorem 1.3(a))
<idgX +sup(Y ®@% T) (by Theorem 1.5(b))
<idgX + TdRY.

(b) Choose the R-module T' with finite projective dimension such
that

EdrX = —inf (RHom (T, X)).
We have

RHom (T, X) = RHom g(T, (RHom 5(S, X)) = RHom 5(T®% S, X).

On the other hand, T € Py(R) C Fo(R), thus S @ T € F(S).
Now since S has dualizing complex we have pds(S ®@E T) < dimS
+sup(S ®% T), cf. [8, Theorem 21.8]. Furthermore, EdgX < pds
(S @% T) —inf X. Thus,

EdrX < dimS — inf X + sup(S @% T
< dimS — inf X + TdgS.

Since S has a canonical module, S is a Cohen-Macaulay ring. Now the
assertion follows from Remark 4.1. u]

Corollary 4.3. Let R be a complex local ring, X € D{:(R). Then

depthR —inf X = tdg X"V = EdgX.

Proof. Choose the R-module T" with finite projective dimension such
that

EdgX = —inf (RHom (T, X)).

Since T has finite flat dimension, by Theorem 2.5 we have
—inf (RHom g (T, X)) = depthR — inf X — depthzT < depthR — inf X.
Now the assertion follows from Remark 4.1. O
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