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EVERY ABSOLUTELY HENSTOCK-KURZWEIL
INTEGRABLE FUNCTION IS MCSHANE
INTEGRABLE: AN ALTERNATIVE PROOF

LEE TUO-YEONG

ABSTRACT. We give an alternative proof of the well-
known result that every absolutely Henstock-Kurzweil inte-
grable function is McShane integrable.

1. Introduction. It is well known that the Lebesgue integral is a
proper extension of the Riemann integral. In the late 1950s, Henstock
[4] and Kurzweil [6] independently gave a slight, but ingenious, modifi-
cation of the classical Riemann integral to obtain a Riemann-type defi-
nition of the Perron integral. This integral is now commonly known as
the Henstock-Kurzweil integral [9, 12], the Kurzweil-Henstock integral
[8, 14], the gauge integral [13] or the Henstock integral [1, 3, 7], and
we shall use the term “Henstock-Kurzweil integral.” Later, McShane
[10] modified the Henstock-Kurzweil integral to yield a Riemann-type
definition of the Lebesgue integral, which is also commonly referred to
as the McShane integral [1, 3, 7, 8, 12-14]. It turns out that f and | f|
are both Henstock-Kurzweil integrable on a compact subinterval E of
the real line if and only if f is McShane integrable there. In 1980 Pfeffer
in [11, p. 46] proposed a problem to prove, using only the definitions of
Henstock-Kurzweil and McShane integrals, that absolutely Henstock-
Kurzweil integrable functions are McShane integrable. Since then a
fairly large number of proofs have been offered. See, for example, [1,
3,7, 8, 13, 14]. However, their proofs either involve convergence theo-
rems or the existing techniques rely heavily on the real-valued property
of integrable functions. In this paper we give an alternative proof of the
above result which is also valid for Banach-valued integrable functions
satisfying the Saks-Henstock lemma. Moreover our method, unlike the
existing known proofs, uses neither the measurability of the integrand
nor convergence theorems.
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2. Preliminaries. Unless stated otherwise, the following conven-
tions and notations will be used. The set of all real numbers is denoted
by R, and the ambient space of this paper is R™, where m is a fixed
positive integer. The norm in R™ is the maximum norm ||| - |||. For
x € R™ and r > 0, set B(z,r) := {y € R™ : ||ly — z||]| < r}. Let
E =[]~ ,la;,b;] be a fixed interval in R™. For a set A C E, we de-
note by X ,, diam (A) and p,,(A) the characteristic function, diameter
and m-dimensional Lebesgue outer measure of A, respectively. More-
over, we denote its interior and closure of A C E with respect to the
subspace topology of E by int (4) and A, respectively. The distance
between ¥ C F and Z C F will be denoted by dist (Y, Z). A set
A C E is called negligible whenever u,,(A) = 0. We say that two sets
are nonoverlapping if their intersection is negligible. Let X be a Ba-
nach space equipped with norm | - ||. A function is always X-valued.
When no confusion is possible, we do not distinguish between a function
defined on a set Z and its restriction to a set W C Z.

An interval in R™ is the cartesian product of m nondegenerate
compact intervals in R. Z denotes the family of all nondegenerate
subintervals of E. If I € Z, we shall write p,,(I) as |I|. For each
J € Z, the regularity of an m-dimensional interval J C FE, denoted
by reg (J), is the ratio of its shortest and longest sides. A function F
defined on 7 is said to be additive if F(I UJ) = F(I)+ F(J) for each
nonoverlapping interval I, J € Z with I U J € Z. In particular, if we
follow the proof of [8, Corollary 6.2.4], then we can verify that if F is
an additive interval function on Z with J € Z, and {K1, Ka, ..., K,}
is a collection of nonoverlapping subintervals of J with U:ZlKi = J,
then

F(J)= ZF(KZ»).

A partition P is a finite collection {(I;,&)}_,, where I1,I5,..., I,
are nonoverlapping subintervals of E. Given Z C FE, a positive function
d on Z is called a gauge on Z. We say that a partition {(I;,&)}_; is

(i) a partition in Z if (J!_,I; C Z,
(ii) a partition of Z if J!_,I;, = Z,
(iii) anchored in Z if {&,&2,...,&} C Z,
(iv) d-fine if I; C B(&;,9(&;)) for each i =1,2,...,p,
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(v) Perron if §; € I; for each i = 1,2,...,p,
(vi) McShane if & need not belong to I; for all i =1,2,...,p.

According to Cousin’s lemma [8, Lemma 6.2.6], for any given gauge ¢
on FE, §-fine Perron partitions of F exist. Hence the following definition
is meaningful.

Definition 2.1. A function f : £ — X is said to be strongly
Henstock-Kurzweil integrable (respectively strongly McShane inte-
grable) on E if there exists an additive interval function F : 7 — X
with the following property: for each € > 0 there exists a gauge § on F
such that

S NfE)IL = F(L)| <e
=1

for each d-fine Perron partition (respectively -fine McShane partition)
{(I;;&)}_, in E. The function F is called the indefinite strong
Henstock-Kurzweil integral (respectively indefinite strong McShane
integral) of f on E.

Remark 2.2. When X = R, the reader can verify that Definition 2.1
is equivalent to the classical definition of the Henstock-Kurzweil inte-
gral. A similar result also holds for the McShane integral.

For additional properties of the Henstock-Kurzweil integral, the
reader may wish to consult, for example, [8, 13] or [9]. Unless stated
otherwise, for the rest of this paper, every integral of real-valued func-
tion will be understood as a Henstock-Kurzweil integral.

Theorem 2.3. If f : E — X s strongly Henstock-Kurzweil
integrable on E, and F is the indefinite strong Henstock-Kurzweil
integral of f, then for pm,-almost all x € E, given € > 0 there exists
do(x) > 0 such that

F(J)

Hf(ﬂ?) YR

whenever z € J € I with diam (J) < do(z) and reg(J) = 1. In
particular, f is strongly measurable.
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Proof. The proof is similar to the case for real-valued Henstock-
Kurzweil integrable functions. See, for example, [5, Note 1.5, Theorem
2.8].

3. Main results.

Definition 3.1. A function f : F — X is absolutely strongly
Henstock-Kurzweil integrable on E if f is strongly Henstock-Kurzweil
integrable on E, and || f]| is Henstock-Kurzweil integrable on E.

Our aim is to prove every absolutely strongly Henstock-Kurzweil
integrable function f on E is also strongly McShane integrable there.
Moreover, the indefinite strong integrals coincide.

Theorem 3.2. If f : E — X is absolutely strongly Henstock-
Kurzweil integrable on E, and F is the indefinite strong Henstock-
Kurzweil integral of f, then the inequality

IF(D)]| < / 17

holds for each I € T.

Proof. The proof is similar to the case for real-valued absolutely
Henstock-Kurzweil integrable functions.

Definition 3.3. An additive interval function F on Z is said to be
strongly absolutely continuous if given € > 0, there exists n > 0 such
that

dOIFT@) <
i=1

whenever {I1,1,...,I;} is a collection of nonoverlapping subintervals
of E with Y7 | |L| < n.

In order to proceed further, we need to prove the following result:
if F' is the indefinite strong Henstock-Kurzweil integral of an abso-
lutely strongly Henstock-Kurzweil integrable function on F, then F
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is strongly absolutely continuous on Z. Unlike the existing classical
proofs, our method uses neither the strong measurability of f nor con-
vergence theorems. In particular, our method does not depend on the
truncations of f. We need a lemma.

Lemma 3.4. If g : E — R is a nonnegative Henstock-Kurzweil
integrable function on E, and X C E is closed, then gX, is Henstock-
Kurzweil integrable on E.

Proof. If X = @ or X = E, then the result is obvious, so we may
assume that both sets X and EF\X are nonempty. Since X is closed,
E\X is relatively open in E. An application of [2, Lemma 2.43] shows
that E\ X can be written as countable union of nonoverlapping intervals
{J;}52,. Since g is Henstock-Kurzweil integrable on E, it follows from
[8, Theorem 6.4.2] that g is also Henstock-Kurzweil integrable on each
of the intervals J;. Moreover, it follows from the additivity of the
indefinite Henstock-Kurzweil integral of g that

oo n
W X e=pm S [ o= [ o
=1 @ i=1 1

S/g<oo.
E

Since g is assumed to be Henstock-Kurzweil integrable on F with

gXx = g—9gXp, x it remains to prove that gx ,, , is Henstock-Kurzweil

integrable on £ with integral value >>7°, [ g.

Let € > 0. In view of (1), we may fix a positive number N satisfying
€
2 < —.
2) Y [o<s

Since g is Henstock-Kurzweil integrable on FE, there exists a gauge A
on F such that
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whenever {(I/,z;)}¥_; is a A-fine Perron partition in E. Since F\X is

relatively open in F, we may also assume that
(3) EnB(x,A(zx)) C EAX

whenever x € E\ X, and

=
&
|
Q

Il
-

(4) Bz, A(z)) N

3

whenever z € E\ UY, J;.

Now, we let Q@ = {(I;,&)}]_; be any A-fine Perron partition of E.
For such a partition, we let

T = {’L : (Ii7£’i) € () with fi S E\X}

In view of (3) and (4), we have

N
UscUr.
€T

i=1

Since g is assumed to be nonnegative and integrable on E, we have

(5) ‘/nguﬁvzlkh S/nguv:eTLi'

Consequently, it follows from our choice of A, (5) and (2) that
q 00
> g€l - Y [ g]
i=1 i=1 i
Z{g(&)lhl—/ g}‘+2/ Q—Z/ g
I; i=1 Ji I;

€T €T
€ oo

< -+ - X < €,
2 z2=;/11 I /Eg Uj\]:l I

completing the proof of the lemma.

<




MCSHANE INTEGRABLE: AN ALTERNATIVE PROOF 1359

Theorem 3.5. If f : E — X is absolutely strongly Henstock-
Kurzweil integrable on E, and F is the indefinite strong Henstock-
Kurzweil integral of f, then F is strongly absolutely continuous on I.

Proof. Since f is assumed to be absolutely strongly Henstock-
Kurzweil integrable on F, for any given € > 0 there exists a gauge
dp on E such that for any dp-fine Perron partition {(I],x;)};_, in E,
we have

(6) Dol - P < %
=1

and

(7) g 1 ) 1) _/1; ||f|‘ <

For each positive integer n, set
1
Y, = {x € E:|f(x)] <nand dy(x) > —},
n

and X, :=Y,. We claim that there exists a positive number N such
that

®) L= [ i<

For each positive integer n, let g, := [[fX, |. Since gn(v) =
I f(x)Xy, ()| = |[f(2)|[Xy, (x) for each x € E, it follows from
Lemma 3.4 that g, is Henstock-Kurzweil integrable on E. Hence given
€ > 0 there exists a gauge d,, on E such that

T

9) >

=1

gn(yi)|Ki|_/ 9n
K;

«__°
(21)(2")
for each d,,-fine Perron partition {(Kj;,v;)}i_; in E.

For each ¢ € E, we may assume that {3,(£)}32, is a decreasing
sequence of positive numbers.
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Since {g,}22, is an increasing sequence of nonnegative Henstock-
Kurzweil integrable functions with g,(z) < g(z) := | f(z)| for all
positive integers n and z € E, we have

/gn<C:—sup{/gn}§/g<oo
E n>1 E E

from which we deduce that there exists a positive integer Ny such that

9
" o[

for all n > Ny.

For any given & € E, we observe that {g,(£)}52, is a nondecreasing
sequence of positive numbers with lim,, ., g,(§) = g(£). Hence there
exists a positive integer p(§) > Ny such that

(11) 9(€) — gn () < M

for all positive integers n > p(§). Define a gauge A on E by
(12) A(&) = Gp(e) (€)-

In view of Cousin’s lemma [8, Lemma 6.2.6], we may fix a A-fine
Perron partition Q = {(I;,&)}/_; of E, and put N = max{p(&) :

(I;,&) € Q}. Then for n > N, it follows from (7), (11), (10) and our
choice of A that

L= [,
“{ [ o}

q
g€\ - / o fomelnl- / 5

gn(&)| 1] — /Ivg

q

<.

i=1

q
3
<ﬁ+;

+Z 19(&) —gn (&) I1:]

L
" 21
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3 I -
<ot ; {9n(&) = gpien (&) ] + ; { /1 = /1 g”(&)}
q

2

i=1

§ﬁ+—+/{gn gNO}+Z Z

’nlp‘

€
21

gp(m(ﬁi)lfi\—/l Ip(en)| +

9p(¢:) fz ‘I| /gp (&) 21

£
3 Y
proving that (8) holds.

<

Now we set n := ¢/3N. Given any finite collection {J;}}_; of
nonoverlapping subinterval of E with >.%_ |J;| < 7, which we may
assume that diam (J;) < 1/N for each i = 1,2,...,p, we let

Sy ={ie{l,2,...,p}: Xy Nint (J;) # &}
and
So={ie{l,2,...,p}: Xy Nint (J;) = o}.

If i € Sy, it follows from the density of Y in X that we may choose
and fix x; € Yy Nint (J;). Then {(J;,2;)}?_, is a 1/N-fine, and hence
do-fine, Perron partition anchored in Yy. Thus it follows from (6), our
construction of Yy, our choice of 1, Theorem 3.2 and (8) that

Z IEN < D0 @)l il = FUD I+ Y If @l + Y 15 ()

i€Sq 1€ST 1€Ss
<SHNS+ / AN = £

N— i
<3 —I— 3N+

proving that F' is strongly absolutely continuous on Z. The proof is
complete.

In view of Remark 2.2, the next theorem generalizes the well-known
classical theorem that every absolutely Henstock-Kurzweil integrable
function is McShane integrable.
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Theorem 3.6. If f : E — X is absolutely strongly Henstock-
Kurzweil integrable on E, then it is strongly McShane integrable there.

Proof. Let F' denote the indefinite strong Henstock-Kurzweil integral
of f on E. Given € > 0, choose a gauge d; on F such that

€

(13) ST U@l = PO < 5
i=1

for each dj-fine Perron partition {(J;,z;)}{_; in E.
By Theorem 2.3, there exists a negligible set Z C E such that for
each £ € E\Z, there exists v(£) > 0 such that

F(I)

(14) Hf(&)—TH <min{§,8iE|}

whenever £ € I € T with diam (I) < v(§) and reg (I) = 1. We may also
assume that f(z) =0 for each z € Z.

For each positive integer k, set
1
Wi, = {Jj € E\Z : ||f(2)|| £ k and v(x) > E}

and X, := Wj. Choose an open set G O X}, so that g, (Gi\Xx) < 1k,
where

0 < Nk < ;
(k 4 2¢)2k+3

corresponds to
€

ok+3
in the definition of strong absolute continuity of F'. Choose also an
open set O D Z so that p, (0) < 1.
For each positive integer k, set Vi, := X\ X;_1 with Xo = @. We
may also assume that Vj is nonempty for all k. Now, we define a gauge
A on E by

min{v(§), 1/k, dist ({¢}, (E\Gx) U Xi—1), () }
A(¢) = if £ € Vi \Z for some positive integer k,
dist ({¢}, E\O) if¢ e Z.
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Let P = {(I &)}, be any A-fine McShane partition in E. If
={(I,§)eP:¢e Vk\Z} is nonempty, then we have

> AlIF©I = F@) -, 5)6Pk}
<Z{|\f W = F(D| = (1,€) € Py with &€}
+Z{||f€)|ll (D] = (I,€) € Py with £¢ 1T
(15) and (Vi\Z) Nint (I) = &7}
+> AIFEUI = FD)||: (1,§) € P, with ¢ 1
and (V;\Z) Nint (1) # @}
=g+ Ok + Yk (say).

By our choice of A, A(€) < 0 (€) for each & € Vi \Z, so the inequality

follows from (13). We shall next show that g8, < 2¢/28"3. Given
that (I,§) € Py and z € Wi N B(§,A(§)), we choose a l-regular
interval K¢, C B(§,A(§)) such that {&,2} C K¢, As A(E) <
min{v(&),1/k} < min{v(§),v(z)}, it follows from (14) that

< . e e
mms —, —— o-
4" 4|E]

Hence it follows from (17), our choice of Gy, nr and the strong
absolute continuity of F' that

(17)
F(Ke)

K£ a:)
I~ < e~ TEE

| Ke x|

e

€ € 2e
(18) Bk < <k+1>nk+w<ﬁ.

For vy, we observe that for each (I,&) € P with (Vx\Z) Nint (I) #
@, we invoke the density of Wy in Vi\Z to select and fix z¢; €
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(Wi\Wy_1) Nint (I). Then it follows from (17) and (13) that

e <Y AIFE) = flaenlllI]: (1,€) € P with £¢ 1
and (Vi\Z) Nint (1) # &}
+> Al @e Il = F()||: (1) € Py with £¢1
(19) and (Vi\Z) Nint (1) # &}
< ﬁZ{m (I,€) e Py with €¢1

and (Vi\Z) Nint (1) # @} + #

Consequently, given any A-fine McShane partition P = {(I;, &)},
in E, it follows from (15), (16), (18), (19) and our choice of O D Z that

YIFELI - Fa <Y Y 1€ - FI)
i=1

k=1 (1;,£:)€ Pk

+ Z £ (&)L — F (L)l

&icez

13
[k + B + ) + —= <&,

< 16

NE

ES
Il
-

from which the strong McShane integrability of f follows. The proof is
complete. a
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