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HYPERCYCLIC AND CHAOTIC CONVOLUTION
OPERATORS ON CHEBLI-TRIMECHE HYPERGROUPS

J.J. BETANCOR, J.D. BETANCOR AND J.M.R. MENDEZ

ABSTRACT. In this paper a universality property for
Chébli-Trimeche convolution operators is proved. The re-
sults obtained extend prior analysis of the Fourier and Hankel
transforms. We also investigate hypercyclic and chaotic con-
volution operators on Chébli-Trimeche hypergroups in some
distribution spaces.

1. Introduction. In this paper we investigate new properties
for the generalized Fourier transformation, also called Chébli-Trimeche
transform, F defined, when f is a suitable function defined on (0, c0),
by

FON = [ e@f @A) ds, Az,
0
where, for every A > 0, 1, represents the solution of the equation
(1.1) Apa(x) = (N + p*)a(x), >0,

satisfying that
d
¥A(0) =1 and . ¥a(0) = 0.

Here p > 0 and A denotes the differential operator

(1.2) A= —A(lm) % (A@)%),

where A is a real function on [0,00) of the form A(x) = z2**1B(x),
a > —1/2, with B an even positive analytic function on R satisfying
B(0) = 1. We assume that A satisfies the following conditions
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(i) A is increasing and unbounded on (0, o),

(ii) A’/A is a decreasing C°°-function on (0, 00). Hence there exists
lim, o0 A'(z)/A(x) > 0.

In the sequel the positive real number p appearing in (1.1) is defined
by

when A is given by (1.2).

(iii) There exist 7 and M > 0 and a smooth function C such that C(¥)
is bounded on (0, c0), for every k € N, and for which, when z € (M, o),

Alw) _ 222 1 61"“6(96) if p >0,
+e "C(x) if p=0.

(iv) There exists a positive real number § such that (B'(z)/B(x)) =
e~ D(x), x € [0,00), with D being a continuous bounded function on
[0, 00).

In particular, the generalized Fourier transform F reduces to the
Hankel transform [11] when A(z) = 2%, 2 € [0,00) and « > —1/2.
Also the Jacobi transform [8] and [14] that can be interpreted in certain
cases as the spherical transform on noncompact symmetric spaces of
rank one, appears when A(x) = (sinh2)2**!(cosh2)?%*!, z € [0,00)
with a > > —1/2 and « # —1/2.

The inversion formula of the transform F is given by [5]

> dA
fa) = [ e@FENN

where |¢(A\)|72 is a continuous function on [0,00). The function ¢(\)
can be seen as a function of the Harish-Chandra type.

For the Chébli-Trimeche transform the following Plancherel formula
[21] and [2, Theorem 2.2.13] holds

) [ s@Paw = [CIRO0P
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for every f € L?((0,00), A(z)dx). As usual, for every 1 < p < oo,
by LP((0,00), du(z)) we represent the Lebesgue p-space on (0, 00) with
respect to the positive measure u.

Since |Ya(z)] < 1, x,A € (0,00) [5, Corollary 9] and [3, Lemma
3.4] it is not hard to see that F maps L!((0,00),A(z)dz) into
L>((0,00),d\/|c(\)|?). Hence, by (1.3), Riesz-Thorin interpolation
theorem implies that F can be extended as a bounded operator from
LP((0,00), A(x) dz) into LP (0, 50), dA\/|c(N)|?), provided that 1<p<2,
where p’ denotes the exponent conjugated to p.

Chébli [5] and Trimeche [19] have established Paley-Wiener theorems
for the generalized Fourier transform. For every a > 0, the space D,
is constituted by all those even and C*°-functions ¢ on R such that
¢(x) =0, |x| > a. We consider on D, the topology associated with the
family {p,, }men of semi-norms, where for every m € N:

pm(9) = sup |6 (z)], ¢ € D,.
zER

By D we understand the strict inductive limit Uy~oD, and D’ denotes
the dual space of D. On D’ we consider the weak * topology.

Bloom and Xu [3] studied the generalized Fourier transform on
Schwartz type spaces. They introduced the space S,((0,0), A) for
each 0 < p < 2, as follows. A complex-valued function ¢ defined on
(0,00) is in S,((0,00), A) if and only if there exists an even function
® € C°(R) such that ¢ = ® on (0,00) and that

_ d*
PLAO) = s (12 o(e) P () < oo,
dx
z€(0,00)
for every [,k € N. The image by the Chébli-Trimeche transform of
Sp((0,00), A) is characterized in [3, Proposition 4.26].

A one-dimensional hypergroup on (0, 00), also called Chébli-Trimeche
hypergroup (see [22, Chapter 6]) is associated to the generalized Fourier
transform (see [2]). The generalized translation u(z,y) = (7. f)(y) of
any real-valued function f on (0, 00) which is the restriction of an even
C*>-function on R is the solution of the following Cauchy problem:

(Az = Ay)ulz,y) =0
u(z,0) =f(x), >0
uy(x,0) =0, z>0.
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This generalized translation 7, f of f can be written

(T )y / f(2)D(z,y,2)A(z)dz, z,y €]0,00),
(7 f)(0) = f(x), x€]0,00),

and we define (7.f)(y) = (71f)(lyl), =,y € R. Here, for every
x,y €10,00), D(z,y,-) is a positive function such that D(z,y,2) = 0,
when z ¢ [|x—y|, x+y]. Moreover, the eigenfunction ¥, of the operator
A and the function D are related through the following product formula
[21, Section I1.3]

(1.4) /OOODu,y,z)wz)A(z)dz:www, 2y €10,00).

The convolution operation on the Chébli-Trimeche hypergroup is
defined as follows. If f and g are in L'((0,00), A(z)dx), then the
convolution f#g¢ of f and g is given through

(f#9)(x /f (129)(y)A(y) dy, x> 0.

The #-convolution is also defined on bounded measures on [0, 00), [15].

The integral transform F is related to the generalized translation and
to the #-convolution as the following formulas show [3, Theorem 2.4]

(i) F(r2f)(X) = ¥a(@)F(f)(N), f € L1((0,00), A(z) dz) and z > 0,
(i) F(f#9)(N) = F(HNF(9)(N), f.g € L'((0,00), A(z) dw).
Herzog [12] has proved a universality property of solutions of the heat

equation. He introduced, for every 3 > 0, the space £g constituted by
all those real and continuous functions ¢ defined on R such that

lim e Pllg(z) =0

|z|— o0

For every t > 0 and ¢ € £g, > 0, T;¢ is defined by

(Ty)(x) 2\/_/ exp(—(x — 5)*/4t)p(s)ds, =€ R.
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Note that, for every ¢ > 0, T; defines a usual convolution operator.
Herzog proved in [12, Theorem 1.1] that, for every 8 > 0, the set

Us={p€&:{Tnd:neN}=CR,R)}

is a residual subset of £g, that is, £3\ U is of first category in €. Here
C(R,R) denotes the space of real and continuous functions on R and
it is endowed with the topology of the uniform convergence of compact
subsets of R.

In Section 2, we establish the corresponding universality property
for certain #-convolution operators. Our results can be seen as an
extension of those obtained in [1] where Hankel and Fourier convolution
operators were considered.

Suppose now X is a locally convex space and T is a continuous linear
operator from X into itself. We say that T is a hypercyclic operator
when there exists € X, called a hypercyclic vector for T, such that
{T"x}n,en is a dense subset of X. Every hypercyclic operator on X is
topologically transitive in the sense of dynamical systems; that is, for
every pair of open and nonempty subsets U and V of X, there exists
n € N for which T"(U)NV # @. Asin [4] (see also [6]), we call a linear
and continuous operator on X chaotic if it is topologically transitive
and it has a dense set of periodic points.

Trimeche [19] considered the space E that consists of all those even
and C'°°-functions on R. We consider on E the topology generated by
the family {pm n}mnen of semi-norms where, for every m,n € N,

Pman(f) = sup |f™(z)], fe€E.

lz|<n

According to [3, Lemma 4.18] we can see that the topology of E is also
generated by the systems {gm,n tm.nen and {rm n}m.nen of semi-norms
where, for each m,n € N,

dmn(f) = sup [A"f(z)], [feE,

lz|<n

and

rmal$) ={ [ 18" f0)PA) dx}m, feE
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The space E can be seen as a subspace of D', the dual space of D, in
the following sense. Each f € E is identified with the element Sy of D’
defined by

(Sp. ) = /0 ~ H@)o(e)A(@) dr, b eD.

Thus E is a dense subspace of D’. This can be proved by using #-
approximate identities. The dual space of E is denoted by E’ and it is
constituted by distributions of compact support.

For every x € [0, 00) the translation operator 7, defines a continuous
and linear mapping from E into itself [19, Proposition 8.3] and from
D into itself [19, Corollary 8.2]. If T € E/, respectively D', and f € E,
respectively D, the convolution T#f of T and f is defined by

(T#f) (@) = (T, 7f), =z €0,00).

Trimeche proved in [20] that, for every T € E’,| the linear mapping
defined by f — T#/f is continuous from E into itself and from D into
itself. Moreover, the space E’ can be characterized as the space of the
#-convolution operators on D; that is, given T € D', we have that
TH#¢ € D, for each ¢ € D if and only if T € E’. The #-convolution
S#T of S € D' and T € E' is the element of D’ defined through

(SH#T, ¢) = (S, T#¢p), ¢ € D.

Inspired by the results in [9] and [4], in Section 3 of this paper we prove
that if T € E’ is not a scalar multiple of the Dirac functional ¢, then
T defines a hypercyclic and chaotic #-convolution operator on E and
on D',

Trimeche [18] and Fitouhi [7] investigated the convergence of gener-
alized Taylor series associated to the operator A. We collect now some
properties established in [18] and [7] that will be useful to us. The

function A — ¢ (z) for every x € R is even and analytic and we can
write ([7, p. 246])

oo

(1.5) ea(@) = (=)™ (@) (X2 + 07", A€C,

n=0
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where, for every n € N, b, is an even smooth function on R defined by

u2n

(1.6) b (z) = /Or K (x,u)jp—1/2(ipu) W du, x>0,

where
. 2T (p+ 1)z mJu(z) if 2 #0,
Ju(z) = e
1 if z=0,
J,, being the Bessel function of the first kind and index p. Here for
every x > 0, K(z,-) is a nonnegative integrable function with support
in [—x,z] (see [19]). We assume that b_,, = 0 when n € N\ {0}.

The main properties of the functions b,,, n € N, were established in
[18] and [7, Section 2.2]. In particular, we have that

(1.7) bp=1, bu(0)=0, Ab,=-b,_1, neN, n>1.

Moreover, according to [7, Corollary 2.1], for every n € N,

x2n
(1.8) Ogbn(:v)g(Qn)!, z €R,
and
2n—1
1. <V (2)< — .
(1.9) 0<b,(zx) < Gn 1) reR

Functions b,, n € N, play in the generalized Taylor series of Trimeche
[18] the role of the power functions in the usual Taylor series.

Throughout this paper we always represent by C a positive constant,
which is not necessarily the same in each occurrence.

2. A universality property for #-convolution operators. In
this section, inspired by the paper of Herzog [12], we investigate a
universality property for certain #-convolution operators.

As in [1], we consider the set A constituted by all functions h defined
on [0,00) that are positive, decreasing, continuous on [0,00) and that
satisfy the following inequality

(2.1) h(z +y) > Ch(z)h(y), =,y € [0,00),
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where C' > 0 is independent of z,y € [0, 00).

If h € A, Ej, represents the function space that consists of all those
continuous functions f on [0, 00) such that lim, .. h(z)f(z) = 0. On
E}, we define the norm || - ||, through

[flln = sup h(z)|f(z)].

x€[0,00

Thus Ej, is a separable Banach space.

Let 0 < p < 2 and ¢ € S,((0,00),A). We define by T, the
#-convolution operator given by

T¢(f):¢#f7 fEEh-

Also, for every n € N, the operator T, is defined by

Tonf =" "#f, [ € En,
where ¢#" = ¢ - - - #¢.

Our universality result for the #-convolution operator Ty is the
following.

Proposition 2.1. Let ¢ € S1((0,00),A) and h € A. Assume that
the following conditions are satisfied

(i) ¢/h € L1((0,00), A(x) dx),

(i) F(p)(ip) =1 and |F(¢)(x)] < 1 for almost all x € (0, 0),

(iil) h(x) cosh(x) is bounded on [0, c0),

(iv) the function F(z) = Y 07 0,(¢)z", z € C, is holomorphic
0

in a neighborhood of the closed unit disk D(0,1) where 6,(¢) =
J57 bu()p(x)A(z) do, n € N.

Then the set

Up ={f € En : {Tpn(f) : n € N} = C([0,00))}

is a residual set of Ey,, where C([0,00)) denotes the space of continuous
functions on [0,00) endowed of the topology of uniform convergence in
[0,a] for every a > 0.
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Proof. Note firstly that the operator T is bounded from E} into
C0,00). Indeed, let f € Ej. According to (2.1) and by taking into
account that the measure of the generalized translation operator is a
probability measure on [0,00) for every z,y € [0,00) ([5, p. 453] and
[3, p. 90]), we have that

[1£1ln

(P < C s

x,y € [0,00).
Then it follows

@1 < [ (g Aw) ) Iflh. o € 0.).

Hence, by (i), if a > 0, one has
sup [Ty (f)(@)| < CI|f|n-

0<z<a

Note that, to see that Tj is bounded from Ej into C([0,00)), it is
sufficient that (i) holds.

We now prove that Ty ,, is a bounded linear mapping from £}, into
C(]0,00)), for every n € N. For this purpose, we will see that
¢*"/h € L'((0,00), A(x)dx), for every n € N. We only establish
this property for n = 2. An inductive procedure allows us to show the
property for every n € N.

Since the measure of the generalized translation operator is supported
on [|z—yl|, z+y], for every x,y € [0,00) and the function h is decreasing
on [0,00), we can write

< oo ,,
/o na) )

= /O"" /O°° % Wz = yD)7e (%) () A(y)A(x) dy da.

Moreover it is not hard to see that h(y) >Ch(y—x)h(z), 0<z <y < oco.
Then by dividing the integral in the y-variable as follows

[ et = (5 ) awa

- </Oz+/:o>|¢(y)|h(:v—y|)7-x ('%)(y)A(y) dy, € (0,00),
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a straightforward manipulation leads to

[ e

L1((0,00),A(x) dz)
Hence [21, (I1.14)] and [3, Theorem 2.4] imply that (¢#¢)/h €
LY((0,0), A(z) dz).

To simplify we denote by EY the subspace of Ej, that consists of all
those f € E}, such that f(z) =0, > a, for some @ > 0. It is not hard
to see that EY is a dense subspace of Ej,.

We are going to see that, for every f € EY,

n—oo

uniformly in z € (0, 00).

Fix f € EY. By [3, Theorem 2.4] and [21, Theorem IL3], we can
write

dy
le(y)?”

ﬂm@%ﬂ=émﬂﬂwmﬂwwf%@)

z € (0,00) and n € N.

Trimeche [21] proved that there exist two constants, ¢1,cq > 0, such
that
crlyl T < e(y)| 72 < ealy T,

when y is large enough. We choose | € N such that [ > o 4+ 1. Since
1+ y>)!'F(o)(y) — 0, as y — oo, there exists yo > 0 for which
(1 4+ v>)F(o)(y)] < 1/2, y > yo. Hence, according to [3, Lemma
3.4] and since f € EY, we obtain

” f(f)(y)(f(¢)(y)) wy( )|C(y)|2
o 2a+1
(2:2) <C | A+ IFO WD 7 g
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On the other hand, from the fact that |c(\)| =2 is continuous on [0, 00)
we can write

Yo . dy Yo .
g | [ FOOEO 0@ s < [T FOwP
x € (0,00).

Then, by combining (2.2) and (2.3) and using the dominated conver-
gence theorem, we conclude in view of (ii) that lim, .. Ty »(f)(z) =0,
uniformly in x € (0, 00).

Thus we prove that the set
{f € Ep: lim Ty, f exists in C[0,00)}
n—oo

is dense in EJ,.

Hence, according to [10], our result is shown when we prove that the
set Uy, defined by

Us ={f € En : {Tpn(f) : n € N} = C([0,00))},

is not empty.

We now define the Banach space Fj, as follows. We define first the
space F. We say that a function f is in F' when it can be written as

(2.4) F@) = ba(@)an, @ €0,00),

n=0
where (an,)nen € ¢o. Here ¢y denotes the space of real sequences that

converge to zero.

Note that by (1.8) the series in (2.4) is convergent, for every x €
(0, 00).

For f € F we put

[flln="sup h(z)|APf(z)].
peEN

x€(0,00)
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Note that, as f has the representation (2.4), then by (1.6), (1.7), (1.8)
and (1.9), it follows

h(z)|AP f(z)| < Ch(z an »(z) < Ch(x)cosh(z), =z € (0,00).

n=p

Hence sup,en e (0,00) M(7)|AP f(x)| < oo. Then |- ||, defines a norm in
F'. We represent by Fj, the space F' when it is equipped with the norm
1 1l

We now prove that if ¢y is endowed with its usual topology, that is,
the topology associated to the norm || - || defined by

||(an)nENHoo = sup |an| (an)neN € o,
neN

then the mapping L defined by
L((an TLGN Zan 'n, x € (0,00),
n=0

is a homeomorphism from ¢y onto Fj,.

Note first that, according to (1.7), L is a one-to-one mapping from
co onto F'.

Indeed, let (an)nen € co. We have that

IL((an)nenlln = sup h(z

n—p(
pEN
z€(0,00)
< l(an)nenllso S(up )h(x) cosh(x).
z€ (0,00

Thus, from (iii), we have seen that L is a continuous mapping from ¢
into Fh.

Let now f € F. Assume that f = L((an)nen) where (ap)nen € co.
Then by [18, p. 1016], since a, = (—1)"A™f(0), n € N, we have

[(@n)nenlloo = sup [an| = sup [APf(0)] < ﬁHfllh-

neN
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Hence L~! is continuous from F}, into ¢g.

Since ¢ is a separable Banach space, F}, is also a separable Banach
space.

The space F' is contained in Ej. Indeed, let f € F'. Assume that
f(z) = Zanbn(:ﬂ), x € [0, 00),
n=0

where (ap)nen € co. Fixe > 0. There exists ng € N such that |a,| < &,
n > ng. Hence, from (1.8) and (iii), one has

}h(x) > anbu(z)| < eh(x) Y ba(z) <Ce, x € (0,00).
n=ng+1 n=0

Moreover, from (iii), since lim,_, h(z)2?" = 0, for every n € N, there
exists xg > 0 such that, for all z > =z,

<e.

‘h(a:) ﬁ;anbn(az)

Hence lim, o f(z) = 0.

Moreover, the space F' is dense in C(]0, 00)). To see this it is sufficient
to prove that, for every k € N, pi,(2) = 22F, 2 € [0, 00), is in the closure
of the linear space generated by {b,}nen in C([0,a]) for each a > 0.
Let £ > N and a > 0. We define a C*°-function ¢g; on R such that
qr(z) = 0, |z| > a+ 1 and qx(z) = pr(z), |x| < a. It is clear that
gk € Sp((0,00), A), with 0 < p < 2. Hence, according to [3, Theorem
4.27], F(qr) € L'((0,00), dy/|c(y)|?) and we can write

ale) = [ @ F@) s ve o),

Let £ > 0. By [3, Lemma 3.4] there exists yo > 0 for which

> Yy
|, @Fa@ W) n

> d
s/yo Fla))| bl <o @€ 0.00).



1220 J.J. BETANCOR, J.D. BETANCOR AND J.M.R. MENDEZ

Moreover, since the function ¥y, (z)F (gx)(y)/|c(y)|? is uniformly con-

tinuous in {(z,y) : z € [0,al,y € [0,yo]}, we can put

Yo dy
P
. ) -2
= nl;rrgogzlﬁyoj/n(x)F(Qk) (&> C(%) ’

uniformly in z € [0, al.

Hence, there exists ng € N such that

pr(z) — % jil?/’yoj/n(x)f(%) <%> ’4%) ‘_2

provided that n > ng.

<e, xz€][0,q],

Thus we prove that py is in the closure of the linear space generated
by {y }y>0 in C([0,al).
On the other hand, by (1.5) we have that, for every y > 0,

oo

Yy(x) = Y (=1)"ba(@)(y* + )", z€R,

n=0

where the series is uniformly convergent in [0,a]. Hence, for every
y > 0, ¢, is in the closure of the linear space generated by {b, }nen in

c([0, al).

Then we conclude that pi belongs to the closure of the linear space
generated by {b,}nen in C([0,a)).

Our next purpose is to see that, for every f € F|
Ty(f) = Ks(f),

where

n=0

Here 6, = [, bn(y)#(y)A(y) dy, n € N. Note that by (1.8) and [3], the
integral defining §,, is absolutely convergent for every n € N. Moreover,
by assumption Y 7 |4, < oo.



HYPERCYCLIC AND CHAOTIC OPERATORS 1221

Suppose firstly that

P

flz) = an(ac)an, x € (0,00),

n=0
with pe N and a, € R, n=0,1,... ,p. It is clear that f € F.
We have that, by [18, Theorem 4],

Ty(f)(x) = (¢#)(x)

/<z> (72 ) () Aly) dy

I ¢<y>(Z(—l)kbm)Akf(y))A(y)dy

k=0
k=0 n=~k

= zp:bk(‘”) ( f: 5nk(¢)an>, a € (0,00).

k—
Hence Ky(f) = Ty(f).

We now introduce the set H defined as follows

H={feF:[f(z Zann

w1than€R, n=0,1,...,pand p € N}.

Thus H is a dense subspace of Fj. Indeed, let f € F with the
representation (2.4) where (an)nen € ¢o. Then we can write

sup h(z
peEN
z€(0,00)

(Z b ( ) ‘ <sup|a,| sup h(z)cosh(zx), k€ N.

n>k z€(0,00)
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Hence by (iii) since (apn)nen € co we deduce that

k
Jim. nz:%bn@)an = (@),

in the sense of convergence in Fj,.

Then, to see that Ky(f) = T(f), f € F, it is sufficient to show that
K4 is a continuous linear mapping from Fj, into C[0,00). Let a > 0.
We can write for all z € [0, a:

o0

K (f Z O A" f(2)]

(Z (@ ) (s BIAPFE).
z€(0,00)

Hence K4 defines a continuous operator from F}, into C([0, c0)).

It is clear that the operator A is bounded from F}, into Fj,. Then by
assumption (iv), Ty is bounded from F}, into Fy,.

‘We now show that

Ty(T(f)) =Ty2(f), feF.

Indeed, let k € N. According to (1.5), we have
(=1)k /1 d\"
bk(I) = W Xa ¢X(I)‘)\:ip7 T € (0, OO)

Hence, by (1.4) we get for z,y € (0,00)

) = G (LAY [ 014G o

_ (2%)‘ <§%> (A (@)Y (Y)) | a=ip
k
=0

2 . () )i ()71 — )

k_
= bi(x)br—;(y), keN.
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This result is also true for x = y = 0 and for x or y equal to zero.

Then, by [3, Theorem 2.4], it follows for every x € (0, c0)

T, (be) () = / " () () (W) Aly) dy

J

OO(Trbk
0
k oo
= ij(w)/ be—;(y)o(y)A(y) dy, = € (0,00).
3=0 0

)(Y)o(y)Aly) dy

Hence, for every x € (0, 00),

Ty (T (bx))(x)

3 0w ( / )6 Al) dy) ( / s ()0() A(Y) dy).

7=01=0

On the other hand, we obtain in a similar way

Topoltn)e) = 3 bila) [ " by () (640) (1) Aly) dy

j=0 =0
—1)k—d-1 1d k—j—1
X 2/€—j(—l() y— Xﬁ) F(@)(N)|r=ip
k k—j -
=S n@Y ([ ntowmamay)
=0 1=0 0

By interchanging the order of summation we conclude that

Ty(Ty(br)) = T,2(b)-
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Hence
(2.6) Ts(To(f)) = To2(f), feEH.

On the other hand, ¢#¢ satisfies the conditions (i), (ii) and (iv) listed
in this proposition. Indeed, property (i) was established above for ¢p#¢.

Also by [3, Lemma 2.4], we have that
F(d#0)(ip) = F(¢)(ip) F(4)(ip) = 1,
and
| F(¢#¢)(x)] = |F(0)(@)[|F(¢)(x)] < 1, for almost all z € (0,00).

Thus ¢#¢ fulfills (ii).

Finally we see that ¢#¢ verifies (iv). Let n € N. As we proved
above, according to the definition of ¢p#¢ and [18, Theorem 4], we now
find

L (#) = /b ) (6#) (1) A(z) da

([ omonoa)([[soiina)
2251'((25)5—

where §;(¢) and 6;(¢#¢) have the obvious meaning, for every j € N.

Also we can write for z in a neighborhood of the closed unit disk
D(0,1)

(S tnor=") <§W)Z

k=0

3
~_
Il

> (D tesn )

n=0

Z On(OH#0)2

n=0

Hence (iv) is satisfied for ¢#¢.
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Since ¢F#¢ satisfies the same properties as ¢, we infer that the
operator Ty o is bounded from Fj, into itself. Hence, since H is a dense
subspace of Fy, (2.6) implies that Ty o f = T(Ty(f)), for every f € F.

An inductive argument allows us to conclude that

n

——
Tom(f) =Tp...Ty(f), feF and neN.

On the other hand, according to (1.7), the operator A is onto. Also
the set H is contained in U,enKer (A™). Hence U,enKer (A™) is a
dense subset of Fy. Since do(¢p) = F(¢)(ip) = 1 and the spectrum
o(A) of A is contained in the closed unit disk D(0,1), [16, Corollary
1] allows us to deduce that T is hypercyclic. That is, the set

(feF:{Tynf neN} " =F}

is not empty. By taking into account that the topology of Fj, is stronger
than the one induced on F' by C([0, 00)) and that F' is a dense subspace
of C([0,00)), we conclude that the set Uy is not empty.

Thus the proof is finished. o

3. Hypercyclic and chaotic convolution operators on the
spaces E and D’. Godefroy and Shapiro characterized the continuous
linear mapping on H(C™), the space of holomorphic functions on C"
that commutes with usual translations [9, Proposition 5.2]. As a
consequence of that result, they extended classical works of Birkhoff
and MacLane about the hypercyclicity of translation and differentiation
on H(C), and they proved that every partial differential operator on
R"™ which is not a scalar multiple of the identity is hypercyclic and
chaotic [9, Theorems 5.1 and 6.2]. Recently, Bonet [4] showed that
usual convolution operators on spaces of ultradifferentiable functions
of Beurling and Roumieu type are hypercyclic and chaotic when they
are not scalar multiples of the identity. Our purpose in this section is
to obtain a version of Bonet’s result for #-convolution operators on E
and D'.

We first introduce a space of functions that will play the same role in
our study as the space of entire functions in the theory developed by
Godefroy and Shapiro [9].
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We denote by G the space that consists of all the complex sequences
(an)nen such that the series > o |an|(Jz|"/(2n)!) converges, for every
x € R. The function space H is defined as follows. An even function
f is defined on R is in H if and only if there exists (a,)nen € G such
that f(z) = > .2 anbn(z), x € R. Note that, according to (1.8), if
(an)nen € G, then Y7 |a,|b, () converges uniformly in z € [0, a] for
every a > 0.

Proposition 3.1. If f € H, then f € E. Moreover, if (an)nen € G
then the series Y .- anby, converges in E.

Proof. According to (1.6) we can write

u2n ) ]
by, = X(m Jn—1/2 (zpu)), n €N,

where X represents the generalized Riemann-Liouville transform de-
fined by [19]

X(f)(x) = / "K(ay)f(y)dy. € [0,0).

Here the function K is understood as in the introduction. Since X is
an automorphism on E, for every m € N and a > 0 there exist s,] € N
and C,w > 1 such that

(3.1)
m b C dj y2n
— < @ G
@;pa T On(2)| < j:g}ﬁ?{.,s;@ i ((Qn)!h 1/2(2py))‘
1d\ [ 4 )‘
<(C max su il i i
- j=0,1,...,z‘y|£,1 (ydy) ((Zn)!] 1/2(Py)
2n

< Cw— neN, n>lL

T =)

In the last inequality we have used [23, Section 5.1, (7)] and that
Jul(iu) < coshu, u € R [7, p. 246]. Let (a,)nen be in G. From (3.1)
we deduce that, for every m € N, the series Y~ ap(d™/dz™ )b, (z) is
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uniformly convergent in [—a, a] for each a > 0. Hence the function f
defined by

f(@) =) anbn(z), z€R,
n=0

is in E. The above argument shows also that the series Zf:o anbn
converges in F. u]

Proposition 3.2. H is a dense subspace of E.

Proof. Let T € E'. The generalized Fourier transform FT is defined
by
(FT)(A) = (T(x),¥a(x)), A€C

(see [19]). Suppose that Tjg = 0. Then, since ¢y € H, for every A € C
(see (1.5)), FT = 0. Hence T = 0. Hahn-Banach’s theorem allows us
to conclude that H is dense in E. o

We consider on the space H the topology induced on it by the space
E. By (1.7) it is not hard to see that the operator A defines a linear and
continuous mapping from H into itself. The behavior of the translation
operator 7., x € [0,00) on H is presented in the following.

Proposition 3.3. Let © € [0,00). The translation operator T,
s a linear and continuous mapping from H into itself. Moreover, if
f= ZZO:O anby, where (ap)nen € G, then

mf =Y (=1)"ba(x)A"f,
n=0

where the last series converges on E.

Proof. Assume that (a,)nen € G and write

f(y) = Z anbn(y)7 Yy € R.
n=0
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Let € [0,00). Since the last series converges uniformly in every
compact subset of R, we have by using (2.5),

WK

(Trf) (y) = Qn (szn)(y)

0

3

3
n

k

n=0 =0

= an(y)za”ﬂﬁbj(x)v y € [0,00).
=0

n=0

M

(3.2)

Note that by (1.8), for every y € [0, c0),

W e ly|*
PUNETITEND o warTs
k=0"'n=0 k=0n=0

o — 2> |y
<D anskl g oo
e (2n)! (2k)!
oo n m o
< S laal 3 (G il
n=0 k=0
oo an .
<Y Bl i<
n=0 :

Hence 7, f € H.

Finally, from [19, Proposition 8.3], we infer that 7, defines a contin-
uous linear mapping from H into itself.

According to (3.2) we can write that

oo

(3.3) (=) () =Y _(=1)"bn(x)A" f(y), y € [0, 00).

n=0
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Let x € ]0,00). We have that, for every m, l1,ly € N, I <.

l2

INDS <—1>”bn<x>mf<y>}

’I’L:ll

Iy o0
= ’A;” > ba(a) Zan-i-jbj(y)‘
7=0

?’L=l1

lo 0
< Z bn(x) Z |an+j|bj—m(y)

7L=l1

lo+m —-m

2n 2(] m—n)

\a]\ .
< 2(j—m))!
_j—; (20 Z 2(j—m— ﬂ))'( G=m))
=li+m
[eS) 123
|aJ| r2n 2(] m—n) )
+ (2(j—m))!
j—IQZer (2G Z 2j—m=—n))
la+ —m
< f ‘O’J‘ Z x2ny2(j—m—n)
l 2(j—m— n)
Jj= 1+m =l
|a]| 2n, 2(j—m—n)
R G B
2+m
- ;] -
< D GGy @t velo).
j=li+m '

Hence the series in (3.3) converges in E. For = 0 the result is also
true. a

We will say that a complex sequence (¢, )nen is in P when there exist
C,r>0and ! € N such that

T2n

len <C—"— — neN.

@2n— 1)

We define the operator T, ), . on H as follows

T(C"L)nENf = Z C"Anf7 f € H

n=0
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By proceeding as in the proof of Proposition 3.3, we can show the
next property.

Proposition 3.4. Let (cp)nen € P. Then the operator Tic,),
is linear and continuous from H into itself. Moreover the series
ZZOZO cn A" f converges in E for every f € H.

By using the Hahn-Banach and Riesz representation theorems we can
establish the following representation of the elements of E’ that will be
useful in the sequel.

Proposition 3.5. Let T be a linear operator from E into C.
Then T € E' if and only if there exist k € N and Fy, Fy,... ,Fy in
L?((0,0), A(z) dx) with compact support in [0,00) such that

G4 =) /0 T F(@)A f2)A(2) de,  f € E.

We now characterize the linear and continuous operator on H that
commutes with the translation operator 7., € [0, 00). Our next result
corresponds in our theory to [9, Proposition 5.2].

Proposition 3.6. Assume that L is a linear and continuous mapping
from E into itself. The following properties are equivalent.

(a) L commutes with the translation operator T, x € [0,00), that is,
L, =1,L, x € [0,00),

(b) There exists T € E' such that Lf =TH#f, f € E.

(c) There existk € N and Fy, Fy, ... , Fy functions in L*((0, ), A(x) dx)

with compact support in [0,00) such that

k 0
n=¥ / Fy(0)ma(A )(9)Ay) d(y), € E and x € [0,00).
=0

(d) There exists (cn)nen € P such that Lig = T(c,), cx -
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(e) L commutes with the operator A, that is, LA = AL.

Proof. Since the operator A and 7, ¢ € [0,00), commute, the
equivalence (b) < (c¢) can be deduced from Proposition 3.5.

(a) = (c). We define the functional
(T, f)=(Lf)0), feE.

It is clear that T € E’. Then by Proposition 3.5, there exist k €
N and Fy, Fy, ..., Fy functions in L?((0,0), A(x) dz) with compact
support in [0, 00), such that

k 00
T.5=Y [ BwAIWAG . <k
j=0"0

Hence by (a) we can write

(L) (x) = 7(Lf)(0)
= L(7=£)(0)

k
z/ Fy(y)(A f)(y)Ay) dy, | € B.
7=0

(¢) = (d). Assume that, for every f € E,

Z/ Y) 7 (A f)(y)A(y) dy, x € [0,00),

where Fy, Fi, ... , F} are functions in L?((0, 00), A(z) dx) with compact
support in [0, 00) for a certain k € N.

Let f € H. According to Proposition 3.3, we get

k oo

(LN =3 S V"8 [ B0 Aw) dy

§=0n=0

) k
—Y arf@) Y (-1 "l/ F()bn—1(y) A(y) dy,
n=0 =0

€ [0, 00).
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Let a > 0 be such that the supports of Fy,... , Fj are contained in
[0,a]. Then by (1.8) we have

k S k  pa y2(n=0)
Z/ dy} SZ/ Fily S AW v,
— —Jo !
k 2(n—1)
a
<Cy —n
; (2(n—=1))!
a2n
<(C—r—-—-— N.
=“@m-mr "C
Hence, by writing
k 00
on= 30" [ R AG) v, nEN.
1=0 0

the sequence (¢, )nen is in P and Lig = T,), o

(d) = (a). Suppose that Lig = T{c, ), for a certain (c,)nen € P.
Then the series > ° (¢, A" f converges uniformly in every compact
subset of R for every f € H. Hence we can write for x,y € ]0, 00):

z+y St
o (LF)(y) = /| ‘D<x,y7z>2an”f<z>A<z> dz
=y n=0

= Cn D(z,y,2)A" f(2)A(2) dz
Z / IRCYSISCEE
= chTz(Anf)(y)7 J e H.

This relation is also true for x = y = 0 and for x or y equal to zero.

Since the operators A and 7., x € [0, 00), commute on E, we conclude
that 7,L = L7, € [0,00) on H. The proof of (a) can be completed
by using Proposition 3.2 and [19, Proposition 8.3].

(e) = (a). If (e) holds, then Proposition 3.3 implies that L and 7,
x € [0,00) commute on H. By [19, Proposition 8.3], we can conclude
that L and 7, x € [0,00) commute on E.
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(d) = (e). Let (¢p)nenw € P. By Proposition 3.4 the series
oo o cnA™ f converges in E for every f € H.

Then, since A is a linear and continuous linear operator on H, we get

AT(C'IL)HENf = A< Z C'ILAnf>

n=0

CnAnJrl f

=1

0

3
Il

= (nneNAf7 fEH
Thus we prove that AL = LA on H. The proof finishes by using
Proposition 3.2. u]

The main results of this section are the following ones.

Proposition 3.7. Let L be a continuous linear mapping from E
into itself. Suppose that L is not a scalar multiple of the identity.
If L commutes with the translation operator 7., © € [0,00), then L
s hypercyclic and chaotic on E and there exists a dense L-invariant
linear submanifold M of E such that each nonzero member of M is a
hypercyclic vector of L.

Proof. Assume first that V is a subset of C having adherence points.
Then the space Sy = span{iy : A € V} is dense in E. Indeed, let
T € E’ be such that (T,4,) =0, A € V. According to Proposition 3.5,
there exist k € N and functions Fp, Fy, ... , F with support in [0, c0)
such that

k 00
35 =Y [ R@Af@A@d, <k
§=0
In particular, by (1.1), for every A € C, we have

k 00
(3.6) (T2 => (A +p?) / Fj(x)px(x) A(x) da.
Jj=0 0
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The function F'(A) = (T, 4x), A € C, is an entire function. Moreover,
F(A\) =0, A € V. Hence, F is identically zero on C.

From (3.6) we deduce that, for every m € N,

<T, G%)mw —0, \eC.
Then by (1.5),
o= (GG ) )

for every m € N. Since, by Propositions 3.1 and 3.2, span {b,,, : m € N}
is a dense subspace of E, we conclude that T = 0.

[A=ip

Hahn-Banach theorem allows us to show that span {¢) : A € V'} is a
dense subspace of E.

Suppose that L is a continuous linear mapping from E into itself that
commutes with the translation operator 7., € [0,00). According to
Proposition 3.6, there exists a sequence (¢, )nen such that

Lf:ian”f, feH.

n=0

Hence for every A € C,

(3.7) Lipy =Y cn A"y = 9 ®(N),
n=0

where ®(\) = 377 (A2 + p?)™, A € C. Since (¢)nen € P, @ is
entire. ® is not identically zero and thus the set W={X € C : ®(\)#0}
is open and nonempty in C. Hence Sy is a dense subspace of E. Since
(3.7) implies that Sy is contained in the range of L, we conclude that
the range of L is dense in E.

By proceeding now as in the proof of [9, Theorem 5.1], we can prove
as a consequence of the Fréchet space version of [9, Corollary 1.5], that
L has a hypercyclic vector f € E. Moreover, the submanifold M of E
defined by

M ={p(L)f : pis a polynomial}
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is a dense, L-invariant, linear submanifold of E whose nonzero members
are hypercyclic vectors for the operator L. To see this, we can argue
as in [9, Sections 2 and 3.

To prove that L is chaotic on E it is sufficient to establish that the
set of periodic points of L is dense in E.

Let (¢p)nen and ® be as above. @ is entire. Moreover, ® is not
constant because L is not a scalar multiple of the identity. Hence there
exists m € N such that

®(D(0,m)) NOD(0,1),

contains an open and nonempty subset of dD(0,1) where D(0,m) is
the disk of center 0 and radius m.

Then the set G = {z € D(0,m) : ®(z)! = 1 for some [ € N} is
infinity and hence G has adherence points in D(0, m). Hence the space
span{¢y : A € G} is dense in E. Moreover, if A € G then, for some
leN,

L(9h2) = 2(\) 9 = ¥a.

Thus we prove that each element of Sg is a periodic point of L and the
proof is complete. ]

We now analyze the #-convolution operators on D’.

Proposition 3.8. Let T € E'. The convolution operator Lt on D’
defined by
Lr(S)=S#T, SeD,

18 hypercyclic and chaotic provided that T is not a scalar multiple of
the Dirac functional §.

Proof. The space E is dense in D’. Moreover, if f € E then Ly (f)
coincides with the distribution generated by the function T#f € E.
Indeed, let f € E. The #-convolution S¢#7 is defined on D by

(Ss#T,¢) = (Sy, T#0)
= o f(CL')<T, Tm¢>A(x) d.’E, ¢ eD.
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Then, according to [21, p. 102], by proceeding as in [23, Theorem
5.6] using Riemann sums we get

SAT.0) = (T, [ @) (o)1) Al) da)
= (1, / (7 F)(&)6(x)A(w) da)

/ (@) (T, (o )W) Al) dx
= (Srus,¢), ¢e€D.

Now our result is a consequence of the comparison principle [17,
p. 111], see also [4, Lemma 3] and Proposition 3.7. O
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