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THE TRANSCENDENCE OF CERTAIN
INFINITE SERIES

JAROSLAV HANCL AND PAVEL RUCKI

ABSTRACT. The paper deals with two criteria concerning
the transcendence of the sums of infinite series. The terms
of these series consist of positive rational numbers which
converge rapidly to zero. Some examples are provided which
make use of sequences defined recursively.

1. Introduction. There are several methods one may use to prove
the transcendence of infinite series. One of them is Mahler’s method.
A nice survey of such results can be found in Nishioka’s book [5].
Another technique makes use of the Roth’s theorem [8]. One can also
use Nyblom’s theorem which can be found in [6]. Later he proved in
[7] that if A > 2 is a fixed real number and {ax}3°, is a sequence of
integers greater than unity and such that

.. Q41
(1) liminf —— >1
k—oo ak+

then the series > .-, 1/a) converges to a transcendental number. If
we want to describe a general criterion for the transcendence of series
which converge quickly then it is useful to introduce the concept of
transcendental sequences.

Definition 1. Let {a,}32; be a sequence of positive real num-
bers. If for every sequence {c,}>2, of positive integers the number
Yoo 1 1/(aney,) is transcendental, then the sequence {a,}52; is called
transcendental.

This definition is due to Hancl [3]. Some criteria for transcendental
sequences can be found in the same paper or in [4]. One interesting
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result concerning Liouville series (which are special cases of transcen-
dental series) is due to Erdds [2]. The transcendence of other special
series are proved in [1] also.

2. Main results. The main results of this paper are two theorems
which show that sums of certain infinite series are transcendental. The
following theorem is similar to Séndor’s Proposition 1 published in [9]
except using Roth’s theorem at the end.

Theorem 2.1. Let § be a positive real number. Let {ar}5>, and
{bi}72, be two sequences of positive integers such that

. Ak+1 1
2 lim su . =00
@) k:—)()op (araz...ap)**° by
and
b
(3) liminf 254 2R o,

k—oo ag bk+1

Then the number

1s transcendental.

Example 1. Let {a,}>2; be a sequence of positive integers such
that a; = 3 and for every n =1,2,...

{ (araz...a,)® if25|n
ap41 = .
2a., otherwise.
Let us take 6 = 1/2 in Theorem 2.1. Then we obtain the fact that the
number
y L
n=1 an

is transcendental.

Remark. Nyblom’s condition (1) together with Lemma 2.1 in [7]
imply the conditions of Theorem 2.1 in the case b,, = 1.



TRANSCENDENCE OF CERTAIN INFINITE SERIES 533

Theorem 2.2. Let § and ¢ be positive real numbers. Let {ap}?2
and {by}72, be two sequences of positive integers such that

. Ak+1 1
4 lim su .
( ) k—»oop (a1a2 - ak)2+2/5+5 bk+1

:OO,

and for every sufficiently large k

(5) 14e % Z 1+e a_k_|_1'
V brt1 V b

Then the number

s transcendental.

Example 2. Let {a,}>2; be a sequence of positive integers such
that a; = 11 and for every n =1,2,...

(aras...a,)® if 100 | n,
Gy = .
+ [an +2¢/a, + 2] otherwise.

If we substitute d = ¢ = 1 in Theorem 2.2 we obtain that the number
i 1
e

is transcendental.

Open problem. Is there any sequence {a,}>2 ; of positive integers
and a positive real number ¢ such that a, > 227" and the number
>0, 1/ay is algebraic?

3. Proofs.

Proof (of Theorem 2.1). Let M be a sufficiently large positive real
number. Equation (2) implies that there exist infinitely many positive
integers k such that

1 biy1
6 > .
( ) M(a1a2 .. .ak)2+5 Ak+1
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From (3) we obtain that for each real number A > 1 we can find a
positive integer kg such that for every k with k > kg

1 b b
koo Okl

A ap  appr

From this and using mathematical induction we get for every k with
k> ko
1ok by

AP qy Ak+p ’

This implies that for infinitely many positive integers k

From this, (6) and the fact that M is sufficiently large, (M > A/(A-1)),
we obtain

bry1 A M

1
<
apy1 A— 1‘ - ’M(alag...ak)2+5

(alag .. .ak)2+5 '

Consider a sequence of rational approximations py/qx to & generated
from the k-th partial sums, expressed in reduced form. Since (pg, gr) =

1 the lowest common multiple of the k integers in the set {aj, as ..., ax},
denoted lem{ay,as ..., ax}, must be greater than or equal to g but as
ajas - an, > lem{ay,as ..., ar}, we have that ¢ < ajas---a,. Thus

from the previous inequality we deduce that

< 1 < !
)
at

Dk iy
A S

i=1

(alaQ e ak)2+5
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and this is valid for infinitely many positive integers k. From this and
Roth’s theorem we obtain the transcendence of the number &. u]

Proof (of Theorem 2.2). Let M be a sufficiently large positive real
number. From (4) we obtain that for infinitely many &

1 b+1
M(a1a2 R ak)2+2/5+5 Ak4+1

Hence

1 bk+1 e/(1+¢)
(7) > .
Me/(1+e) (a1a2 . ak)2+56/(1+6) i1

Now by induction and using (5) we have for every sufficiently large k
and every positive integer s

14e Gkts > e a_k + s.
brts V br
Thus

a a 1+e
(3) b z(1~-ﬁ+s) |
kars

We also have for all real z > 1

= 1 > da 1
©) Z (z +7)tte < /Z_l zite gz —1)¢

r=0

Now we use a method analogous to that used in the proof of Theo-
rem 2.1. From (8) and (9) we obtain that for infinitely many &

T —(14¢€)
>k <(fiz)
i=1 e k+1
a 1+s)
< k1 +1>
biy1
) a —(14¢)
<§:( “4+r)

1
<2 JOk+1 )

oo
7,

a;

Z
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Inequality (5) implies that limy_,o(ax/bx) = co. Hence there exists a
positive real constant ¢ which does not depend on k such that

" b 1 c
‘g_z_z < z < €
P a; E(1+E/M_1> 5(1+5/M>
(10) b1 bri1

_ E . (bk+1 )E/(1+€)
e \Grt1 '

Let pr/qr be a sequence of rational approximations to & where
(pk,qx) = 1. From this, (10) and (7) we obtain for infinitely many
positive integers k that

nfegafen ()
qk P € \0k+1
c 1
S M) (ayag ... ap)2 e/ (Te)
o
qz+66/(1+5)

since M may be chosen a sufficiently large real number and again as
in Theorem 2.1, g < ajas---ag. This and Roth’s theorem imply that
the number £ is transcendental. o
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