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A TELESCOPING PRINCIPLE FOR OSCILLATION
OF SECOND ORDER DIFFERENTIAL
EQUATIONS ON A TIME SCALE

LYNN ERBE, LINGJU KONG AND QINGKAI KONG

ABSTRACT. We establish a telescoping principle for oscil-
lation of the second order scalar differential equation
(p(t)z™())> + q(t)z(a(t)) = 0 on a time scale and use it
to obtain several new conditions for oscillation. Our results
extend, unify, and modify the telescoping principles for os-
cillation of second order differential equations and difference
equations, respectively, and provide a new tool for the inves-
tigation of oscillation on time scales. We illustrate the results
obtained by several examples, none of which may be handled
by known oscillation criteria.

1. Introduction. In this paper, we study the self-adjoint second
order scalar equation

(E) (p(t)a®(1)> + a(t)z(a(t)) = 0

on a time scale T, that is, on a nonempty closed subset T of R, the set
of real numbers. Without loss of generality we assume throughout
that 0 € T and supT = oo since we are interested in extending
oscillation and nonoscillation criteria for the corresponding differential
and difference equations, namely

(1.1) (p(H)2'(t))" + q(t)x(t) = 0
with T the interval [0, c0), and
(1.2) A(pnAzy) + ¢ntns1 =0

with T = Ny, the set of nonnegative integers.
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Numerous oscillation and nonoscillation criteria have been established
for equations (1.1) and (1.2), see, for example, [3-5, 8, 9, 11-21] and
the references therein. Many of the criteria involve the integral of ¢(t) or
the sum of g, and hence require information concerning the equation
on the whole set [0,00) or N. However, from the Sturm separation
theorem, it is clear that oscillation may be regarded as an interval
property. For instance, if there exists a sequence of subsets [a;, b;] of
[0,00), a; — o0 as i — oo, such that for each i there is a nontrivial
solution of equation (1.1) which has at least two zeros in [a;, b;], then
every solution of equation (1.1) is oscillatory, no matter what the
behavior of the coefficients is, in equation (1.1), on the remaining parts
of [0, 00). The same property holds for equation (1.2).

Kwong and Zettl [15] applied this idea to oscillation of equation
(1.1) and established a powerful telescoping principle that allows one
to trim off the “troublesome” parts of fot q(t) dt and apply any known
criterion to the “good” parts. Kong and Zettl [14] obtained a parallel
telescoping principle for equation (1.2) and applied it to obtain many
new oscillation results for difference equations. The main purpose of
this paper is to generalize the telescoping principles for equations (1.1)
and (1.2) to time scales, and apply it to obtain new results on the
oscillation of (E). Our work will unify and modify the work in [14]
and [15], and will cover many existing criteria for oscillation, including
the continuous case, discrete case, and the general case on time scales.
Because of the generality, a number of additional technical arguments
will be involved in the proofs.

A solution z = z(t) of (E) is said to be nonoscillatory on T if
there exists 7 € T such that z(t)z(o(t)) > 0 for ¢ > 7. Otherwise,
it is oscillatory. It is well known that either all solutions of (E)
are oscillatory or none are, so the equation (E) may be classified as
oscillatory or nonoscillatory.

For the convenience of the reader, we recall the following concepts
related to time scales.

Definition 1.1. Let T be a closed subset of R with the inherited
Euclidean topology. Define the forward jump operator o and the
backward jump operator p, by

ot)=inf{reT|7>t} €T and p(t)=sup{re€T|7<t} €T
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for all t € T with ¢ < sup T and t > inf T, respectively. If sup T < oo,
we define o(supT) = supT. Similarly, if inf T > —oo, we define
p(inf T) = inf T. If o(t) > ¢, ¢ is said to be right-scattered; otherwise,
it is right-dense. If p(t) < ¢, ¢ is said to be left-scattered; otherwise,
it is left-dense. We also define o*(t) = o(o*1(t)) for t € T and
k =2,3,.... Finally, the graininess function u : T — [0, 00) is defined

by u(t) = o(t) —t.

Definition 1.2. For f: T — R and t € T, (if t = sup T, assume
t is not left-scattered), define the A-derivative f(t) of f(t) to be the
number, provided it exists, with the property that, for any € > 0, there
is a neighborhood U of t such that

[f(e(t) = f(s)] = F2 @) (t) = s]| < elo(t) — s
for all s € U. For n > 1, the nth A-derivative of f(¢) is defined by
FA (1) = (AR ).

We say that f is A-differentiable on T provided f2(t) exists for all
teT.

It can be shown that if f : T — R is continuous at ¢t € T and ¢ is
right-scattered, then

flo(®) - (1)

Note that if T = Z, the set of integers, then
FA@) = Af() = f(t+1) = f(D).
If t € T is right-dense and f : T — R is differentiable at ¢, then
t —

s—t t—s

Definition 1.3. Let f : T — R be a function. We say that f is
rd-continuous if it is continuous at each right-dense point in T and
lim,_,;— f(s) exists as a finite number for all left-dense points ¢ € T.
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Definition 1.4. If FA(t) = f(t), then we define the integral of f on
[a, 6] N'T by

b
/ f(r)AT = F(b) - F(a);

and [ f(T)AT = limp—o0 f; f(T)AT.

It is well known that if f is rd-continuous on [a, b]N'T, then f: f(r)AT
exists. For related results on the calculus on time scales, see [1, 2, 7,
10] and the references therein. In particular, we also have the following
formula involving the graininess function which is valid for all points
at which f2(t) exists:

(1.3) Flo(t)) = f(t) + u(t)f2(2).

We assume throughout that p € C!,(T,R) with p(t) > 0 and
qg € Crq(T,R), where C4(T,R) denotes the set of rd-continuous
functions f : T — R and C!,(T,R) denotes the set of differentiable
functions f : T — R whose derivative are rd-continuous. Our approach
to the oscillation problems of (E) is based largely on the application of
the Riccati equation. If z(t) is a solution of (E) with z(t)z(o(t)) > 0
for t € [t1,t2] N'T, we let

p(t)z2(t)
1.4 t) =—
(1.4 ) = -7
Then for t € [t1,t2] N T, u = u(t) satisfies the Riccati equation:
u?(t
(®) udt) = — W),

—u(t)u(t) + p(t)

If t € [t1,t2] N'T is right-scattered in T, then from (1.3) and (R), we
have

(1.5)
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Note that (1.5) also holds for the case that ¢ is right dense in T.

In the following, we let IN be the set of natural numbers and assume

(1.6) J = (QJ) T, Ji=(aio()), i€N,

where a;, b; € T, i € N, satisfy 0 < a; < b; < a;41. We call J an
“interval shrinking” set in T. The set J will be used to introduce the
following “shrinking” transformation on the time scale T. That is, we
define the time scale T by:

(1.7)
T‘::{seT:sgal}
U{ G {s =t— z]:(a(bi) —o(a;)):teT, o(bj) <t < aj+1}},

and an interval shrinking transformation 7 : T — T

(1.8)
t t € (—o0,a1]NT,
s— Tt T%'j te(apo)NT,
t= (o) = ola) t€ o). amINT.

For s € T we let

T 1ls = inf{t e T:7Tt=s}.

2. Telescoping principle. In this section we establish the basic
telescoping principle for oscillation. The following lemma plays a key
role in the proofs.

Lemma 2.1. A solution xz(t) of (E) satisfies z(t)x(o(t)) > 0 for
t € [t1,t2] N'T if and only if the corresponding solution u(t) of the
Riccati equation (R) satisfies u(t)u(t) < p(t) fort € [t1,t2] N'T.
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Proof. Since u(t) = —p(t)x®(t)/z(t), for t € [t1,t2] N'T,

.’EA
—p()ult) + p(t) = W T p(t)
(

Therefore, p(t)u(t) < p(t) if and only if z(¢t)x(o(t)) > 0 for t €
[tl, tg} NT. [}

Let T be defined by (1.7) and consider the telescoped equation of (E)

~

(E) (B(s)y™ ()™ + d(s)y(6(s)) =0, seT,

where p(s) = p(t), G(s) = q(t) for t = T~1s, and where & denotes the
forward jump operator in T.

Our first result is a type of comparison theorem which, loosely
speaking, says that if a certain solution y = y(s) of the telescoped
equation (E) has a zero in ’i‘, then a corresponding solution of the
original equation (E) has a zero in T.

Theorem 2.1. Assume

o (b:)
(2.1) / q(t)At >0 forall i € N,
o(ai)

and let ¢ € T such that ¢ > 0. Suppose that y is a solution of (E)
with y(s)y(6(s)) > 0 for s € [0,¢) N'T and y(c)y(6(c)) < 0. Let x be a
solution of (E) with x(0) # 0, p(0)x*(0)/x(0) < p(0)y*(0)/y(0). Then
there exists d < T lc such that x(d)z(c(d)) < 0. More precisely, if
¢ < Tay, then there exists d < a; such that z(d)x(o(d)) < 0.

Proof. In this proof, by u £ v we mean either u > v or u does not
exist. The proof is by induction (with respect to the location of the
point ¢ € T). Assume the conclusion is not true. Then u(t) defined by
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(1.4) satisfies the Riccati equation (R) and (1.5), and p(t)u(t) < p(t) for
t €[0,7 1 ¢]. For s € T, let v(s) = —p(s)y>(s)/y(s) and fi(s) = u(t)
for t = T—'s. Then it follows that v satisfies the Riccati equation

v2(s) .

A = S
22 U= e ot T
and
(2.3) w(o(s)) = — LDV ).

—p(s)u(s) + p(s)

By Lemma 2.1, ji(s)v(s) < p(s) for s € [0,¢) N'T and fi(c)v(c) £ p(c).

(i) Assume ¢ < Ta; = aj. Then in this case it follows that
t =T 's =sfor s €[0,c, sowe have p(t) = p(t), 4(t) = q(t),
and the Riccati equations (R) and (2.2) are the same on [0,¢]N'T. We
claim that

(2.4) u(t) >v(t) for te0,¢NT.

For any n € N sufficiently large, it follows from [2, Theorem 4.5
(existence-uniqueness theorem for the linear IVP), that the initial value
problem
uZ (t) 1

2.5 uﬁt: n +q(t)+ —, u,(0) =u(0),
25) w0 = — s a1 1a(0) = )

has a unique solution, say u,(t), on ¢t € [0,¢]N'T. We first observe that
un(t) — u(t) as n — oo for ¢ € [0,¢]N'T. We wish to show that, for all
large n € N,

(2.6) un(t) >v(t) for te[0,¢NT.

If this is not the case, then since u, (0) > v(0), there will exist t* € (0, ¢]
such that u,(t*) < v(t*). Hence, there exists t. € [0,t*) such that

(2.7) un(ts) > v(ty) and u,(t) <ov(t) for te (t.,t"]NT.

If ¢, is right-scattered in T (hence in ’i‘), then from (2.5)

p(t*)un (ts)

fu(ts)
—p(t)un(te) + p(ts .

n

(2.8)  un(o(ts)) =

] + p(t)a(ts) +
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Now, since for any p, p > 0, the function f(u) := pu/(—pu + p) is
increasing if we compare (2.3) and (2.8), we obtain a contradiction to
(2.7).

If ¢, is right-dense in T (hence in T), then un(t,) = v(t,) and
un(t) < v(t) for t € (t,,t*]N'T. From (2.2) and (2.5), u5 (t.) > v (t),
so there exists ¢ € (t.,t*] N T such that u, () > v(f), contradicting the
definition of t,. Hence (2.6) holds.

Therefore, from u,(t) — u(t) as n — oo for t € [0,¢] N'T, we obtain
(2.4), and so letting ¢ = ¢ in (2.4), we have

(2.9) p(c)u(c) = pc)v(e) £ p(e) = p(c).

This implies that u(c)u(c) £ p(c), contradicting the assumption.

(ii) Assume 7a; < ¢ < Tag, then arguing as in the first part above,
we see that u(o(a1)) > v(6(a1)) = v(6(Tay)). Integrating (R) from
o(a1) to o(by) and using (2.1), we obtain

o (b1) u2 o(b1)
o) ot = [ s [ awarzo

Hence u(o(b1)) > u(o(a1)) > v(6(Ta1)). Now since To(by) = 6(Taq),
it follows that w(t) and v(s) satisfy the same Riccati equation for
(b)) <t < 7T lcand To(b) < s < ¢, respectively. As before, we
see that

WT (T ¢) > (e)o(e) # ple) = p(Te).

Again, this implies that u(7 ~te)u(7 ~tc) £ p(T ~'e), contradicting the
assumption. The proof of the induction step from ¢ to ¢ + 1 is similar
and hence is omitted. O

Theorem 2.2 (telescoping principle). Under the conditions and with

~

the notation of Theorem 2.1, if the telescoped equation (E) is oscillatory,
then (E) is oscillatory.
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Proof. Let z(t) be a solution of (E) with x(0) # 0, and let y;(s)
be a solution of (E) satisfying 51(0) # 0 and p(0)z(0)/z(0) <
Pp(0)y£(0)/y1(0). Since y;(s) is oscillatory, there exists a smallest
¢; > 0 in T such that y1(s)y1(6(s)) > 0 for s € [0,¢1) N T and
y1(c1)y1(6(c1)) < 0. By Theorem 2.1, there exists d; < 7 'c; in
T such that z(dy)z(o(dy)) < 0. Now, we will work on the solution
x(t) for t > d;. Let e1 € T with e; > d; satisfy z(e;) 7& 0. Let ya(s)
be a solution of (E) satisfying ya(e1) # 0 and ple)z®(er)/z(e;) <
p(Te1)ys (Ter)/ya(Ter). Proceeding as before, we show that there
exists dy € T with da > dy such that z(dz)z(o(d2)) < 0. Continuing
this process leads to the conclusion that x is oscillatory and therefore
the equation (E) is oscillatory. O

This principle can be applied to get many new examples of oscillatory
equations. We use a process which is the reverse of the construction in
Theorem 2.2. Start with any known oscillatory equation ( ). Choose
a sequence of numbers s; € T such that s; — oco. Cut T at each Si
and pull the two halves of T apart to form a gap of arbitrary finite
length. Now fill the gap with an arbitrary new (bounded) time scale
and define a positive p and any ¢ whose integral over the new time scale
is nonnegative. Do this at each s; and relabel the so-constructed new
coefficient functions by p(t) and ¢(t). Then the obtained equation (E)
is oscillatory.

The telescoping principle is also useful in extending various known os-
cillation criteria. It implies that any sufficient conditions for oscillation
need only to be verified on “intervals”, i.e., on T\ J where J is defined
by (1.6), while on J, p(¢) and ¢(t) can be arbitrary rd-continuous func-
tions as long as p(t) > 0 and ¢(t) has a nonnegative integral over each
interval (o(a;),o(b;)) of J.

However, due to the jumping behavior of functions on time scales, the
above telescoping principle may not always be easy to apply. In partic—
ular, 1ff q(t)At # 0 for some i € N, then fo AL £ fﬂ j
To overcome thls difficulty, in the next section, we mtroduce a mod—

ified telescoping principle in which fo [)Al remains unchanged after
the telescoping process.
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3. Modified telescoping principle. We say that the Riccati
equation (R) is nonoscillatory provided the corresponding equation
(E) is nonoscillatory. Hence, by Lemma 2.1, (R) is nonoscillatory
means that for any solution u(t) of (R), there exists t; € T such that
p(t)u(t) < p(t) for t € [t1,00) N'T.

To establish a modified telescoping principle we need to obtain a
perturbed equation of (R). Lemma 3.1 and Remarks 3.1 and 3.2 will
explain the ideas.

Lemma 3.1. Assume the Riccati equation (R) is nonoscillatory on
T, and let u(t) be a solution with u(t)u(t) < p(t), t € [t1,00)N'T, for
somety € T. Let c >ty be right-scattered in T, and k the real number.
We define the perturbation T of T at ¢ by

(3.1) ’i‘z{re(—oo,c]:TET}U{TE(c,oo):T—,u(C)ET}.

Consider the perturbed equation of (R) given by:

Ay _ w?(7) 6T reT
TR R
where (1) = p(t), (1) = a(1), 1)

= pu(t) for t <c; p(t) = p(t— p(c)),
q(t) = q(t = p(c)), a(t) = p(t — p(c)) for t > o(c); and g(c) = a(c) +k,
4(0(0)) = —k, i(e) = p(e), ilo(e) = u(e). If Blo(c)) is sufficiently
large, then there exists p(c) > p(c) such that (3.2) is nonoscillatory.
Furthermore, p(c) — p(c) as p(o(c)) — oo.

Proof. Let w(t) = wu(t) for t < ¢ and w(t) = u(t — p(c)) for
t > o(c) in T. We need only choose p(c) corresponding to p(a(c))
and define w(o(c)) accordingly such that w(t), t € T, is a solution of
(3.2) satistying

fi(c)w(c) <ple) and  fi(o(c))w(o(c)) < plo(c)).

Note that since c is right-scattered in T, both ¢ and o(c) are right-
scattered in T, and we have fi(c(c)) = fi(c) = u(c), w(c) = u(c), and
u(o(c)) = w(o(c) + u(c)). From (1.5) and the right-scattered form of
(3.2), we get, after some manipulation,
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33 o) = — B o)

(3.4) w(o(e) = = (f)(;g:)(fz 5 O +)
and

(3.5) w(o(c)) = plo()w(o(c)) (k.

Now if p(o(c)) is sufficiently large, then the solution w(o(c)) of (3.5)
as a function of p(o(c)) exists and we obtain

Also

w(o(e) — u(o()) + plek as flo(e) — oo.
It is easy to see that, for any v € R and pu > 0, the function
g(p) = pu/(—pu+p) is continuous and decreasing for p > max{0, pu}.
Thus, from (3.3) and (3.4), for a sufficiently large p(o(c)), we can find

p(c) > p(c) > plc)u(c) = f(c)w(c) satistying (3.4) and p(c) — p(c) as
Bo(e) — oo D

Remark 3.1. Assume (E) is nonoscillatory on T, and let u(t) be a
solution of the Riccati equation (R) with p(t)u(t) < p(t), t € [t1,00)
for some t; € T.

(i) Let ¢ > ¢; be right-dense in T. Then T given by (3.1) is the
same as T. In this case, we define the perturbed equation (3.2) of (R)
at ¢ to be the same as (R) in this case.

(ii) Let {c¢;}$2, be a sequence in T such that t; <¢; <cg <---. We
define the perturbation T of T with respect to {¢;}52; by
(3.6)

TZ{TETiTSEl}U{U{TE &iy Civ1) T—Zucj ET}}

= j=1

where & = ¢; + ZJ 1 1(c5), i € N, with 22:1 w(cj) = 0.
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Using the same idea as in Lemma 3.1, we obtain a perturbed nonoscil-
latory equation of (R) on T, defined by

(®) wir) = —2 0

i) + o T

in the following way:

(a) If, for some i, ¢; is right-dense in T, then (R) for 7 € [¢;,¢41)NT
is the same as (R) for ¢ € [¢;, ¢i41) N'T;

(b) If, for some i, ¢; is right-scattered in T, then (R) for 7 €
[62(&),¢41) N'T is the same as (R) for t € [02(¢;),ciq1) N'T, and
for some k; € R, §(¢;) = q(¢;) + ki, G(6(¢;)) = —kiy p(é;) is sufficiently
close to p(c;), and p(5(¢;)) is sufficiently large, where & is the forward

jump operator in T. Note that the arbitrariness of k; allows some
flexibility in applications.

In the following, we use the notation

(3.7) r(t) = /t q(H)Al, teT,
0

(3.8) P(s) = /O G(DAlL  seT,

(3.9) #r) = /O JAL reT.

Remark 3.2. In Remark 3.1 (ii), we let ¢; = a;, ¢ € N, where a;
are defined as in (1.6), and consider the perturbed equation (R) of
(R) with respect to {a;};°,. Then it is easy to see that, for right
scattered a;, we can always choose suitable k;s in Remark 3.1 (ii) such

that the telescoped equation of (R) based on J satisfies the condition
#(s) = r(TY(s)) for all s € T,
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Theorem 3.1 (modified telescoping principle). Let J and T be
defined by (1.6) and (1.8), respectively. Assume the Riccati equation
(R) is nonoscillatory. Then the modified telescoped equation

v2(s) s .
—p(s)o(s) +p(s)

is also nonoscillatory where p(s) = p(t), 4(s) = q(t) for t =T 1s and
t # a;, (Tal) is sufficiently close to p(a;), i € N, and 7(s) = r(T1s),

an
fi(s) = w(T's) for s € T. In particular, p(Ta;) = pla;), §(Ta;) =
q(a;) if a; is right-dense for some i € N.

(R) v3(s) =

Proof. Since (R) is nonoscillatory, without loss of generality, we may
assume p(t)u(t) < p(t), t € [0,00) N'T. Let T defined by (3.6) be the
perturbation of T with respect to {ai}l 1, and con51der the perturbed
nonoscillatory equation of (R) on T defined by (R) such that, if a; is
right-scattered in T, then p(&(a;)) is sufficiently large, p(a;) = p(7 a;),
and k; is chosen so that 7(5(a;)) = r(o(b;)). Note that in T, J
becomes J = (U2, (a;,5(b;))) N'T, where a; = a; + Ej 1u(aj) and
b = bi—|—2j:1 p(a;). Let J be the interval shrinking set in T, and based
on J define T and the interval shrinking transformation T:T—T
in the same way as in (1.7) and (1.8), where a; and o(b;), i € N, are
replaced by a; and &(b;), respectively. Consider the telescoped equation

of (R)

_A _ ’Lf}2(7‘) q(r r T
GO 0= ety am T TET

where 5(r) = p(7), G(r) = §(7) and f(r) = j(r) for 7 = T 1r.
Note that f U(b g(HAl = 0 for all 4 € N regardless of whether

or not a; is rlght scattered or right-dense in T and equation (f{)
is nonoscillatory. By Theorem 2.2, equation (3.10) is nonoscillatory.
Comparing J and J, we see that p(s) = p(r), g(s) = 4(r) for s # Ta;
and r # T(a;); i(s) = a(r) for s € T and r € T; p(Ta;) =
B(a;) = p(T (@:); and §(Ta:) = q(T (@) since #(To (b)) = (67 (@),
where 7(r) = [ ¢,(I)Al. This implies that (R) is nonoscillatory and
completes the proof. |
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Remark 3.3. Theorem 3.1 covers the telescoping principle for differ-
ential equations in [15] and improves the one for difference equations
in [14] since the “adjusted sequence” used there for applications, see
[14, p. 1052], is no longer needed.

4. Extensions of known oscillation criteria. Now we are ready
to establish extensions of known oscillation criteria using the modified
telescoping principle. We shall content ourselves with several examples
to show how it works. The following results are taken from [2, 6].

Result 4.1 [2, Theorem 4.64]. Assume

/OOO ;%At: /Oooq(t)At_ 0.

Then (E) is oscillatory.

Result 4.2 [2, Corollary 4.50 |. Assume that there exist a strictly
increasing sequence {t;}7>; C T with limy_, ¢ = oo and two positive
real numbers K and M such that u(ty) > K, p(ty) < M for k € N,
and

tr
lim q(t)At = .

k—o0 t

Then (E) is oscillatory.

Result 4.3 [6, Corollary 7]. Assume that there exists a strictly
increasing sequence {tx}72, C T with limp_,ctx = oo such that
w(ty) > 0 for k € N. Suppose further that

s ([ a0ar - J5) =

Then (E) is oscillatory.
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We shall now indicate how to extend the above results using Theo-
rem 3.1. In the following, given the set

oo
1= <U[n’iam’i]> ﬂTa
(4.1) i=1
ng, m; €T, 0<n; <m;<niy1, €N,

with n; — o0 as i — oo.

Theorem 4.1. Let I be defined by (4.1) and suppose that

o(m; o(m;

(4.2) z/n );%“:g/n

7

)
q(t)At = 0.

Then (E) is oscillatory.

Proof. Assume the contrary. Then the associated Riccati equation
Ru = 0 is nonoscillatory. Let J = T\ I. Then J can be written
in the form of (1.6). Let T and T be defined as in (1.7) and (1.8),
respectively. By Theorem 3.1, the telescoped equation (PA{) is also
nonoscillatory, where p(s) = p(t), 4(s) = q(t) for t = T1s t # a;,
p(Ta;) is sufficiently close to p(a;), i = 1,... ,n, and #(s) = 7(7 1s),
fi(s) = u(71s) for s € T.

Choose p(7Ta;) sufficiently close to p(a;) so that p(Ta;) > 0 and
Jo° As/p(s) = oo. This is possible because of (4.2) and the fact that
we can choose p(s) to satisfy

3 / At /T“ As
nio(mo) (o] PE)  Jo  D(s)

i=1 I

<1 forany veRT.

Also [ 4(s)As = oo since 7(s) = r(7's) and Y 7, f;;(mi) q(t)At =

~

oo. But then by Result 4.1, if follows that the equation (E) is oscillatory,

~

a contradiction to the fact that (R) is nonoscillatory. This completes
the proof. a
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Theorem 4.2. Let I be defined by (4.1). Assume there exists a
strictly increasing sequence {tk}z‘;l C I with limg_, ot = 00 and two
positive real numbers K and M such that u(ty) > K, p(ty) < M for
k € N, and

(4.3) lim / q(t)At = co.
k—o00 ; [ni,o(m;)] ﬂ[tl,tk]

Then (E) is oscillatory.

Proof. Assume the contrary. Then the Riccati equation Ru = 0 is
nonoscillatory. Let J = T \ I. Then J can be written in the form of

(1.6). Let T and 7 be defined as in (1.7) and (1.8), respectively. By
Theorem 3.1, the telescoped equation (f{) is also nonoscillatory, where
p(s) = p(t), 4(s) = q(t) for t = T 1s, t # a;, p(T a;) is sufficiently close
to p(a;), i =1,...,n, and #(s) = r(TLs), i(s) = u(T's) for s € T.

Choose p(7Ta;) so close to p(a;) that p(Ta;) < M + 1, i € N. Set
sp = Ttg; then s — 0o as k — oo, fi(sk) > K, p(ty) < M + 1 for all
k € N. From (4.3), we also have

Sk
lim 4(s)As = 0.

k—oo 1

~

By Result 4.2, (E) is oscillatory, which is a contradiction, since (R) is
nonoscillatory. This contradiction completes the proof. ]

Corollary 4.1. Assume that there exists a strictly increasing se-
quence {tk}zozl C I with limg_, o0 tp = 00 and two positive real numbers
K and M such that p(ty) > K, p(t) < M for k € N and

> altr)u(ty) = oo.

k=1

Then (E) is oscillatory.

Proof. This follows from Theorem 4.2 where I = U2, {tx}. O
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Theorem 4.3. Let I be defined by (4.1). Assume that there exists
a strictly increasing sequence {tk}zo:l C T with limy_, o tx = o0 and
w(ty) > 0 for k € N. Suppose further that

3 p(tr)
lim sup ( / g(t) AL — > _
k—o0 ; [ni,o(m;)] m[oﬁtk) N(tk)

Then (E) is oscillatory.

Proof. Assume the contrary. Then as in Theorem 4.1, the associated
Riccati equation Ru = 0 is nonoscillatory. Let J = T\ I. Then J can
be written in the form of (1.6). Let T and 7 be defined as in (1.7)

~

and (1.8), respectively. By Theorem 3.1, the telescoped equation (R) is
also nonoscillatory, where p(s) = p(t), §(s) = q(t) for t = T ~ts, t # a;,
p(Ta;) is sufficiently close to p(a;), i = 1,... ,n, and #(s) = 7(7 ~1s),
fi(s) = p(T~1s) for s € T.

Set s = Tty, then sp — oo as k — oo and [i(sx) > 0. Also,

imsup ([ o1 - 227 ) =

But then by Result 4.3, (E) is oscillatory. This contradiction completes
the proof. ni

Corollary 4.2. Assume that there exists a strictly increasing se-
quence {ty}72, C T with limy_,o ty = 0o and pu(ty) > 0 for k € N.
Suppose further that

imsup (3 a(t(on) — 255 ) =

k—o0 =1 ,U/(tk)
Then (E) is oscillatory.

Proof. This follows from Theorem 4.3 where I = U {t;}. O
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5. More oscillation criteria. In this section we obtain some new
oscillation criteria by more sophisticated applications of the telescoping
principle. Our results cover and improve Theorem 3 to Corollary 5 in
[15] for differential equations since the condition p(¢) = 1 needed there
is not required here, cover and simplify Theorem 5.2 to Corollary 5.8
in [14] for difference equations, and generalize and improve the Olech-
Opial-Wazewski type criteria for oscillation for differential equations in
[17].

Lemma 5.1. Let Ty = U{[t,o(t)] : t € T is right scattered in T}
and To = {t € T : t is right-dense in T}. Assume that a function
u(t) € Crq(T,R) has the property that there exist o > 0 and p(t) > 0
for t € T such that
(5.1)

¢ u?(l)Al
u(t Zoz—|—/ ———— and p(t)u(t) <p(t) fort <T,
W2 [ S+ o0 (et < v

where T € [0, 00], and

) (o (D)p(l) Al
(5.2) o Z (o (D) (—au(l) + p(1)) - Oé/T2 p(l) o

€T,
Then T < oco.

Proof. Assume the contrary. Then p(t)u(t) < p(t) for all ¢t € T.
Consider the problem

B wP(D)AL -
(53) U(t) =« +/0 W, ’U(O) = Q.

Comparing (5.1) and (5.3), we get that o < v(t) < u(t) and p(t)v(t) <
p(t) for t € T, and

(5.4) vA(t) = ————2—— for teT.

Hence for t € T4,

(Ly:_ vA() o(t)

u(t) v(t)o(a(t)) (o)) (=pt)v(t) + p(t))
- ap(a(t))
= plo(t))(—au(t) + p(t)’
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and for t € To

(L)A ORI
v(t) v3(t) pt)
Combining the above we see that, for t € T,
1 1 1 \®
b L)
o) w(0)  Jo \w(l)

Oy S C R

B plo )t

= le[(%m P (=au(d) + p0)
_ / Al
[0,¢] () T2 p(l)

Therefore, for t € T,

IR plo (D)) p(l) B Al

o) " a ZE[O%E p(o(D))(—au(l) + p(1)) ~/[O,t]ﬂT2 p(l)
_l p(o (1)) u(l) W Al
Ca (1 le[o%% p(o(D))(—au(l) + p(1)) ~/[0,t] N p(l)>'

By (5.2), there exists T3 € T such that v(¢t) < 0 for ¢ > Tj. This
contradicts the fact that v(¢) > « > 0 and completes the proof. O

Theorem 5.1. Let r(t) be defined by (3.7). For any X € R, define
JAN) ={teT:rt) <A} and JA) = {t € T :r(t) > \}. Let
Ji(\) = U{[t,o(t)] : t € J(N\) is right-scattered in T} and Jo(N) = {t €
J(N) : t is right dense in T}. Assume that there exists an increasing
sequence of positive numbers

AM< A << A <---, Apg—00as k— o0

such that, for any k € N, either
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(i) there exists ti, € J1(\r) satisfying p(ty) < p(te) A, or

(ii) p(t) > p(t) A for all t € Jy(\i) and there exists ¢ € (0,1) such
that

) (o (0) (1) At
(55) A} Z() Pl O) —exun®) + @) T /h(m oM

where o*(s) = min{t € J(\) : t > o(s)}.
Then (E) is oscillatory.

Proof. Assume the contrary, and without loss of generality, assume
the associated Riccati equation (R) has a solution u € C!,(T,R)
satisfying p(t)u(t) < p(t), t € T. An integration of the Riccati equation
gives

60 =+ [0S

By passing to a subsequence if necessary, we may assume A; >
max{1, —u(0)/(1 — ¢)}. In the following, we first show that for, any
ke N,

At

5.7 )\2/ - =
57 g Tiow U T ) —c(B)Ak +p(t)

Assume (i) holds for some k£ € N. Then we observe that p(tx) <
p(tx) A implies that pu(ty) > 0 since p(tx) > 0. It is easy to see that,
for t € J(Ax),

(58) )\k—I—’UJ(O) Z/\k—/\l(l—c) Z/\k—Ak(l—C):C/\k.
From (5.6),

p(t) > p(t)u(t) > pt) (A +u(0)) > cu(t)Ar,  for all t € J(Ag).
On the other hand, p(t;) < p(tx) A implies that

p(ty) < ku(tk)/\z + cp(tr) Ak,
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and hence )
Xepa(t)
—cp(te) Ak + p(te)

> 1/k.

As a result,

o(ty)
A2 / At s / At
Ti0w) U B ) —C(H)Ak +p(t) 4 —cp(t) A +p(t)

_ A p(te) 1

—cp()Ag +p(ty) — k'

i.e., (5.7) holds.
Assume (i) holds for some k € N. Then p(t) > p(t)\y for all
t € J1(Ar) implies that p(t)/p(t) < 1/Ap <1 for all t € Ji(Ag). So

2 / At
" 0w Uy —CrBAR + (1)

N2 :U'(t) 2 ﬁ
=N 2 —c/\ku(t)+p(t)+)\k/ p(t)

teJ1(Ak)

2 p(o* () p(t) At
>Akte§m p(o*(t)) (—cApu(t) + (t))+)‘k/Jz( > 1.

Hence (5.7) also holds.

Now, we show that

* wnar
) b e >
From (5.6) and (5.8) we have that, for t € J(\1),

k u?(1)Al
wnzen+ [ gtz e

From (5.7), there exists I; € T such that I; > 0 and

, / Al
2 a5,
0w U 20w o] —CrB) AL+ p(t)
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Then

/ll u?(t) At - / u?(t) At
o —ku®) +p@) ~ Jr o0 20w Mo —#Eu(t) +p(t)
> 02)\§/ L
j1(/\1)Uj2(>\1)ﬂ[0J1] _c'u(t)/\l +p(t)
> 2.

Next, we may assume that Ay is so large that Ay > max;cjo1,)jnT (%)
Then J(Az) C (I1,00) N'T. Repeating the above arguments, we obtain
Iy € T such that lo > o(l;) and

2/ At c
A2 - = >Z
T10w) U 200) (itata) —c(H)A2 +p(E) — 2

Hence,
/12 u?(t) At <
L —uu(t) +pt) T 27

as before. In general, we obtain [,, € T, n = 1,2,..., such that
lpt1 > o(l,) and

/l"'+1 u?(t) At < 3
U 0 S n AT
As a result, we obtain (5.9).

Since min J(\x) — o0 as k — oo, we can choose k1 € N large enough
such that ¢; = min J(\g,) satisfies

(5.10) u(0) +/061 _M(“ WAL .

tu(t) + p(t)
There are two cases to be considered for k.
Case 1. Assumption (i) holds for & = k;. From (5.6) and (5.10),

u(t) > r(t) > A\, for t € J(\g,). Hence pu(ty,)u(ty,) > p(ti, ) e, >
p(tk, ), contradicting the assumption.
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Case 2. Assumption (ii) holds for k¥ = ki. Let J(\r) =
(U [ei,di]) N'T, n < co. Rewrite (5.6) as

. y “1 u?(1)Al L)AL
ult) = “”( o+ = u<Z>+p<l>>+/q “u(l) + o)

Consider the telescoped equation on T obtained by cutting off J(Ag,)
from T

(5.11)
w0 =50+ (w0 + [ e )+ | e

where s = Tt is defined by (1.8) according to J(\g,), 7(s) = r(7 1s),
i(s) = u(T=1s), p(s) = p(t) for t # d;, p(Td;) is sufficiently close to
p(d;), i =1,... ,n. From (5.5) we have that

(5.12) S . (Z)ﬂ(&(l))ﬂ(l) o / Al

le’i‘l

where Ty = U{[s, 0(s)] : s € T is right-scattered in T} and Ty = {s €
T : s is right-dense in T}. By Theorem 3.1, (5.11) is nonoscillatory,
ie., fi(s)v(s) < p(s) for s € T. However, from (5.10) and (5.11) we see

that
v (1) Al

v(s) > i, "‘/0 —a(Du) +p)

This, together with (5.12), contradicts Lemma 5.1 and completes the
proof. i

Corollary 5.1. Let J2()\), A € R, be defined as in Theorem 5.1.
Assume that, for any X € R,

[
=y Pt)

> =

Then (E) is oscillatory.

Proof. This follows from Theorem 5.1, (i) and (ii). o
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Corollary 5.2. Let r(t) be defined by (3.7). Assume for a strictly
increasing sequence {ty}3>, C T

limsupr(t) = klim r(tg) = oo,

t—oo

and p(tx) < u(ty)r(ty) for all k € N. Then (E) is oscillatory.
Proof. This follows from Theorem 5.1 (i). o

Corollary 5.3. Let J()\) and o*(t) be defined as in Theorem 5.1
and d be any positive number less than (1 + V5)/2. Assume that, for
all k € N, there exists t, € J(A\g) such that

p(te) < dp(te)Ae  and  p(o™(tx)) < du(o™ (k) Ak

Then (E) is oscillatory.

Proof. Choose ¢ € (0,1) such that (¢ + v¢?+4)/2 > d. For k € N,
if assumption (i) of Theorem 5.1 is not satisfied, then
0< p( *(tk)) (—cAep(tr) + p(te))
( (o (t))d(—c + d)AR

7" () (e + Ve + 4)(—e+ Ve + N
( )0 (te)) AR

Hence )
pltr) (o™ () Mg <1
p(o*(tx)) (=cArp(tr) + p(tr))
This implies (5.5). Therefore assumption (ii) of Theorem 5.1 is satisfied.
]

Theorem 5.2. Let r(t) be defined by (3.7), J(A), J(A), Ji(A), and
Ja(A) as in Theorem 5.1. Assume that u(t) is bounded on T, and there
exists A € R such that

u 0’* t M(t) ﬁ = 0
(5.13) St (o ())p(t) +/J_2()\) p(t)
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where o*(s) = min{t € J(\) : t > o(s)}, and

A—r@)at
(5.14) /J(A) p(t) N —7r(t) +pt)

Then (E) is oscillatory.

Proof. Assume the contrary, and without loss of generality, suppose
the associated Riccati equation (R) has a solution u € C!,(T,R)
satisfying p(t)u(t) < p(t), t € T. There are two possible cases according
to whether or not

* pA(t)At 3
w0+ [ i >

In the former case, since 1/p is continuous on J(X), (5.13) implies
that sup J(A) = oco. So we can choose t; € J(X) such that

“ u?(t)At Ata
w0+ [ g w2

for some o > 0. Rewrite the Riccati equation (R) as

(5.15)
i (w s [ OAL N wOAL
u(t) =r(t) + < (0) + /0 —a0u(l) + p(l)) +/t1 —p(Lyu(l) +p(1)”
It follows that for t € J(\)
t 2
(5.16) u(t) = 0é+/t W

and hence u(t) > o for t € J(A\) N [t1,00). If there exists t* € J(A) N
[t1,00) such that p(t*) < p(t*)a, then p(t*)u(t*) > p(t*), contradicting
the assumption. Thus, p(t) > p(t)a for all t € J(A)N[t1, o). As in the
proof of Theorem 5.1, by using Theorem 3.1, we may assume without
loss of generality that (5.16) holds for all ¢ > ¢, and (5.13) can be

replaced by
Ut pt T, P(t)
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where Ty = U{[t,o(t)] : t € T N [t1,00) is right-scattered in T} and
Ty = {t € TN, oo) it is right—dense in T}. This implies that

u / At
Z =00 or —— =00
teTy T, P(t)
Hence,

. (D)n(t) At
(5.17) Z u(t) p0) a/n O

t€T1

Now, from (5.16), (5.17) and p(t)u(t) < p(t), t € T, we get a
contradiction to Lemma 5.1.

In the remaining case,
e u?(t) At
5.18 u(0 +/ _— < —
(>:15) D% ), a0

It follows from (5.15) that u(t) < r(t) — A < 0 for ¢ € J(A). Since the
function f(u) = u?/(—pu + p) is decreasing for u < 0 and p > 0, we
see that, for t € J(A),

) ()=
—ault) + p(t) = @ () — A + o)
From (5.14)
o0 u?(t) At u?(t)
A ﬂWW@+M)Z/M—(“K) U

t
(r(t) - NAL
ZLW—(XM) N+ m‘ :

This contradicts (5.18) and completes the proof. O

The following definition is needed in the next lemmas.

Definition 5.1. For any set E C T, let By = U{[t,0(t)] : t €
E is right-scattered in T} and Fy = {t € E : ¢ is right-dense in T}.
Then we define a measure of E by

m{E} = 3 u(t)u(o" (1)) + mess E,

teE;
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where ¢*(t) = min{r € F : 7 > o(t)} and mess Ey is the Lebesgue
measure of Fs.

Corollary 5.4. Let r(t) be defined by (3.7), J(X), J(\), Ji(A) and
J2(A) as in Theorem 5.1. Assume that 1/p(t) and p(t) are bounded on
T, and that there exists A € R such that m{J(\)} = oo and

(5.19) / (A —7(t)*At = co.
J(N)
Then (E) is oscillatory.

Proof. Tt is easy to see that m{J(A\)} = oo implies that (5.13) holds.
Assume that p(t) < M and p(t) < M for t € T and M > 0. If there
exists a sequence {tx}3>,; C J(A) such that

(A= r(t)Valle) — 00 as k— oo,

— (-t ))2 (tk) i A —r(ty)?u(ty)
b1 A —7r(te))/ 1(t) +M

Hence (5.14) holds. Otherwise, there exists N > 0 such that
p(@®) (A =r(t)) +p(t) < N for all ¢t € J(N). By (5.19),

(A~ r(t))QAt l —r(t)2At = o
/m p(t) (X —r(t)) + p(t) =N J(A)(A (t)*At :

Hence (5.14) also holds. By Theorem 5.2, (E) is oscillatory. O

Corollary 5.5. Let r(t) be defined by (3.7), J(A), J()\), Ji(N),
and J2()\) as in Theorem 5.1. Assume that p(t) and p(t) are bounded
on T. Suppose further that there exist two real numbers A1 and Ao
with Ay < Ao such that m{J(\1)} = m{J(\2)} = oo. Then (E) is
oscillatory.

Proof. Choose A € (A1, A2). Note that J(Az) C J(A), we have that
m{J(A)} = oo. Assume p(t) < M for t € T. Then J(A) D J(A1)
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implies that

/ - > X — r()2At
J()\ J(/\1
( ) + mess Jg()\l))
p(t) (o™ (t)) + mess Jo(A1) | = o0
m{J(A\1)} Z (t)) + mess Jo (A1) =

Ji(M

Therefore, the assumptions of Corollary 5.4 are satisfied with A in place
of \. o

The last result provides the Olech-Opial-Wazewski type criteria for
oscillation, see [17] for details. The following definitions for approxi-
mate limits are used in the statement.

Definition 5.2. Let f be a real valued function on T and —oo <
I,L < co. Then we write lim app sup;—..f(t) = L in case

m{teT: f(t) > L1} =00 forall Ly <L

and
m{t € T: f(t) > Ly} <oo forall Lo > L.

Similarly, lim app inf;— . f(t) = [ in case
m{teT: f(t)<l}<oo forall l; <l

and
m{teT: f(t) <lz} =00 forall Ily>1

Corollary 5.6. Let r(t) be defined by (3.7). Assume p(t) and pu(t)

are bounded on T, and either

(5.20) lim app sup;—,oo7(t) = 0o
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or
(5.21) —oo < lim app inf;,oo7(t) < lim app sup;—,oo7(t) < .

Then (E) is oscillatory.

Proof. Assume (5.20) holds, and p(t) < M for t € T and for some
M > 0. Let {M\}32, C [l,00) such that \y — oo as k — oo.
Then for any & € N, we have that m{J(\x)} = oo, i.e., either
2otedi ) H(E)p(o™(t)) = oo or mess Jo(A\r) = oo. If assumption (i)
of Theorem 5.1 is not satisfied, then

) (o () () At
. sz Pl ) (—chent) + p(0) T /Jzuk) ()
W
e

> Z p(t)p(o*(t)) + /\Mk mess Jo(\y) = 00.

t€j1()\k.)

Therefore, assumption (ii) of Theorem 5.1 is satisfied. The conclusion
then follows from Theorem 5.1.

Assume (5.21) holds. Then choose A; and Ay such that
lim app inf; oo (t) < A1 < Aa < lim app sups—oo7(t).

Then the conclusion follows from Corollary 5.5. o

6. Examples. In this section, we give several examples to illustrate
our results. To the best of our knowledge, no previous criteria for
oscillation can be applied to these examples. We note in particular
that, in the first example, the graininess function u(t) is unbounded
while, in the second example, p(t) — 0 as t — oo. The third example
deals with the case when T is the union of closed intervals.

Example 6.1. Let T = {a* : k € Ny}, where a > 1. Let p(t) = 1
for all t € T and

1 t=a%,
q(t):{_k t:a2k+17 k € Np.
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Then (E) is oscillatory.

In fact, for any k € Ny, o(a*) = a**! and pu(a*) = o(a*) — a* =

(a — 1)a*. Let I be defined by (4.1) with ny = my, = a?* for k € N.
Obviously,

U(mk 2k+1 1 00
S [ e [ e e e =
a2k h—1
and
2k+1

Z(a —1)a** = .

k=1

Z/ mk) t)At = Z/a%

It then follows from Theorem 4.1 that (E) is oscillatory. Note that
Jo" a(t)At = —oc in this case.

In ‘Ehe next two examples, for any A € R, we let J(\), J()), J1()),
and J(\) be defined as in Theorem 5.1 and let the measure m(-) and
o*(t) be as in Definition 5.1.

Example 6.2. Let T = {t;, : k € N}, where t;, = Zfl:l 1/Vk for all
k € N. Let p be any positive bounded function on T, and define ¢ to
satisfy

Z q(tn) [0 if k is odd, keN
et 1 | —1/V2E+T if ks even, 0

Then (E) is oscillatory.

In fact, for any tx € T, p(tr) = o(tg) —tr = 1/v/k + 1 and hence is
bounded on T. Clearly,

J7(0) = {tk €T /Ot d(DAE < o} — {tor + k € N},

and

J(0) = {tk eT: /Otk q(t)At > O} = {tar+1: k € No}.
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Therefore,
_ >0 1
m(I0) = 3 it Y asaa
teJ(0) k=1 2k +4
and
/ )AL= Y /
J(0) teJ(0)
_ Z 1
Pt \/2143 +1 V2k+1

It then follows from Corollary 5.4 with A = 0 that (E) is oscillatory.
Note that [, g(t)At = 0 in this case.

Example 6.3. Let T = U [2k,2k + 1]. Let p(t) < t*/c, where
c > 128, and

U+1  te Ak dk+1],

—2(k+1) te[dk+24k+3],

Then (E) is oscillatory.

In fact, we may let A\, = k+ 1, £k € N. For any k E Ny, define

lagr1 = 2k + 1 and Iy 3 = —2(k + 1); then r( fo [)Al can be
written as
© - {2zn Vlon—1 + (2k + 1)(t — 4k) t € [4k, 4k + 1],
T
2 s —2(k+ 1)(t — 4k —2) ¢ € [4k + 2,4k + 3],
k € Np.

From a direct computation we obtain that, for any k € Ny, r(4k) =
=2k, r(4k+1) =1, r(4dk+2) =2(k+ 1), and r(4k + 3) = 0. Set

o0

Er=JUn+2,4n+5/2], keN.
n=k
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It is easy to see that, for k € N, J(A\x) D Ej; as a consequence,
Ja(Ar) D E). Hence, for k € N,

oo

1 As | . o) Z an+(5/2) |
)\k/ — At > (k+1 / —dt = (k+1)c / — dt
() P(t) B, 12 An+2 t2

n==k

(k+1)c & 1 (ke o 1
- 72(41%#4)2_ 32 Z(n+1)2

2k+1

(k+1) 1 (k+1)2%c
73 72 (n+1)2 ” 32(2k +2)2
2
_ _(BtD%
128(k + 1) —

We observe that r(t) is either 0 or 1 for all right-scattered points
t =2k +1, k € Ng. Therefore Ji(\;) = @ for all kK € N. Then
the conclusion follows from Theorem 5.1 (ii). Note that, in this case,
[T p()Al < o,

¢ ¢
liminf | ¢({)Al=—o00 and lim sup/ q(D)Al = .
0

t—oo 0 t—oo

Additional examples may readily be given to illustrate the oscillation
criteria of the other results. We leave this to the interested reader.
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