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POWER SUBGROUPS OF SOME HECKE GROUPS

SEBAHATTIN IKIKARDES, OZDEN KORUOGLU
AND RECEP SAHIN

ABSTRACT. Let ¢ > 3 be an even integer and let H(\y) be
the Hecke group associated to q. Let m be a positive integer
and H™()\g) the power subgroup of H(\g). In this work the
power subgroups H™(\q) are discussed. The Reidemeister-
Schreier method and the permutation method are used to ob-
tain the abstract group structure and generators of H™(\q);
their signatures are then also determined.

1. Introduction. In [4], Erich Hecke introduced the groups H(\)
generated by two linear fractional transformations

1
x(z) = — and u(z) =z + A,

where A is a fixed positive real number. Let y = xu, i.e.,

E. Hecke showed that H(A) is Fuchsian if and only if A = X\, =
2cos(m/q), for ¢ = 3,4,5,..., or A > 2. We are going to be interested
in the former case. These groups have come to be known as the Hecke
groups, and we will denote them by H(\,), for ¢ > 3. Then the Hecke
group H(),) is the discrete subgroup of PSL (2, R) generated by x and
y, and it is isomorphic to the free product of two finite cyclic groups of
orders 2 and ¢. H(),) has a presentation

(1.1) H(/\q):(x,y|z2:yqzl>202*cq, 1].

Also H(\,) has the signature (0;2, g, 00), that is, all the groups H(\,)
are triangle groups. The first several of these groups are H(A3) =
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I' = PSL(2,Z) (the modular group), H(\s) = H(V2), H(\s) =
H((1++/5)/2) and H(Xs) = H(V3).

Hecke groups H(\,;) and their normal subgroups have been exten-
sively studied for many aspects in the literature, [5, 10]. The Hecke
group H(A3), the modular group PSL (2, Z), and its normal subgroups
have especially been of great interest in many fields of mathematics,
for example number theory, automorphic function theory and group
theory.

The power subgroups of the modular group H(A3) have been studied
and classified in [6, 7] by Newman. In fact, it is a well-known and
important result that the only normal subgroups of H (A3) with torsion
are H()\3), H*>(\3) and H?(\3) of indices 1, 2, 3, respectively. These
results have been generalized to Hecke groups H(J),), ¢ prime, by
Cangiil and Singerman in [1] and to Picard group P by Fine and
Newman in [3], and by Ozgiir in [9]. In [1], Cangiil and Singerman
proved that if ¢ is prime then the only normal subgroups of H(\,) with
torsion are H(\,), H?()\,) and H9(\,) of indices 1, 2, p, respectively.
Also the power subgroups of the Hecke groups H(y/n), n square-free
integer, were investigated by Ozgiir and Cangiil in [9].

In this work we study the power subgroups H™(\,) of the Hecke
groups H()\;), ¢ > 4 an even integer. Using techniques of combi-
natorial group theory (Reidemeister-Schreier method and permutation
method), for each integer m, we determine the abstract group structure
and generators of H™(\,). Also we give the signatures of H™(\,).

2. Power subgroups of H(),). Let m be a positive integer. Let
us define H™(\,) to be the subgroup generated by the m-th powers of
all elements of H(A,;). The subgroup H™(),) is called the m-th power
subgroup of H()\;). As fully invariant subgroups, they are normal in
H(\g).

From the definition one can easily deduce that

H™(\,) > H™()\,).

Now we consider the presentation of the Hecke group H(A,) given in
(1.1):
H(\g) = (z,y|a® =y? = 1).
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First we find a presentation for the quotient H(\;)/H™()Aq) by adding
the relation 7™ = I to the presentation of H(\,;). The order of
H(\y)/H™(\,) gives us the index. We have

(2.1)
H()\q)/Hm()\q) >~ (1,y | 12 = Yl =™ =y = (xy)" = - = I).

Thus we use the Reidemeister-Schreier process to find the presen-
tation of the power subgroups H™()\;). The idea is as follows: We
first choose (not uniquely) a Schreier transversal ¥ for H™()\,). (This
method, in general, applies to all normal subgroups.) X consists of
certain words in z and y. Then we take all possible products in the
following order:

(An element of X)) x (A generator of H(\,))

x (coset representative of the preceding product)_l.

We now discuss the group theoretical structure of these subgroups.
First we begin with the case m = 2:

Theorem 2.1. Let g > 3 be an even integer. The normal subgroup
H2()\,) is a free product of the infinite cyclic group and two finite cyclic
groups of order q/2. Also

H()‘q)/Hzo‘q) = 02 X 027
H(\g) = H2(>‘q) U xHZ(Aq) U yHQ(Aq) U xyHQ(Aq)

and
H?(Ag) = (y?) * (wy*x) x (ayay™™").
The elements of H*(\,) can be characterized by the requirement that
the sums of the exponents of x and y are both even.
Proof. By (2.1), we have
HO\)/H?(A) = (ayy | 2? =yt =2 =y = (ay)® = - = ).

Thus we use the Reidemeister-Schreier process to find the presentation
of the power subgroups H?()\,). We have

H(A\)/H?(Ng) = (zyy | 2® = y* = (2y)? = 1),
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since z2 = y? = I. Thus we get
H()‘q)/Hzo‘q) = (Cg x Oy,

and
|H(\g) : H*(Ag)| = 4.

Now we choose I, z,y, ry. Hence, all possible products are

La.(z) ' = Ty(y)t=1I
va.(l)~ =1 vy (zy) L =1
yr.(vy) " =yzyle oy () =97
rvy.x.(y) ' = zyzy ! ry.y.(z) ! = 2y’

Since (yxy 'z)~! = zyzy~', the generators of H%()\,) are y?, xy’x,

zyzy?—!. Thus H?()\,) has a presentation
H?(\,) = (v*) x (xy?z) % (wyay?™h),
and we get

H(\,) = H2(\)) UzH?(\) UyH?*(\,) UzyH?()\,).

Let us now use the permutation method, see [11], to find the signature
of H%(\,). We consider the homomorphism

H(\,) — H(\)/H?*(\,) = Cy x Cs.

As each of x, y and zy goes to elements of order 2, they have the
following permutation representations:

x— (12) (34),
y — (13)(24),
oy — (14) (2 3).

Therefore the signature of H2()\,) is (g; ¢/2, ¢/2, 00, 00) = (g; (¢/2)?,
oo(z)). Now, by the Riemann-Hurwitz formula, g = 0. Thus we obtain
H2(Ng) = (0; (¢/2)®), 00®). O
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Theorem 2.2. Let ¢ > 3 be an even integer, and let m be a positive
integer such that (m,q) = 2. The normal subgroup H™(\,) is the free
product of m finite cyclic groups of order q/2 and the infinite cyclic
group Z. Also

H(Ag)/H™(Ag) = D,
H(\) = H™(A\) UzH™(Ag) UzyH™(Ng) UzyzH™(Ag) U ---
U (zy)(zy) -~ (zy) H™(Ag) UyH™(Ag) UyzH™ (Aq)
e
(m/2) times
UyzyH™(A\) U+ U (yx)(y) - - - (yo) yH™ (Ag)
IR T
(m/2)—1 times

and

H™(Ag) = ((zy)(zy) -+ (xy) & (y o)y 2) - (y o)y ")

(m/2) times (m/2)—1 times
*(y?) * (wy®e) « (yeyay ™) * -
*((ya) (yz) - (yz) y? (ey ™ (@y ™) - (ay ™))

(m/2)—1 times (m/2)—1 times
*((zy)(xy) - - (xy) ay® (wy~ )@y~ 1) - (2y™") ).
(m/2)—1 times (m/2)—1 times

The elements of H™()\y) can be characterized by the requirement that
the sums of the exponents of x and y are both even.

Proof. If (m,q) = 2, then by (2.1), we obtain
H(A)/H™(Ag) = {2,y | 2® = y* = (xy)™ = 1)

1%

D,

from the relations y™ = y? = y> = I. Thus
[H(Aq)/H™(Ag)| = 2m.

Therefore we choose {I, z, zy, xyx, zyzy, ..., (xy)(zy)- - (zy), v,
—_—

(m/2) times
yx, yry, ..., (yx)(yz) - -- (yz) y} as a Schreier transversal for H™(\,).
—_—

(m/2)—1 times



502 S. IKIKARDES, O. KORUOGLU AND R. SAHIN

According to the Reidemeister-Schreier method, we can form all possi-
ble products:

TLa(z) ' =1,
ra.(l)7t=1
xy.x.(xyx)”
xyx.z.(xy)”

ryzy.x.(zyryxr) "t =1,

)

1:_[

(zy)(zy) - - (zy) 2. ((yz) (yz) - - (yz) y) "

(m/2) times (m/2)—1 times
= (xy)(zy) - (zy) 2 (v a)(y o) - (y )y~
(m/2) times (m/2)—1 times
yx.(yr) =1,
yaay) "t =1,

yry.z.(yryz) ' =1,

(yz)(yz) - - (yz) y.o.((zy)(zy) - (zy) " =1,

(m/2)—1 times (m/2) times
Ly(y)~' =1,

wy.(ey) =1,

zy.y.(2) ™ = ay’e,
wyz.y.(eyry) =1,
xyxy.y.(mya:)_l = xymnyy_lx,

(zy)(zy) - - (zy) y-((zy) (zy) - (xy) )"

(m/2) times (m/2)—1 times
= (zy)(ay) -~ (wy) wy® (wy™ ") (wy ™) - (ay~ )z,
(m/2)—1 times (m/2)—1 times

yy.()~" =7,
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yr.y.(yzy) ' =1,
yry.y.(yz) " = yoyPoy

(yz)(yz) - - (yz) y-y.((yz) (ya) - - (yz)) ™"

(m/2)—1 times (m/2)—1 times
= (yz)(yz) - (yz)y* (wy~ Ny ™) (zy ).
(m/2)—1 times (m/2)—1 times
The generators are (zy)(xy)--- (zy)z (y 'z)(y z)--- (v 'z)y~ L, 2,
(m/2) times (m/2)—1 times
ey, yryPey ', o (yo)(ya) - (ya) y? (ey ™) @y ™) - (ey ),
(m/2)—1 times (m/2)—1 times
(zy)(xy) - - (wy) 2y® (wy~ ) (wy ™) -~ (ey~") 2. Thus H™(A,) has a
(m/2)—1 times (m/2)—1 times
presentation
H™(Ag) = ((zy)(zy) - (zy) x (y o)y o) - (v )y ™)
(m/2) times (m/2)—1 times
*(y?) * (wyx) * (yeyPey ™) % -
*((yz)(yz) - (yz) v (xy~ Ny~ (zy™))
(m/2)—1 times (m/2)—1 times
*((zy)(xy) - - (wy) wy® (wy )y ™) - (zy ™) @),
(m/2)—1 times (m/2)—1 times

Now consider the homomorphism
H(/\q) - H()‘q)/Hm()‘q) = D

The permutation representations of x, y and xy are

x— (12)(34)...(2m —1 2m),
y— (23)(45)...(2m 1),
xy — (135...2m—-1)(2m2m —2...4 2).
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Thus H™()\,) has the signature (0;(g/2)(™), 00(?)) similar to the pre-
vious cases. |

Theorem 2.3. Let ¢ > 3 be an even integer, and let m be a positive
integer such that (m,2) = 1 and (m,q) = d. The normal subgroup
H™()\g) is the free product of d finite cyclic groups of order two and
the finite cyclic group of order q/d. Also,

H()‘q)/Hm(/\q) = Ca,
H()‘q) = Hm()‘q) U yHm()‘q) U y2Hm()‘q) u---u yd_le(/\q)v

and

H™(Ag) = (@) * (yzy? ") * (yPay?2) - x (Y Loy« (y).

Proof. If (m,2) =1 and (m, ¢) = d, then by (2.1), we find

H(A\)/H™(A\g) = (y |y =1)=Cy

from the relations z?> = 2™ = I and y? = y™ = I. Thus

[H(A) : H™ (0| = d.

Therefore, we choose {I, y, ¥,..., y?~'} as a Schreier transversal for
H™()\;). According to the Reidemeister-Schreier method, we can form
all possible products:

z ()~ = y(y)~t =
ya.(y) —yrﬂyq L (y2) t=
v a(y?) Tt =gy v L

ydfl.x.(ydfl)fl _ ydflxyqfdJrl’ ydfl.y.(‘[)fl _ yd.

The generators are z, y?, yxy?™!, y2xyd=2, ..., y*lay?= 41 Thus
H™()q) has a presentation

H™(Ag) = (z) * (yzy? ") * (yPay? ) - x (y* Tay ™)« (yh),
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and we get
H(\y) = H™(\) UyH™ () Uy>H™(N\) U--- Uy H™(\,).

Also as the quotient is isomorphic to Cy and, by the permutation
method, H™(),) has the signature (0;2(9), ¢/d, oo). O

Corollary 2.4. Let q¢ > 3 be an even integer, and let m be a positive
odd integer such that (m,q) = 1. Then

Now we are only left to consider the case where (m,2) = 2 and
(m,q) = d > 2. Then in H(\;)/H™()\;) we have the relations
X2 =Y? = (XY)™, where X, Y and XY are the images of =, y and
xy, respectively, under the homomorphism of H(\,) to H(Ag)/H™(\y).
Then the factor group is the group whose signature (2,d, m). Coxeter
and Moser [2] have shown that the triangle group (k, [, m) is finite when
(1/k+1/l+1/m) > 1 and infinite when (1/k+ 1/l 4+ 1/m) < 1. Then
the factor group (2,d,m) is a group of infinite order. Therefore the
above techniques do not say much about H™(J),) in this case apart
from the fact they are all normal subgroups with torsion.

Example 2.1. For ¢ = 6, let us consider the Hecke group H(\g).
i) If (m,6) =1, then H™(Xg) = H(Xg).
ii) If (m,6) = 3, then

H(Xe)/H™(Xs) = (y | y* = 1) = Cs.

We choose {I,y,y*} as a Schreier transversal for H™()\g). Using the
Reidemeister-Schreier method we obtain

H™(Xg) = () * (yay®) * (yPay®) * (¥°).

We have
H(X¢) = H™(X¢) UyH™(A6) Uy H™ (Xg).
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iii) If (m, 6) = 2, then

H(Xe)/H™(Xe) = 2,y | 2® = y* = (ay)™ = 1)

S
|H()\6) : Hm()\6)| = 2m.
We choose {I,z, zy, xyx, xyxy, ..., (zy)(zy) - - (2y),y, yx, yzy, . . .,
—_—

(m/2) times
(yx)(yx)--- (yz)y} as a Schreier transversal for H™(\g). Using the
—_—

(m/2)—1 times
Reidemeister-Schreier method, we get

H™(X) = ((zy)(zy) - - - (xy) x (y°2) (") - () y°)
(m/2) times (m/2)—1 times
*(y°) * (zy?x) * (yey’oy®) x - -
*((y) (yx) - (yz) y° (2°) (2y°) - - (2°))

(m/2)—1 times (m/2)—1 times
*((wy) (y) - (wy) y? (2y”) (2y”) - - (29°) 7).
(m/2)—1 times (m/2)—1 times

Then we have

H(M\) =H™(A\)UxH™(A\) UzyH™(Ng) UzyzH™ (A U -
U (zy)(zy) - -~ (zy) H™(Ag) UyH™ (Ag) Uyz H™(Aq)
(m/2) times
UyzyH™(Ag) U+ U (yz)(yz) - - (yz) yH™ (Ag).
—_—— —

(m/2)—1 times
For example, if m = 2, then
H(xe)/H*(X) = (z,y | 2? = y* = (xy)? = 1) = Dy

|H(Xe) : H*(Xg)| = 4.
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We choose {I,x,y,zy} as a Schreier transversal for H?()\g). According
to the Reidemeister-Schreier method, we can form all possible products:

TLa.(z)™ ' =1, y.(y) "t =

ra.(l)7t =1, y.(zy)t
ya(zy) ' =yayfr, yy(I) ' =
zyx.(y) ' =zyzy®, ayy. (o) = wy%.

= xyxy5, the generators are g/27 nyx, xy:vy5. Then

Since (yzy®r)~
we get
H?(X6) = (%) * (zy*x) * (wyay®)

and
H(X\g) = H*(\g) UzH?(Ng) UyH?*(Ng) UzyH?(Xg).

iv) The cases (m,6) = 6, that is, m = 6k, k = 1,2,3,..., the factor
group (2, 6,6k) is a group of infinite order since (1/2+ 1/6 + 1/6k) =
(4k+1)/6k < 1. In these cases, H% ()\g) are all normal subgroups with
torsion.

REFERENCES

1. LN. Cangiil and D. Singerman, Normal subgroups of Hecke groups and regular
maps, Math. Proc. Cambridge Philos. Soc. 123 (1998), 59.

2. H.S.M. Coxeter and W.O.J. Moser, Generators and relations for discrete
groups, Springer-Verlag, Berlin, 1965.

3. B. Fine and M. Newman, The normal subgroup structure of the Picard group,
Trans. Amer. Math. Soc. 302 (1987), 769-786.

4. E. Hecke, Uber die Bestimmung Dirichletscher Reichen durch ihre Funktion-
algleichungen, Math. Ann. 112 (1936), 664-699.

5. M.L. Lang, C.H. Lim and S.P. Tan, Principal congruence subgroups of the
Hecke groups, J. Number Theory 85 (2000), 220-230.

6. M. Newman, The structure of some subgroups of the modular group, Illinois
J. Math. 6 (1962), 480-487.

7. , Free subgroups and normal subgroups of the modular group, Illinois J.
Math. 8 (1964), 262-265.

8. N. Yilmaz Ozgur, On the subgroups of the Picard group, Beitrage Algebra
Geom. 44 (2003), 383-387.

9. N. Yilmaz Ozgiir and .I.N.Cangiil, Power subgroups of Hecke groups H(\/n),
Internat. J. Math. Math. Sci. 25 (2001), 703-708.




508 S. IKIKARDES, 0. KORUOGLU AND R. SAHIN

10. T.A. Schmidt and M. Sheingorn, Length spectra of the Hecke triangle groups,
Math. Z. 220 (1995), 369-397.

11. D. Singerman, Subgroups of Fuchsian groups and finite permutation groups,
Bull. London Math. Soc. 2 (1970), 319-323.

DEPARTMENT OF MATHEMATICS, FACULTY OF ARTS AND SCIENCES, BALIKESIR
UNIVERSITY, 10100 BALIKESIR, TURKEY
E-mail address: skardes@balikesir.edu.tr

DEPARTMENT OF MATHEMATICS, FACULTY OF ARTS AND SCIENCES, BALIKESIR
UNIVERSITY, 10100 BALIKESIR, TURKEY
E-mail address: ozdenk@balikesir.edu.tr

DEPARTMENT OF MATHEMATICS, FACULTY OF ARTS AND SCIENCES, BALIKESIR
UNIVERSITY, 10100 BALIKESIR, TURKEY
E-mail address: rsahin@balikesir.edu.tr



